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Deak Sclty 

IT would be a vtrf entcitaBoing fpectilatriocr, ancl wA\ 
circulated ta Qik&w the importance of geomctrjr, to 
entire into tke probable ftate of hitiiia» s^iri at 
peleor, upon a fuppofition tbat the mathematicat fci* 
eaoes bad been generaUy known and cutti¥sued in the 
eady ^s of the work). 

If toejr had only underflood hem to make a map or 
an a/mmacky a great deal of rational cnriofity would have 
been gratified, which we now endeavour in vain to 
£uisfy« For mankind have flept on, from age to age, 
without taking notice of time or occurences ; and as ta 
"ifhat concerns geography tliey have been equally remits. 
Tbe human race have migrated from one country to 
another, until they have covered the face of the whole 
£aith, widiout gaining the leafl: infimnatieii by their 
Cravd»; having rather ftrayed like cattte^ than changed 
their halntation tike rationsi creatures. 

Hcnv«vcr the happy efieds of a prefer enkivation of 
thiis feience^ are not confined to mttps' and aHvumafft : for 
it is by the jodkious application ef raathematieal know- 
ledge, that human nature^ notwitlrflaading its frailty, 
» rendered fuperiour to every obftaeliCj for otir efibrts 
keep pace with all our rational imaginations t and thnr 
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it rifes greatly above all its imperfedionst acquiring a 
dignity which mufl aftoniHi every one, when he compares 
what has been done, with the weaknefs and ipiperfe<9:ion 
of any fingle individual. And what this might have 
produced through a length of ages, operating in* every 
quarter of the globe is not fo eadly to be conceived. 

It has indeed been alledged, that the improvements 
afcribed to the cultivation of this fcience, have been often 
the effcdi of chance, and not produced by any raticMial 
fcheme of improvement, conducted upon icientific prin- 
ciples. But the contrary appears from undoubted matter 
of fad; ; becaufe we every where find .that dilcoveries 
are made among the moft enlightened nations, and never 
among barbarians. Evenics, no doubt, will happen, and 
natural appearances wUl keep their regular time ; but 
the wild beads of the field are as likely to make a propec 
u{e of them, as illiterate favages. And the little attcn^ 
tion paid by ignorant men, to thofe very circumflances 
which inforni and enlarge the under£kanding, fhew us 
better than, any thing elfe, what human, nature can rife, 
and fall to. 

Both you and I are fufficiently fenfible of tho great 
Utility o£ mathematics in all the affairs of life; and that' 
thofe whom it coi^cerns are, to a certain degree at lieaft,. 
fufficiently attentive to it. And we only ufed to regret 
that the world is ignc^ant, how fuccefsfuUy this fcieuice^ 
might be employed for making us rational cloture?. 

It has ofteQ .been. the fubje6: of our conv^fation and 
fuiprize tp ruQ over, th^ various methods contrived for 
making inathematiciahs, without impofing upon themi 
the neceflity of being rational creatures. . And fuch dif~ 
C9uries have generally ended in your urging me to th^- 
execution of this pkn;. the firft part of which I here beg^ 

leave 
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leave to prefent to you* I have had fufficient marks of 
your friendlhip to be fenfible that you will be much more 
follicitous about its fuccefs than I am myfelf : and from 
your partiality to me, I am alfo perfuaded you will think 
that I have not done it juftice in the execution. 

It is true I could have improved the ftyle very much ; 
but it feems to anfwer my purpofe better in its prefent 
form : for I write not to make people read, but to make 
them think. I have alfo affected a familiarity of phrafe^ 
to engage the attention of the reader by exprefling geo- 
metrical ideas in common language. 

But whatever your opinion of the work may be, I beg 
of you to accept of this addrefs, a« a teftimony of the 
high efteem which I have for your chara<^er and abi- 
lities. It is with the greateft pleafure that I recoiled the 
ihare which I have had in your education, which was 
carried on, not in the perfon of mafter and icholar ; but 
rather in the charader of two friends who had taken a. 
fomewhat different view of the fame fubje<^ 



I am, Dear Sir, 



with the greatef): refpcd> 
Your mofl obedient 



Hertford CoIlbgi 
March 27. 1781. 



humble fervant> 



•. 



JAMES WILLIAMSON^ 



DISSERTATION I. 



IT is my kitentioA in this ^if&rtation, after faying ibmething 
concerning the ufe *€if commentaries, to condnd the learner, 
ftep by Itep, jio a foltd, rational and extenfive view of the princi* 
pks of geometry ; by explaining their original and improvement 
through fevers^ dtfierent gradations, until they put on a fcientific 
form ; fedttdng what I have to fay under diftin£t heads, for the 
benefit of l!he ignorant and thoughtlefs reader. 

C HAP. I. 

Of the neceffity and ufe «f commentaries, 

THE dtthieis of commentators is a fubje6t of fuch general 
comj:daint, th»t it aiay be proper to inquire how it comes to pafs 
that books are not written in fuch a manner as to make a com- 
mentary ufelefs or impertinent : and this inquiry may be propofcd 
wi^ tlie ^eater propriety, as the labours of commentators, beiides 
^ir dulnefs, feldom or never anfwer the expe&ations of the public 
in other refpeds ; which they no doubt are apt to imagine the 
author himfelf could have fully gratified, by <x)ndefcending a little 
to the weaknefs of his readers, and refcued his works out of fuch 
clumfy hands. 

What apology therefore fhall I be able to make for loading with 
a commentary the moft perfcft book in the world ! But though it 
may not be agreeable to that general delicacy which an author is 
bound to preferve towards his jeadcrs ; yet it may nevcrthelefs be 
proper to inform them, that they feem to be rather partial to them- 
felves upon the preient queftion j never confidering how much of 

Vol. I. a the 
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the blame ought in all confcience to be laid at their own door : for 
though it may be a fecret to a great many, yet it is an undoubted 
truth that the moft perfedl writer requires that his work (hould be 
put into the hands of thofe who can read. And my intention in 
this edition is not to corredt my author, but to fupply a defedt 
which it could not have been very confident with his plait to remedy. 
For he has written his book expreflly upon the fuppoiition that his 
reader was endued with the faculty of attention : and as this is a 
difpofition of mind with which the book is but rarely taken up, 
though it will always be laid down with if, or elfe^ic has ^been jofisd 
to little purpofe : a few feafonable warnings therefore, to /ouii; the 
attention of the indolent reader, may be given with great propriety, 
and without bringing any reflexion upon the character of the 
author, who in point of perfpicuity, excells every one. 

But I will even ro farther and venture to affirm that an mithor, 
who writes upon fi^je£ts of fcience, may find it often by no means 
convenient to deliver himfelf in fuch a manner as to be always in- 
telligible even to thofe whom he would wifh to have for readefs* 
Becaufe authors are confined to a particular method of arrangement, 
if it be their intention to deliver opinions or difcoveries in a fyfle- 
matic manner. And although there has been a fenfelefs and incef- 
fant clamour, for almofl two centuries, againft this method ; yet 
it feems to be the only way of keeping knowledge within fuch 
^ limits, as to be by any means manageable by the human mind. 
Q^ It is true indeed that our progrefs in acquiring knowledge, when 
^ ^ :v V V ' H T-tW't/ left to ourfelves, and our own experience, is diredtly contrary to 
/ I } this, being firft condemned to an examination of particulars. And 

* - : *^^i '^^^^ •even when we take up with the fyftcms of others,' it is requifitc 
, r r / that we have laid in a fufficient flock of materials to enable us 

readily, to comprehend any very general do<Slrine, For no general 
rule, or law, of theorem, or what you pleafe to call it, is by any 
means to be underftood, anlefs we have particular inilances ready 
to apply, as occafion requires : always however excepting a genius 
of the kind given to Hudibras in the following lines, containing the 
meaning and imponfeance of many volumes. 
His notions fitted things fo well. 
That which was which he could not telL 
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DISSERTATION I. 3 

The fault therefore is not in the fyftems^ but arifes from the 
general incapacity which mankind feem to labour under, for judging 
of the merits of fuch as have been offered to their confideration ; 
and as there are quacks of all denominations, ever lying in wait to . 
take advantage of the fimplicity of the multitude; the world by 
this means has been over-run with counterfeits. 

To l^vc a genius for any fcicnce feems to me to imply a readijs. 
nefs at finding out particular inftances to apply to any general rule. ^" 
It is therefore to be fufpedted that thofe who are deficient in this 
kind of invention will by no means find their progreis in any fcience^ V ' ^ "" V' 
anfwerable to the time which they beftow upon it : they may //^.^ -^-v'- ^^ 
commit the rules or the theorems to memory and neverthelefs be ' ^ / ^ 
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ignorant of their meaning and application. Hence a certain degree <*> 

of invention becomes neceflary even for the ready acquifition of a /• 

fciencej and this perhaps not fo different from that kind of inven- /r"^ 

tion by which the principles were at firfl difcovered, as many have 

been apt to imagine. 

Now here is the difficulty ; a icientific book ought to contain 
knowledge in that compad: form ; in which every one Vvould chufe 
to take a review of it, after he has made himfelf mafter of the 
fubjed : and not incumbered with all thofe particular inflances, 
which would now (land in the way of the readers imagination as 
much as they affifled it before. For inflance, who could relifh the 
noblefl of Newton's theorems if ,it prefented itfelf to his mind 
encumbered with dl thofe properties, which had led him from 
common notions to the right underflanding of fo (pblime a fpecu- 
lation. 

A book therefore, if this reafoning be juft, which would be 
proper for a learner would be fit for nobody elfe : and the greatefl 
perfeftion of writing will flill leave occafion and employment for 
the talents of that kind of commentator, which I profets myfelf 
to be. The fweepings of the author's iludy would furnifh the befl 
and mofl authentic materials for works of this kind ; and yet humble 
as the ofiice may feem, i^ I can execute my tadc but nearly up to 
the idea which I have of it, I fhall not regret my labour. The 
reader however will be difappointed, if he cxpeft to find Euclid 
either corrected or enlarged, my purpofe being nothing more than 

a 2 to 
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<o cemdufl the learner to that fenfe m which the autherr wiflied 
himfelf to be anderftood. An oftentatien of karning is a fatrlt 
which prevark arwong many commerrtatof s $ for thejr feem to be 
apprehcnfive Icafl; the world (honld think they know nothing but 
their bufinefs : amf therefore inftead of explaining their author^ 
endeavour to perfuade the world that they underftand the fubjed: 
better than he himfelf did. But I do not write to the flrength 
but to the weaknefs of mankimt ; and therefore would not chufc 
to be cdnfidered as challenging the whole world to find fault, but 
only as applying a remedy to a weaknefsF which my own e^rperience 

has found does exift. 

» 

CHAP. n. 

Concerning the Original of the geomtfrical frmeiples* 

QUANTITY of both kinds, extenfion and number, is always 
forcing itfeff upon us whether we will or not 5 and mnft therefore 
leave fome very fixt and determinate impreilionap upon the minds 
of the moft inconfiderafe. We carmof ftretch Out pur hamd wftb-^ 
out rccerring a perception of extenfion ; nor open our eyes wfthout 
feeing figured objeds, bringing along with them to the nrrnd a 
confcioufnei^ that they are more in number than one. This beget» 
notions, which are by no means peculiar to any fingle art or pro- 
fcffion, but common to all men . The geomefrieian fclefts the' 
moft accurate of thefe, and with fuch materials lays the foundation 
of his fcience. Particular circumftances have rendered fome notions 
concerning quantity more invariable than others ; or rather fa fixt 
that nothing can alter them. As it would difcover ridiculous af* 
fetftatton and ignorance to pretend to change thefe, which is indeed 
impoffible, fo it is alfo below the dignity of our author to affctft to 
difguife them by any forced or unnatural conftru€Hon, to make 
them wear a more philofophic appearance. But although the 
twelve common notions which he has iele^ted, are to be underflood 
according to the vulgar conception of them ; yet the learner muft 
give them a very particular examination : becaufe it is not fufii-' 
cient to have thefe notions, but we muft alfo have the ready ufe of 

them 
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thentu And this maiy be acquired in fome fucfa matxner as the 
Allowing. 

Let the iluden>t provide bimfeif whh a roler and compares, 
and after fome practice in drawing ftraighc lines^ and de&rribiiig 
circles ; he i« nexl Uf- proceed to the examination of tbe common 
nofionsy as if they were properties of ilraight lines only, and truo 
erf ^nothing etie. For without this precaution he will undoabtedly 
be liable to have the diftich quoted in the laft chapter applied to 
him. And any tincture of the buMhrnJiic gums difqualifiea a nian 
for this fcience ; and excludes him from a great deal of rational 
amufement, to fay nothing of more folid advantages. I jQiall there- 
fore at the porch, not only lend the learner my advice but alfo my .j pc 
affiffance in ftriping Ifimfelf of thofe prejudices which would dif- //^ 
grace his behaviour after he has been admitted into this magni- 
£cewi xetsc^ where all the wonders of the world ace dij^kiyed. 

The reader noay bdieve that I nevei would have introduced this 
advice with ftf much fogm and d^eum|^ftser wsdioat a firm per- 
fwafion that it is of this Iaf| importance. He k tlterdbse immedl-^ 
at^y ta fet aboite the work, by^ dieicribing a orclev not a geome-* 
trical bttC a metf hanicai circle ; aa)d &k:h as aay ovdiaaey compa£es 
w31 exhibiff ; drawing at the &iiie timie fevo-al lira^bt liaes from 
the center to the circuml^reace. He is next to finisfy hinfidf of 
the eqoalify cf theie firaight lines, by fiveafuring tbtm with his 
compass : hi« conclufioa will be, diat they are equal ; and he 
wiU find his opinion of their eqmality grounded upon the firft com^ 
mon notion % becauie they are all eqcial to the fame length, viz» 
the diftance between the extreme points of his coii)pa£es. But it 
k earefnUy to* be obferved that this is not to be made the fiibjedk 
of a tranfient refliexion, but of frequent and cio& meditation > 
varying the center and radius to the utnM>ft limits c^ the compaf&s ^ 
with now and then> a thought upon the limked natare and impar- 
feftion of the inftruments. -^-ti 

The fecond and third of the common notions may be eotaiglhai! 
by defcribing two circles with the fame center,^ hot ^ at di^erent 
diilances^ and drawing ftraight lines from the center to the re- 
moteft circumference ; the parts of the ftraight lines^ intercepted 
between the two circumferences are equal i and "feriU illoftrate the - 

fecond 
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fecond common notion by taking the lefs radius from the greater. 
And thus we are to proceed untill we have fatisfied ourfelves that 
thefe common notions at« true at leafl of fuch flraight lines as we 
can draw upon a piece of paper. 

I beg the reader's pardon for my impertinence; but he is farther 
to be admonifliedy that it is not fufBcient to run thefe things over 
in his own mind^ but that he mufl: be able to exprefs them to the 
convidion of a by ftand^r ; and this will make it necefTary to dif-» 
tinguifh his lines and circles by the letters of the alphabet, 

CHAP. III. 

Tie fame fubjeSi continued* 

SUPPOSING this bufinefs of the ftraight lines accurately difcuf- 
fed; the learner is next to (hut his compaiTes ; and then obferve their 
progrefs in opening until they take the diredtion of a ftraight line : 
during this operation^ he will find the inclination of the legs con- 
tinually varying : at firft nothing, then gradually increafing until 
it difappears when the legs become one ftraight line. This incli- 
nation is a quantity, though not a tangible fubftance, but this the 
reader will do well to convince himfelf of ; and for this purpofe ho 
may obferve that any particular inclination may be equal to ano- 
ther, or the half or the third part of it. But the common notion 
of this kind of quantity is not fo regular or determinate as that of 
a ftraight line s though it exhibits every poflible (hape which it 
can take in opening the compafTes as above directed : the reader 
therefore will be pleafed to inftrud himfelf properly in this : and 
then proceed to examine whether the common notions are not alio 
true when applied to this kind of quantity. 

And for this purpofe I would recommend a triangular piece of 
wood, of the fhape of a right angled triangle with unequal fides, 
being afraid to meddle with circular arches, leaft we Should conjure 
up a prejudice which we might want art afterwards to lay. By the 
afliftance of this triangular piece of wood, make two equal incli- 
nations (or angles) upon paper, taking care to make the lines une- 
qual, to prevent prejudice. After thefe are made, their equality 

may 
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may be inferred frdm the firft common notion, as each of them 
will be equal to the inclination of the two fides of the peice of 
wood : add to thefe two equal angles, other two equal angles j 
which may be done by the afliftance of. a different corner of the 
fame piece of wood ; and this "will illuftrate the fecond and third; 
according; as you^confider one of them as taken away from the 
whole angle made up of the two ; or as added 
together to make one. But it will be neceflary . A 

previous to this, to acquire a ready and accu- 
rate way of expreDing tbe different inclina- 
tions of lines,s (called angles)' by the letters 
of the alphabet. The figure annexed will be 
a very proper one for pradice and the taik 
which I would fet the reader is to tell the 
number of angles and the different methods 
of cxprefiing them ; giving hkh to underftand 
that their number is above fourteen; and that> 
CAB, CAF, CAD ; GAB, GAF^ CAD ;. 
EAB, EAF, EAD; BAC, BAG, BAEf FAC,. 
FAG, FAE; DAC, DAG„ DAE ;? arc only fb many different 
ways of exprefiing the iame allg^e 5 nor does this great variety, in 
the leafl: puzzle or perplex the conceptions of an adept. This looks 
fo much like a riddle that I think it cannot fail to engage the at- 
tention of the curious. But not to trufl entirely to the reader's own 
ingenuity for unraveling this knotty point; let him obferve the 
following hints > the letter at the meeting of the lines, whofe in- 
clination to one another we want to exprefs, is put in* the middle^ 
and it is fufficient that the other^ two letters, each exprefs fome 
point in each line : thus the inclination of FB to BC is called the 
angle FBC or CBF : and the inclination of DB to BC is the very 
fame with the other, as is obvious, and is called the angle DBC or 
CBD : the inclination of BC to CE is called the angle BCE or 
ECB ; and the inclination of GC to CB is the fame with the other 
and is called the angle GCB or BCG. But farther the angle ABG 
is made up of two angles viz. ABC, CBG : and the angle ACF is 
made up of two angles viz, ACB, BCF. And to affift the reader 
in applying^ the fecond common aotion I have made the angle AB© 

equal 




s 



DISSERTATION h 



equsd to the angle ACF : ^nd I hwt likewifc aiade ihe aii^e CBG 
i^ual to the angle BCF i and the cofxdufioii will be that the angle 
ABC is equal to ACBt 

CHAP. IV. 

in ivbat mi^ner cur c^mmm mtms hegin to tah a fcieni^c farm. 
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AFTER the reader has prepaned himfelf according to the direc*- 
tions given in the lad two chapters $ it wiU now be proper to take 
\ a review of the inftrrunettltfiit i^hich he sotade ufe of^ fot regulating 
\ his conceptions : and the&> . he will find» were very limited^ being 
y^ 1 confined to a few inch^. Let him otxt aflc himfdf* whether he 
^ 4AM^^^* ^^^ '^^^ reafon to fufpe^ thdt the conclnfions^ obtained by the 
¥:z^f'4jLf^'' help of thcfe iaflrun^en^ts^ were equally limilted. Nor is this point 
//^w^^'^ ^^ determined rafhly, but fo as to be .ftiU certain that he ireads 
•y^V v^y^ ^^j on firm ground : and we fBay i^eotOre to draw this.conclttiion fijr 
^ J v^J^^ him; that, without^acny great itprceiipon his imagination, he can 
lihti/n^^ J co;iqeive his inftrumenti tQ have a double or triple extent without 

^ finding the lead reafon to change his opinions* And by proceeding 
HhviB^ he will certainly cotpc: to this coocluiion at laft ; that aU 
tho^h the(e inftrumeats might be the ^ccaiion of his turning his 
jthoiigh ts to .this fubjcfS:, yet hh opinions vt^ere :neverthelefs derived 
from the nature of extenfipn :in general i and that they knew no 
other limits, but fudi as bounded extenfion itfelf : but more par^ 
ticularly, that a circle whofe radius is a thouiand miles, or the 
thoufand part of ^uainch, would fumiih the fame ccmclufions as one 
pf two or three inches, l&re now our opinion a, which before 
were meafured by our inftruments, begin to put on a difFcrent form 
and difplay to our imagination the firfl dawn of icience. 

If any :Onc 0iould pretend that he had the notions orgioally in 
this very general form to which I have been endeavouring to lead 
hims I have only to fay, unlefs they were acquired hy an exami- 
nation of. porticulara, he will find his notions fit every thing fo 
well, that when he comes to apply them to particular inflances, he 
will not be able to te^^wiicA /> which ^ 

The iteader is to endeavour next to get fomething like a fdcntific 
notion of an angle, by corrci^ing the vulgar notion of an angle, 

by 
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m 

. by which is underftood the corner of any thing* Now this does 
not £0 much depend upon any ftretch of the imagination^ by which 
large obje6ts> and fuch as exceed the experience of our fenfes, are 
to be made the fubjedt of Contemplation ; becaufe the point where 
the lines meet, together with any point, in each of the lines fixes 
the angle invariably : or in other words^ the three p^nts denoted 
by the three Jetters of the alphabet, exprefling the anglf), fixes any 
rcQilimtsA angle : for the angle is nofr changed by making the lines 
longer or (horter ; but only by opening or fhutting them ; concei- 
ving them to turn upon a pin like the two legs of a pair of compafTcs. 
fiat our ih^rumepts are not only too limited for our conceptions, 
jbutare inaccurate in other refpeds* We have a very clear notion 
of three dimenfions viz. length, breadth and thicknefs : and furely 
without nicely feparadng and diftinguifhing thefe, it is impofllble 
to have. true and proper conceptions of magnitude. But tbefe dif- 
feresit.4;iimepfion$ cannot be reprefented by our inflruments. Foe 
when we attempt to draw a line or even to mark a point ; our line 
and point po0efs all the three dimenfions in as great perfection as 
a cannon ball or the maft of a (hip. The human mind, when once 
made feniible of its porwers, will never fuffer its conceptions to be 
fo cloged yrith matter : which has put tbofe who carry their views 
beyond the vulgar,, upon inventing fome method by which our 
conceptions may be rendered more rational and confiftent; and 
this is the original of definitions. 

C H A P. V. 

Of dejittiuons. 

. OUR author ; has proceeded with fin|;ular judgement in laying 
down his principlef :. where the coQimoa notions are fufficiently 
diftind ^nd aqcurate, hfi has invioljably ^hered to them. But when 
thefe are too incorreA or too in.detenninate, he explains the fenfe 
in whic)) be wopljd have any particular term be underflood ; and 
what conception he reqqi^ej^. his rcadjer to have of the figures which 
be.de^es. Pei&n^tions maybe cqnfidered as of two kinds i firft,. 
fucli asfervf onl^r to explain the meaning^of a word ^ but thefe 
• Vol,. I. b are 
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■are not properly geometrkal definiticMs, fbp fVom this no c6nfi^ 
quence can foHow unleft there be a myftical virtue )i> the name?. 
Secondly, thofe from which confequenee^ or properties do follow, 
which may be called geometrical to diWnguifh them frcxm the 
others. The definition of a :circle, giVen by Euclid/ is of this 
kind for all the properties of a circle follow a^ conftqueneesf from 
.it. And kere the reader isi to be admoniihed, that^ upchthfis^aQd 
fuch like occafioas, his comlmoa notion of a cirda Js to be laid 
aiide, and nothing admitted as a property of this figure, unlefs it 
can be (hewn to fbllow from this definition. ' 

Though Euclid in the arrangfement of his prlnciplfes hii placed 
the common notions after the definitions, yet they arc prioi^ to ihcm 
in the order of conception; and indeed if this is not attended to, 
fome of his definitions will be unintelligible ; for inftance his defi- 
nition of a ftraight llnew He- fays a ftraightiine h that wKlch liei 
evenly to the points in itfelf. Now if I am to concfeive nothing 
previous to this, refpedting a ftraight line; what can funderftand 
by this definition ; or what can I infer from it ? The reader will 
be juft as much at a k>fs to conceive the meaning of the word evtrrly, 
as of the ftraight line itfelf. But if we confider this^tJeflnition as 
ah Fmprovement upon the common notion -of a ftraight line, (fte 
com. not. I a.) every thing is very inteHigiblri :* f6r dfter a proper 
examination of this principle, . that two fttaight cannot iiiclofe 
a fpace ; every body will infer, though not fcientificaHy niVerthe-^ 
Icfs very confidcntally, that every ftraight line muft lie evenly to 
all the points in itfelf; otherwise lie certainly might have hopes at 
leaft of making two of tliem inclofe a fpace. I would be rightly 
underftood upon this point; nobody can imagine that it is my 
opinion, that Euclid intended that the one of thefe ftiould be infer- 
red ffom the other fcieniafleally ; but only ^at the definition ex- 
preflfes the conception, derived- from two Knesi teducidd into^ tnore 
fimple fbrm ; though ihd^ he himfelf reafons 'fr6m the common 
notion as will appear in the fburth propofition. 

Dr. Kooke one of the greateft improvers of pradtical mathema- 
tics, was notwithftanding fo fenfible of the rieceffity of laying an 
accurate foundation in theory tba^' he thus fj>eaks coneeming a 
point. j1 feint is that fwbicb; has'na part. ^' This wMih Ibmc 

' ' '^' «* would 
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*^ Would, ckem th^ moft inconfiderftble thing in the wotld, ftems 
^^ yet the uu>& difficiilt to be uhderflood ; no fenf^ or imagmation 
^^ or £|gLt!£}tcan reach it^ nor words defcribe it» but by a negative^ 
^^ to tdll yoii \vihtc it is not : For it is not to be taken in the knfci 
^^ that lih^ whole Earth is called a poiat ifi i^pe^^.of the Univerfei 
^* tuftr in the feofe that the end of a tapering thing is calM ^a 
point, is Qfa|ttiior needle; though thiy feemto be the fmarlleft 
tfaiogs. we (know $ becaufe thefi latter miy be faid to have as 
many parts as the fore-mentioncd ;. for iince.all qaahtity is divi^ 
^' '£bfe Ik in^mMmif the leaft quantity, ibay be divided as often m 
^^tke greateft^ and therefore whatfoever is diviftble muft hav« 
^' partaijttid therefore none of tfa^e c^n . be pf operly called a pointy 
^^ in the ftrife hera nacned^ unki^ this point he nnderftobd to be 
** ifhe apex of a orathmhatical cone or pyrataaad. Where the {Itpep^ 
^< ficiee of it is determined^ iot that will be a tftathdmaticdl point: 
^^ ^But Jl eaoflot be fdppoftd of a.phyficri;point, or maiferial cone 
f ^ dr pyvamid, f6r that will haVe eiECieniion and bliratnefs. And we 
** find th^t mcr^cnpes will libake thoTe points dmlibe ev<n to fenfe^ 
*\ nay even almoft to difcover a ne!w world in a point, nay there is 
^ one iio# that affirtns \a^ haa foeii lariore thab ten thMifand living 
f^ xxt^%%x» io the bignefs ^ a v^ry fnfiall land, which itfelf indeed 
*<.t8 but a vifiklc point to the naked tiye ; and each bf thofe ten 
^ thoufimd may Imvc worlds , wilhid them. We know not <he 
^ limfts of q«ahfiity» matter, and body as to its divifibtlity or ex^ 
'^ Mnfion % np iilu^^litioii can cdmprehend the maximum or <^e 
^^ mmmum taauiw^ bur faculties are finite and limited, and we 
^< muft content ourfelves within the orb aiid fphere of their a€ki^ 
'^ Tity. And acqniefb in a negiltiVe definition, and underftand if 
^< we can fomewhat that is finailer than the fmalleft, though that 
«' be difo improper ; for in that Whkh is not quahti^, there is 
** neitfate finaller nor bigger^ vine niuft endeavour to underftand 
^ fiynt what ihfiniitely' little^ Jefs than which there cannot be, 
<' fomewhat that has no bignefs or extenfien or quantity, but only 
^/* pofition and refpcdl to quantities circumjacent ; From which, to 
^'^ this or chat body^ therb is a. de^vtnvmttt length and diftance ; 
^^ md upon ihis tiocount, itvfaefe^er We endeavour to underftand 
^ this, notioii, 6\ii imaginsltioh will re|prefeat to us the fmalleift 
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*' vifible body, as an exceeding fine fand, or a mite^ or the poiaf 
*< of a needle^ or the fmalleft viable body we have ever feen oti 
^< paper, or the likei which we muil be content withj fince the 
^' fant'cy forms nothing but what is firA in the fenie, though it -be 
^' none of thefe. And in truth it can have no true definition that 
^' will reach its effence. Analogous to this point, fign or nothing 
^* in quantity is the naughty cifer or zero in number : Th^mver 
'* in time : The reil or quiet in motion; For as no aggregate of 
'* points will ever produce a line or quantity ; fo the multiplication 
** of noughts or ctfers will never produce a number ; and as the 
*' addition of nevers cannot make time, fo the aggregate of rejti 
'* cannot produce motion. So that all thefe may not improperly 
*^ be called the terminus or bound, from which they all begin ; fo 
'^ quantity may be faid to begin from a point or nothing : number 
'' may be faid to begin from naught, cifer or zero : time may be 
** faid to begin from never : and motion to begin from reft. . And 
** as the minimum natura may be faid to.be the firft quantity ; if at 
*^ lead there be a minimum in nature, fo an unite may eXprefs it in 
^* numbers ; injiant in time, and moment in velocity. - It may pof-^ 
iibly be thought I have faid. too much of nothimg, but yet it 
feems to be of the greateft confideration in nature \ * for. it ieemS 
*' to be the beginning of every creature; even tbc greateft creatoreist 
«< having been traced, to begin from .an atom or point, no eye or 
'« ienfe can reach it; ^ nor any underflanding. limit itjj that the be^ 
^' ginning of a very lai-ge animal hath been feenaliare, ten thouiknd 
y^ times fmaller than a mite, may be proved^ and yet how mocb 
" fmaller it may have been is not determined." > . 

It has beeii faid of the mufick of the fpheres that it is fo loud 

we cannot hear it : and of a mathematical point, according to 

this explanation, it may be iaid^ that it is fo fimple it is impoffible 

xq comprehend it. This no doubt, Qiuft prepofles the reader with 

llrange apprehenfions of difficulty ii) the profecution of a fcieiice 

which fets out fo unaccountably ; requiring us. to admit as a prin^ 

ciple what we cannot comprehend. '\ 

/ I would not have thrown this metaphyfical bugbear in the wa)r 

I of the reader ; only I was afraid left he might ftumble upon it di 

thimfelf, with ibme hazard to his underftanding, if hefhouldpnrfue 

the 
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the metaphyfical analyfis of it, until he hadno doubts left but that j 
it was really incomprehenfible ; efpecially if he happened at the v 
fame time to difcover, that the fame ingenious fubtilties would alfo | 
apply to lines and furfaces, by which means they might likewifej 
be entitled to a place among the incqmprehenfibles. v>^ 

I (hall therefore beg leave to call his attention to a method of 
explanation very different from this, but which arifes very natu« 
rally from what I mentioned before viz* that the definitions fhould 
be confidered as fubfequent to the common notions; and introduced 
merely as auxiliaries to them. And in the prefent inftance, we 
have a very clear notion of three dimenfions in magnitude; though 
we always find them fo connected that it is impofiible to feparate 
them from one another. Let us therefore try to contemplate them 
together, but one after another. Every part of fpace that we con« 
iider has a ihape ; for inftance the fhape of a room. : this fpace the 
mathematicians call a folid ; that which limits it or gives it this (hape 
is called a furface; which muft be confidered as having only length 
and breadth ; becaufe if it had thicknefs alfo ; then it would not 
be the boundary of the folid, but a part of the folid itfelf. There- 
fore the proper definition of a furface will be, that which hath 
length and breadth. But farther this furface has a (bape or is limi- 
ted; that which limits it cannot have length and breadth; fo9 
then it would not be the limit of the furface but a part of it.. 
Therefore the proper definition of a line is length without breadths 
Laflly this line has its limits ; which limit cannot have lengthy 
for then it would not be the limit of the line but a part of it. 
Therefore the proper definition of a. point would be» that which 
belongs to magnitude, and has no parts, that is none of the com** ^ 
mon dimenfions, length breadth or thicknefs. Thus it is eafy ta 
conceive how thefe definitions of a point line and furface are deci«*> 
ved from the common notions of magnitude. 

CHAP. VI. 

^he fame fubjeSl continued^ 

AS the definitions which we have been explaining are never 
quoted or appealed to as tefls by Euclid^ the learner might be 

ready 
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ready t6 cohclildc that they \tcre placed hefe fot no 6lhtr por^. 
pdfe but to imptefs one with an idea of the difficulty of this fciencCi 

Though it be true that they are never ufcd dtredly» yet by being 
placed where they are» they ftojp tht mouths of impertinent cri-» 
tics, who would be ready to ftart objections which are immediatelj^ 
removed by thefc definitions. 

In this chapter I intend to explain what is meaiYt by a flane^ 
k plane re6tilineal angle, a right angle and an icute and obtufe 
angk i fijrft confiderii^ what opinion every one might fbrm xt£ 
thefe, by examining tfaofe inAruments or circumftances which 
#ould fix his attention to this fufojedt. 

To underftand rightly Euclid's definition of a plane iinrface, it 
will be neceflkry to have recourfe to the former fuppofition, that 
the definitions are iteprovementi upon our common notions : for 
inftance, let ns fuppofc <me at work, in the manner of a carpenter^ 
CO fatisfy himielf that a furface was even» fuppofe the fiirface of a 
tahlt t he would apjHy a ruler i^ all directions frote fide to fide 1 
and finding that it touched the table in every point and in iVery 
direAi6n» he wbuld cdnclude that the furface vria even. Atid tk(M 
We Khali find that the definition is nothing elfe^ but giving thd 
notion acquired by this dpferation, a regular fi^rm and fufficient 
extent, 

. For Euclid's |)Iane fiirface tyhich is commonly called a PLANft 
is this fiiiface of the table, endued with a icientifical evtmnefs in- 
ftead of a machanical one t add inftead of being confined to wif 
ihape ; of an unlimited extent. It is in or i^oa fuch a furface aft 
this, that Eulid 'fuppofes all his lines and figures to be defcrtbed 
and drawn, in his firft fix books : and this is the more carefully to 
be ob&rved, becaufe, though it is not mentioAed in the demon<>> 
ilrations, yet there are niany properties of lines and figures, which 
are not true, but upon the fuppofition that the lines are in the fame 
plane^ as I fhall have occafion to obferve. 

Ancl the plane reftilineal angle is the inclination of two firaight 
lines to one another m or upon fuch an even furface as this, which 
meet together but are not in the fame direSion. They might be 
inclined to one another fo that when produced they would intei'fed: 

or 
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or crofe one another; but, until thqy b^vemet they arc never con* 
iidered as cpntaining an angle. 

This plane reftilineal angle may be of three different kinds ; 
according to the different inclinations which two ftraight Hnes may 
hfti^ t<^one aAother. Tatoe two pans, and run a. pin through the 
extremity of t}>e one, and at, the fame time^ through .thQOther» 
at ibme diAance from its extremity, fo that tha oac of the pens 
may make two angles with the other, on each fi4c one. Turn the 
peiift into the famo diredion, and makiqg one of them revobpe, 
and then obferve its progrefs a& revolving until it takes the fame 
(iiredfion on the other ^de : aod 4uring this whole revolntioiit there 
h but one fixed or detprminatp poiitioii of the lines with refpedt to 
one amoiher; and that is when the revolving line has the fame in^ 
€linatioi> to the other on each fide j^ and thefe equal inclinatioos 
are-caUed right singles ; and the other two have their names aecoc^ 
ding as the angle is grejiter or kis than this. 

The reader has boen very inattentuf^ to my dire^ona upon this 
head, if ^Q does, not perceive, tbaf there is an ualinaited variety 
both of acute and obtufe angles, hut that there is but one tight 
tngle. 

And hence by the bye it is obvious that Euclid foriped iiis defir 
Bitions from common notions, as he r^ckona this. one; that all righi 
angles are equal, probably as a hint to the reader, . that he miglrit 
difcovoF from what fource the definitions were derived ; hccanie 
this eeramon notion may be regularly de(nonflrated from the dfift^ 
nition of a right an^, and therefore mv^ ha^e been pkced whene 
it is ibf fomc indir^ purpofe. Upon the whole tbcA Ha may coot^ 
dude, that Euclid^ definitionj^ are not the imaginary; phaoloms 
which the metaphyficians have reprefeoted them : but notions der 
rived from material obje^s, and new modeled, not for the pvrpoft 
c^ empty fpeeulation^, but, that they naight be applied to thefiHii^ 
kind of objeAs whiich htHk fuggeiled then» upon a more ^oomiatc 
and enlarged plan. 
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" ' CHAP. VII. 

Of pojiulates. . 

THIS fcience has now acquired fuch an extent and accuracy^ 
by improv^ing the conunon notions into definitions ; that our for* 
<ner inftruments are now become inadequate to our purpofes. and 
views. For our notions both of a flraight line and circle are fp 
refined and enlarged; that no inflrument is fufEciently . ^.curjite or 
extenfive for performing thefe two problems^ the drawing a ftraight 
line and the defcription of a circle. i, . 

' Here the cafe of the fcience appears defperate ; and the. author 
reduced to the neceflity of giving up his high pretenfion«. tp accu-r 
f acy and univerfality^ by fuffering the fcience to fall back again into 
its original Aate, as far as refpedls its inflruments at leaft. And I 
am certain the artifice ufed .upon this occafion to preferve the dig«- 
nity of the fcience is by no means generally underflood ; and this 
will be confirmed beyond contradiction by attending to the foolifh 
and childifh reafons generally given for admitting thefe poftulates^ 
alledging that it is fo eafy to conceive how they may be done, tha( 
they are to be admitted without the leafl fcruple or hefitation^ 
That a thing may be eafily^done is furely a very bad reafon for neg- 
lecting to give rules for doing it : and if that had been the caie in 
the prefent inflance, I am pretty confident thefe commentators 
would have been faved the trouble of their apology. But the 
opinion of Newton I fuppofe will be decifive upon this occafipni 
and we find him exprefiing himfelf diredtly to our purpofe as folr 
lows. ** Nam et linearum reCtarum et circulorum defcriptionesi 
in quibus geonietria fundatur^ ad mecbanicam pertinent. Has. linear 
defcribere geometria non docet fed poftulat. Poftulat enim ut tyro 
cafdem accurate defcribere prius didiceret^ quam limen attingat 
f^ametria % dein» qubmodo per has operationes problemata foln 
vantur, docet ;. .reCtas et circulps defcribere problemata fuQt^ fe4 
non geometrica. Ex mecbanica poflulatur horum folutioj in gegmetriq 
docetur folutorum ufus. Ac gloriatur geometria quod» tam paucis 
principiis aliunde petitis, tam multa praeflet. 
' - After fuch an authority the judicious reader will be ready to 
agree with me, that thefe problems are taken for granted, not 

becaufe 
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cauie it is eafy to conceive how they may be done» but for a much 
better reafbn, becaufe it is impoilible to do them by any method 
coniiftent with the principles of this fcience. 

But even in this, which muft have been a matter of no fmall 
difficulty, our author has done every thing in the power of man, ' 
to render this unpromising part as corredt as poflible, by making 
it put on a very refpeftable figure indeed, giving it fuch an air, as 
difcovers but little of its mechanic original. 

An ordinary genius would probably have given direftions for 
drawing a ftraight line and defcribing a circle, with a ruler and 
compafles ; and when the limited nature of his inflruments was 
mentioned as an objedlion to his fcience, and that he could not 
with propriety extend his conclufions beyond a (heet of paper ; 
be would then probably propofe a chain and poles by the aififlance 
of wh^ch he might undertake to enlarge the fcale of his operations; 
yet with waggon loads of fuch inftruments he never could hope to 
produce one fcientific conftrudion. 

But Euclid has aded with more judgement, and never would be 
acceflbry to the opening a door for admitting upon his fcientific 
ftage the whole tribe of mechanics, with the feveral implements 
of their trade. He throws them two problems to perform, but this 
is to be done behind the fcenes; without exhibiting their mecha- 
nical inflruments, declaring that upon every future emergency, he 
is determined to fland or fall by his own principles. 

CHAP. VIII. 

Offbe injiruments made ufe offer communicating geometrical knowledge, 

ALTHOUGH language be a general medium for communi« 
eating knowledge of every kind ; yet particular fubjed:s require the 
introdu^ion of fome auxiliary infbuments. Unlefs the nature of 
th^ thing is fuch, that it cannot fail of itfelf to make a (Irong im» 
preffion upon the mind, or that it is of no great confequence 
whether it be particularly examined or hot, it will be found dif- 
ficult to command the attention ; and particularly, which is abfo- 
lutely neceffary in a chain of reafoning, to make the thoughts of 

Vol. I. c the 
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the reader and writer follow each other in the famo ordtr^: with ft. 
certainty that they are both thinking of the fame thing at the fame 
time. The art of logic is an inftrument of this kind> but the great 
diverfi'y of opinions prevailing among mankind is a fuiiictefit proof 
that this inftrument is either negleded or mifapplied. Indeed that 
wonderful uniformity of opinion which has been uoiverfally found 
among all nations, and in all the different ages of the world iipoa 
geometrical fubjedts, cannot fail to draw our atieotion to this fior^ 
gular circumftance ; and malee the leacner deiirous to be let into 
the fecret of this harmony, as far as one ignorant of the fubjoA can 
be (uppoied capable of entering. And this will be iotwd to proceed 
from the method of demonftration to which geometricans have tied 
themfelves down ; and their being poflefled of an inibruroeot, per« 
fedly adequate to the purpofe of comtnunicating their knowledge 
to others^ and by which they are able infallibly to examine their 
own. And this inftrument in geometry is figures or diagrams : 
which Euclid expreffes by the diifferent names of fffifs^% i^'^^yf^t^^ 
H^. 'The firft. is his general term, the fecond he commonly ap*- 
plies to a figure which has been AoQaihtd or at leaft complealsd i 
and the third comtnoniy to fimilar figcures. 

Now thefe diagrams or figures ma^r be naade (o £Ka<%Iy to je&mn 
ble the fubjedt matter of any propofition, that, if we dunk at all, 
it is rmpodible to miftake the order of thinking, wiaidi the .author 
has prefcribed, or <o draw a different conclufion from thai, towiucli 
he intends to lead us. I fay a different $ becaufe the figure itfelf 
may lead us to a limited or partial conclufion ; the remedy for 
which I fhall explain at length in the next diflertation. 

The fioG^kft kind of Teftiiineal figure is the trian^b ; ^ &\(^ 
ferent parts of which the learner ought to be familiarly acquainted 
with ; and to keep in. his mind, that befides the triangiHaripace 
itfelf; ihare wt &x difierent magnitudes which go to the.malung 
h up ; viz. three iides^and three angles ; each .of which ought M 
be pai'ticularly attended to. It will be ufeful a^o to obferve ; that 
the triangles ABG, ACF though they have feveral parts in comxxum^ 
are neverthelefs to be confidered as much as diflindt and difSsr^nC 
triangles, as if feparated from each other by the diibiuce of a 
thoufand miles. 

The 
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The three fides of the triangle ABG are 
AGy ABj BG and the three angles are ABG, 
AGB, GAB : and of the triangle ACF the 
three fides are AF, AC, CF ; and the three 
angles ACF, AFC, CAF and the angle at A 
or DAE is faid to be common to the two tri- 
angles; and therefore they have one angle equal 
to one angle; and it is faid to be contained by 
the fides FA, AC when it is confidered as aii 
angle of the triangle ACF : but when it is 
confidered as an angle of the triangle ABG it 
is faid to be contained by GA, AB. 

Again FBC and BCG are alfo two diftinft triangles : and the 
three fides of the triangle FBC are BF, FC, CB and the three 
angles BFC, FCB, CBF : and the three fides of the triangle BCG 
are CG, GB, BC ; and the three angled CGB, GBC, BCG : thefe 
triangles have a common fide viz. the fide BC ; and this fide is 
faid to be extended under the angles BFC and BGC. Thefe things 
ought to be well underflood and flrongly imprefi!ed upon the me-* 
mory. 

But farther, we find that the two triangles ACF and BFC have 
a fide and an angle common to both, viz. the fide FC and the 
angle AFC which is the angle BFC ; alfo the two triangles ABG, 
BCG have a fide and an angle common to both, viz. the fide B& 
and the angle AGB which is the angle CGB. 

I have now explained at fome length the original and nature of 
the geometrical principles ; and the infbuments made ufe of for 
communicating this kind of knowledge, taking notice at the fame 
time of fome of the mofl unufual forms of expreffion and which 
are apt to perplex the learner at his firfl fetting oiit« 
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Concerning the nature and extent of geometrical 

demonftration. 



IN the former diflertation, as much care as poffible has beeo 
taken to avoid the fuggefting any circumftance to the reader^ 
imagination, which will not be neceflary in the very firft fteps ta 
be taken in this fcience. I mui): therefore beg he wiU not confider 
what has been faid as words of courfe, merely to fcrape acquaint- 
ance, or any attempt to difj^y my own learning, but as ferioufly- 
intended for his improvement. Nor would I have it thoii;^t that 
this proceeds from any want of inclination to be in the good gracea 
of my reader, much lefs from want of capacity ; for with very 
coniiderable dedudions both of thought and trouble, like fome 
other conunentators I could have flourifhed away, in an explanation 
of the eleventh common notion, upon the pi:operties of the afym- 
ptotes of the Hyperbola &c i if jny intention had been to raife the 
admiration of the reader^ rather than to fix his attention. Having 
therefore refolved to facrifice every ornament to this fingle confide** 
ration ; the learner, it is to be hoped, will endeavour to convince 
himfelf, or rather fome more impartial judge, that he underAands- 
every thing mentioned in the lafl difTertation before he proceeds to- 
this ; in which he will find the nature and end of geometrical de« 
monfiration laid open with all the fimplicity and perfpicuity which 
the commentator could give it ; and with as much particularity as- 
the patience of the reader, a faculty rather apt to be difcompofed^ 

by much exercife, could well be fupppfed to bear* 

CHAP. 
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CHAP. I. 

Containing an explanation of the two jirji propofitions. 



) 
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two iirft pl^pdfitidhs *aife liiug WfJlainVd 6^ D^r. feftJokc, 
,■ ,■ ** Euclid having premifed his principles, he begins his method 
/ ** of demonftration, in which he takes no more for granted than 

"^ ^ • '-J-* what he hath already laid down as eafy and felf evident. His firft 

' ' /^' propoihi^n -then it upon a right Une lyivea to 11^ 

; i N ** triangle. He natn defined in the fourth defiMtion what he 

^ '. .-z,-'^ , ** means by aright line, niffiil^tiKitt^llichlieth ftraight between 

r / ■ /«, j|jg j^Q extremes of it which are points ; and what he means 

* « by an equilateral triangle, namely, fuch a one which hath all its 

, '. ,/ «< thtfed liclci b^a«l w d«8-afl§«h0r." -,.... : ,;■ 

' " ^ \u. '■'•' *' m«tflif«ft ihfctt^fh' awd flSrtiSimjp of theubkigf ^dh« : R dWrtiiins 
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^ ^ , ; • ' /<« fath e^lMr thing, iha f f dJMffitiOfl «$M neit^^l^ ^fieitOr dtemdn- 
'' \ > ^ «» ftk^WBi ^iih tes^ritifeitt dfe eifledte^aitfftlJ t» beta* by tVMifc • 

■ ■ ** Wft »tfl«in 16 ilfc iisd 'prdfi«KiHdfel W dfefli*d .• Tbfe ttid Ti*l-b 
fodght fe how; ft^bm f^ «nds of si linfe giVeA to draW Iwb 6¥hel: 
« Kfies, edch cquitltd ($ie given 'Kni, trhich ftail ttietft Ih one and 
<« fh«f<i«e pokM< It i» «i^(a]ii ^at thfeie liites h:ldft 'b^in 'fih(!)«n 
<• Che ia^ oif the firft Ma g}v«B i b6t ^idi^ th^d tb dr^ 'firft, 
<«fthd wfaidh w^y, Snd #i«h v^tft intIifHili<>tt to the fbrtntet- litie, 
«» that is w4fh Whbt abgW rtiat is n6t yfel kiittWfi-, =*nd feriae ihVen* 
««^ tion muil be thoa|;ht of> hd# to dir^S our rijkr to di'itw it. 
«* Wiill h6^ fliall this \st done, flrtcft theffc didy be Infinite of 
«• lines drdWA frbm each o^ thole ^dints, which fliall evfe^ybiie^ 
« them be equal to this line given ? Hoiv theh flrall We airtdri^ 
" thofe irifiiiite or Jndcfirtife number chiifti btrt the rlgjht ? 'tisita- 
** poftible Without fome invention. Our author therefore helps . . 
*• you to btie, and one whitih you haVe alrbctdy grarltied to be i^^^" f^ 
«i ble in the third 'pbtition. Updfa the center A, dnd diftance Afl, ^ 
** draw a circle, fiys h&i B(D£) j what -thci^?' To vi^htit porpofe-i 

Why 
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P I S &EilTATl 9 IT 11/ f^3 

5^ Why this circle Ui^fl \KiU givo yoa a linp» JA which 9n^ cOBta^ffod 
*^ 9)1 (he pp)qt9 QT <?nds of the infinite lines, lyhich may be 4rawa 
^* frofp.the poiat A any ways jthjU (hall be cqujil jp AP. JlPW (ol 
€. \^hy by ihe fifti^enth defioition ypi) ^re t^ughjt^ that a circle i3 a 
^* plain figure boi^odcd by pr coptwijfd wi^hilJ QWe cmrve lipe^ 
^/ whM£h i§ cabled the circumference ; to whi<ch every . right line 
^^ dr^wn fro^ a ppip) m the middle, which i$ called the center^ 
*^ are pqual tp pne gnother. But what are we yet ^e wifer I How 
*' dp we knpw wbiph of thefe iofiniie lines we ^re to draw ? Ta 
^ wfc^h of ^fifi in^finite p^ipts that grft in this circiiinftance ? Ta 
^' know this, you muft do the fame thing upon the point B : IJbaC 
^' is, «ppp thp poi^if 3 9Ad ^*nce BA, 4rftw or defcribp the circle 
. *« ACE, which will giye yw «}1 th* poffibje in^pit? points ift that 
//»*' ♦^ piaifli 5 fP the which froi» the point B right jines pwy be df^aiJ^w^ 
« eqiMi to BA. J^ow thw fioee thefe circfef .cpi^t>ifl ,9fl the ^• 
*^ fiiWs poiftSs of the lip?s equal j^o A^ or BA that can he 4rikw» 
^^ from A or B- It follows tihat (wh^re thofp circles inAerfe^, there 
•* only p»nft be the poim to which tho^. Uq« oiay he drjLwn 5^ 
^^ namely ^t C APd at the othex poiat pf inserfeaipp ^d ap whpw 
^* «^ (pever. Drawing ther^fof e lines from A and ffPO B tp either 
^' of ifoofe poifttjS as to C as AC, BC ; ypw liave don* the thing 
^* that 9^»s. prpppufldedi namely upon the Jjoe AJ9 giv^n ypp h^ve 
^« made an equilftteral triangle ABC i wbi<i» ivm defired. Tbw i«» 
^« the fiirft part of the pro- 
, , y/ ** bleWf and indeed th4 
J^s/^f^-^'^^^s. diftcsiUiL tp find out ; 

^^ qapMly :bow to do tkfi 

'* thing .required i and in 

^ ibis part lie the ^i^eskteft 

** difficuMie^ of mathoma- 

^•^ tied 'knowli«ige# to wit, 

** in finding out tbepro- 

*^ per and true mediums 

" or pieans to per fprm the probkoas required to he iwp, -^hioli'* 
for the moft port are of thie ikme natuce .wifh thi^,. .aed jcon- 
fiftin the finding out the pofitien of;^ poieM fprthi«;pro- 

f* blem OHght have been thus worded. A right line being given 
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«« as 'ABj ta find a point as C^ to which lines being dnvfnftom 
^ the points A and B> they fhall each of them be equal to one 
«< another^ and to the line AB which is given : or two points A 
'< and B being given to find a third point as C, which (hall have 
** the fame diftanoe from A and from B that they have from one 
** another. Bat our author not having given any definition of dif- 
^* tance or equality^ othcrwife than may be colledted from equality 
•* of the fides of fome figure ; or of the rays or lines drawn from 
<* the center to the circumference of a circle, he chufes rather to 
<^ make ofe of an equilateral triangle to find out that propriety of 
*« a point fo pofited/' • 

** The fecond part then of the propofition is the detnonftrativfc 
'* part thereof, namely, to prove from the principles already laid 
^^ down and granted and afiented unto for true and certain, by a 
^< dear chain of reafoning and deduction, that theie lines AC and 
*^ BC are -each t)f them equal to AB and fo equal to one another ; 
'^ and confeqciently that the figure ABC bounded and limited by 
*^ them is an equilateral triangle, according to the defcription of 
^* that figure in the twenty fourth definition* The next thing then 
«^ to be invented or found out is the medium or means of demon- 
<* ftrating it to be fuch j for this we have two. Firft, the definitiort 
** of the properties of the lin«s from the center of a circle to thd 
^^ circumference in ,the fifteenth definition, that they are all equal 
^* to one another. And fecondly we have the firft axiome, thofe 
^< which sire equal to one other are equal to one another. Firft AB 
*^ is equal to AC, becaufe they are right lines drawn from the center 
^^ A to the circumference BCD ; for by the fifteenth definition, zt 
** I faid, all fuch lines muft be equal. Next BA and BC muft 
•^ upon the fame account be equal to one another, becaufe they 
«' alio are lines drawn from the center B to the circumference 
*« ACE : Therefqr^both AC aiid BC are equal to AB ; but by the 
«' firft axiome- thofe whkh are equal to one other are equal to one 
*^ another, therefore AC and BC are alfo equal to one another. 
«^ Therefore the three fides of the figure ABC j namely, AB, AC, 
^< and BC are equal to one another, and confequently bound an 
^'equilateral triangle according to the twenty fourth definition, 

*• therefore 
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'< therefore upon the line AB given, an equilateral triangle is made, 
^^ which was the thing to be done and proved/' 
^' THE fecond propofition is alfo a problem. 
<^ From a point given to draw a right line, which (hall be equal 
to another right line given. For. the performing of this propo-* 
iition, it being a problem, there is need of two mediums to be 
^^ invented or found out ; the fir ft is for the doing of the thing re-* 
^^ quired ; and the fecond for the demonftration of it ; and both 
^^ thefe are to be fetcht out of the principles already agreed to, or 
f' from the truth evidenced in the preceding propofition : For we 
^* are. not to fuppofe any thing further known in this fcience, and 
^* therefore .much leis are we to make ufe of it. Searching there^^' 
** fore our ftore, we have no other medium to make a line equal to 
^' a linct than firft by the help of a circle, defined definition 15. 
which by the thicd pojhdatum is granted to be defcribabie upon 
any center and at any diftance : Or fecondly, by an equilateral 
^' triangle defcribed by definition 24, which we learnt how to make 
by the preceding problem : For as to the equal fides of an ifof^* 
cles triangle, definition 25, or the equal fides of a fquare, a pa<^ 
rallelogram or oblong fquare. Rhombus or Rhomboeides de&ri* 
" bed definition the 30, 31, 32, and 33. Though their propcrtiet 
'* are there defined, yet we are not taught how to make them as 
^* yet, and confequently can make no ufe of them, as m^dia to 
*' perform the thing required to be done by this problem. Nor 
^ are we to fuppofe, that the length of the line given may be taken 
** by the help of a meafure or a psur of compafifes, and transferred* 
^' to the point given 1 becaufe thofe are firil not mentioned in the 
principles laid down there, which you are to make ufe of, and 
of no other, till they be accepted for principles undeniable : For 
^* this is not yet granted, that you can with compafifes, take a true 
** length of a lipe, much lefs that you can transfer it and fet it iii 
*' another place. But you have granted that 'tis poffible^ upon a 
*' point given at any. diftance, to defcribe a circle, or fuppofe it fo 
^' done,, which is fufEcient for the demonflration^ that being the 
principal thing aimed at by our author, namely, to lay open to / 
the undcfftanding the refons and grounds of the properties of /^' 
^ quantities fo and fo qualwed, that yoU may plainly fee how and 
Vol. I. d for 
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*^ for what caufe thrngs are thus or thi2« and cannot be fO^ermfe. 
<<< For as to the mod pra^cable and expedite wuys of doisg tbofe 
^^ things mechanically, and for other ufes, tiat bdongs to another 
'^ part of mathematics ; namely to the pradkical part thereof^ which 
<^ is called pradtical geometry, or mechanical geomotcy, which* 
^ ought not to be learned till this be firft known j but this whichr 
^^ our author treats of is fpeculative getmetry, and principally aimsr 
^' at demonftrations or explaining the proprieties of quantities tor 

the underAanding. You faw clearly by the forma: propofitionr 

why ABC was an equilateral triangle; and there could be but 

two fuch made upon the line Afi in the iame plain ; tfaecc being' 
^< but two points where in thofe circles cut each other; tholCb cir^ 
*^ cles determining all the lines equal to Afi that can bei drawn 
'^ from the points A and B. His way then of performing, this^ 
*' problem is this : Let the right line given be BCand^ the point 
•• given be A ; from 
^ which point a right 
^ line is to be drawn 
^' equal to the line BC« 
*^ Firft draw a line from 
" B to A, which is 

granted poffible by 

the firft poftulatum ; 
•• then by the former 
^* propofition upon this 
*< lineiBAinakeanequi«- 

lateral triangle BAD : 

then upon the center 
''B and diftance BC 
^ defcribe a circle^ as 

CGH by the third 

poftulatum; then by 
«^ the fecond poftulaturA produce DB to F ; then upon the center 
'^ D and diftance DG draw the circle GKL> theii as befbre, pro** 
«« duce the line DA to E ; there (hall AL be the line required to 
** be drawn from the point A equal to the given line BC/' 

<^ Thia 
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DISSERTATION n, 27 

** This is the conftradion of the problem » or the fn^psisng df 
*' the propofition iit for ^monftration, by which you may clearhjr 
^^ nnckrftaad the reaibns of it, deduced from the few principles 
*^ already laid down : For firft, that BC is equal to BG is clear 
^^ from the fifteenth definition, which determines the propriety of 
«^ equality of the rays of a circle* Next that DBG is equal (o 
<* DAL, is S8 clear £rom the fame definition, diey being both ray j; 
** or lines drawn from the center D to the circumference GKL by 
*^ the confi:ruf3:ion premifed. Thirdly that DB is equal to DA, is 
<' clear from the conftrudtion ; lor DBA is an equilateral triangle^ 
^ two of whofe fideg DB and DA are. Now by the third axiom 

or comnion notion, if from equal quantities you taite equal quan^ 

tities, the remainders fhall be equal ; if from DL you take DA $ 
** and from DO, DB ; the remainder AL (hall be equal to the re- 
'* mainder BG ; but BC is alfo by the conftfuftion equal to BG ; 
*' therefore fince by the firft 6x>om thefe two quantities which are 

equal to one other quantity are equal to one another 1 therefore 

BC and AL, being equal to BG, are equal alio to one another i 
** therefore from the point A the line AL Is drawn equal to the . 
'^ line BC ; which was the thing to be done and proved." 

*^ Now though this way of demonftration and reafoning may 
** feem tedious and too long to detain the mind and attention in 
** the finding out the proprieties of quantities, yet 'twas the way • 
^* made ufe of by the ancients. And 'tis altogether ncceflary, efpe- 
*^ cially in the beginning of this ftudy, to accuftom the mind to 
^* attention and circumfpedion, that it may receive notiiing for 
«' tsuth but what it fees clearly by the reafons and caufes of it, 
^' that tbevdiy the mind may acquire an habit of intention, and 
'< of examining the v^hole chain of confequents from the firft prin- 
^^ d^les to the truth evidenced. For the want of which, fome 
** faaXX «rror perhaps may flip into the mind under the appearance 
^* of truth, :«nd thereby make all the Aibfequs^nt reafonings and 
^ dedndtioas unlbund; and 'tis very much harder to clear and free 
*' the 4i»i0d from; it uihen once received, than to prevent the recep- 
^^ tion thereof. There cann^ therefore (in this iludy efpecially, 
•* not wow t8K mention any other, where it is poffible it may be 

altogether as xmivtment^ nay neceCary) there cannot I fay 

d 2 *• therefore 
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^^ tber^re be as I conceive to^much circumfpedion and caution 
^^ ufed in admitting principles^ and furnifhing the mind with the 
^* true grounds of knowledge ; becaufe for the moft part we are too 
** prone to take up every thing we hcartipon truft, without exami* 
^' nation : we are too apt to run aWay with a things and think we 
^^ know it and fee it clearly before we are fure we do ; and are 
'' impatient of delay in examining and confidering ; whereas if the 
'^ mind be a little at firft accuftomed to this leifurely and ftrift 
€€ ^ay of reafoning, after it has got a habit it will make as much 
*' difpatch in receiving things with fufficient examination, as aoo^ 
** ther (ball without it. And the patience only is needful for the 
^* moft part at firft to beget attention ; nor is it peculiar to this 
*^ acquffition alone ; but we fee it neceflary, and pra^lifed in many 
^^ other things where a good habit is to be acquired ; as in reading, 
<< writing, mufic, drawing, and moft other manual operations; 
<^ The roots and beginnings of knowledge, and praAice too, are 
^* bitter and tedious, but the fruits are fweet and pkafant ; and 
<« whofoever attains th« end, will never repent the time fpent in 
'• the beginning," 

C H A P. II. 

The fame fubjeSl continued. 

I • 

I N the preceding chapter I have given Dr. Hookc's explana- 
tion of the two firft propofitions, in order to (hew the reader that 
I am not (ingular in my opinion, that Euclid is not to be uoder^ 
ftood, unlefs the learner beftows that attention upon the firft prifi« 
ciples, which may enable him to carry along with him their full 
meaning and import. It is true that fome confu(ed £si^ concerning 
the properties of figures may be picked up by a very carelefs perafal 
of this author : bat whoever 'is fatisfied with this, had better look 
for his knowledge fome wher^ elfe i bccau(e he will meet with a 
great many impertinent interuptions to his fcheme from the feveral 
fteps of the demonftration i and rather content himi^ with a 
kind of law evidence, by re(blvtng to confent to every propofition 
which is delivered as trudx by two or more credible authors. 

Although 
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Although I approve in general of what Dr. Hooke has advan- 
ced« yet I am convinced that a more minute confideration of the 
different parts of each propofition will be neceflary for the ftudent 
who would wi(h to leave his prejudices behind him as he advances. 
I fball therefore point out thefe circumftances, which he might be 
apt either to overlook or midake. Suppofing the firil propofition 
of Euclid carefully examined, he will find it taken for granted 
that the two circles cut one another, and that this fuppofes the 
c;ircles to be defcribed upon the fame even furface, or according to 
the geometrical language in the fame plane, otherwife there could 
be no fuch point as C. Again the fuppofing C to be a point im-» 
plies that the two lines, the two circumferences of the circles have 
no breadth, otherwife the point would have parts. Likewife by 
fuppofing the triangle ABC to be an afiignable or determinate mag* 
mtude implies that the points A, B, C have no magnitude for 
If they had parts various triangles differing both in fides and angles 
might be described, and it would be impofiible ever to arrive at a^ 
determinate conclufion. 

But farther, the reader is to confider that he has been reaibning 
all this while, upon a particular ftraight line of very inconfiderable 
length ; He is therefore next to inquire, whether his conftru^tions 
and conclufions are alfo particular. That they are not will appear 
from this, that no confequence is fuppofed to follow^from the 
ftraight lines having any particular length, nor is any conftrudion 
undertaken upon that fuppofition ; only that the line be finite that 
is, that we know its two ends. 

But it haj^ns rather unluckily, that though the fcientific con- 
^ru^ion be general we are neverthelefs forced to take up with a 
particular one ; which is very apt to create prejudices unle& our 
attention be every now and then called to thf; general canftru£kion : 
we muil remember that* though we work with a ruler and com-* 
pafies, the fcience knows no fuch inftruments. Let us fuppofi: the 
line AB ten miles in length ^ and that the fame conftru^n is to 
be performed ; we (hall now get beyond the objeds of our fenfes ; 
but if we have beftowed the necefifary attention to the problem, the 
underftanding will have as clear and diftind a perception as it had 
]>efore» wh«n the line was perha[^ not abpve 'three inches long. 

Our 
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Our author's plan obliges him ftrjdtly to prohibit the ufe of any 
particular inftruments ; ftraight lines and circles are fuppofed to be 
drawn and defcribed by mechanical operations ; and we are left to 
guefs in what manner. It will however be prudent to acquire ibme 
one ready mechanic wily at leaft of conftru(^ng every problem* 
For I always Aifpei^t any pretentions to general truths which have 
not been colle£ted from an examination of particulars. The ruler 
and compaiTes are fuch exadt minature reprefentations of the two 
poftulatesy that they are to be preferred to every other inftrument 
for affifting the imagination to follow Euclid's conflrw^ions : only 
the compafles are to be confined to their proper ufe, always to de- 
ferifoe circles, but never to meafure diftaoces. Indeed it is not 
always necefiary, and often would introduce confufion if the circles 
were compleatly defcribed : it is therefore fufficient to defcribd as 
much of them as is necefiary ; as for inftance, in the future appli* 
cation of this proportion, it is obvious that it will be fufHcient to 
iind {he point C ; becaufe the point where the circumferences of 
the circles cut one another gives us every thing nectary for the 
conftrudion. 

We come now to the fecond problem which is of a more com- 
plicated nature than the firft ; and yet there are very few, upon 
reading it, who do not fall in with the notion that Euclid has 
taken a great deal of unneceflary pains to do v^at a fingle opening 
of the compafles would have performed with equal or perhaps 
more eza<%nefs. But confidering the fcience emly with a view to 
practice, the affairs of mankind arc carried on upon a much larger 
fcaie than to be managed with a rukr and compafies ; and wee have 
only to fuppoie the line BC a mile in length, and this will an^et 
the objedion fufficiently. The underftanding is capable of reaching 
the general conclufion delivered iri this propofition i why then 
fhould it be fettered with inftruments ? Euclid'js contrivance is dd«- 
mirableatid fuited to the dignity of the human mind. According 
to his plan we are gliided by inftrumentSj hut neither confined nor 
loaded with them. 

After the ftudent has fixed in bis ntemory the conftru^tion and 
demonftration of tihis fecend'propofiftion, it is more than probable 
that his conclufions will beMmited to the particular figure <whick 

he 
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Ke mide Ufe of and to that very pofitioil which the lines happened f 
accidentally to take. 

This is a very general prejudice, and will be removed by attend-* 
ing to th< following direi^ons. Let the learner confider whether 
DA and DB produced will cut the circle CGH : and he will find 
that DB muft cut it as it pafles through its c6nter» but th^ DA's 
cutting it depends upon the length of AB. Change the pofition of 
the point A and repeat the conftrudion and thus ycm will leam 
what lines have a fist pofition or only an accidental one : deicribe 
the equilateral triangle ABD upon the other fide of' the line AB 
and cooipleat the figure ; alfo join the points A and C inftead of 
the points A and B and repeat the fame conftrudions ^ and by pro** 
ceediog thus you will be able to conquer the prejudice of feiife and 
to acquire fomething like a fcientific view of the problem* For 
you will find no confequence deduced from BCs having any paiti« 
cular length or the point A any particular pofition » 

But the third propofitioh will afiFord an opportunity of taking a 
fomewhat different view of thefe two propofitionsi. It is a problem^ 
Two unequal flraight lines being given to cut of a part from the 
greater equal to the lefs. The fimpleft cafe of this propofition 
would be^ when both the lines are drawn from the fame pcunt t 
for making that point the center, and the fhorter line the radius^ 
the circle fo defcribed would folve the problem : bat if the lines 
had any other pofition, a verydifierent app^u^tus would be necef**^^ 
fary ; we mufl leam how to put a line at tiie extremity, of the 
longer equal to the fhorter line ; and this, cannot ^be ^doiie before 
we i^ve learned how to defcribe an equifaoend* ttiangle^ I woutd 
therefore propofe it as an exercifefiu: the firodenf, aiKl his liicceis 
would be a proof that he was mafter of the fubje^t^ to fet out 
upon a fuppofitkui that the boob began with this third' propofition^ 
which will now include the firft and fecond } and bf this procefl 
he will have their connexion with each 6thpr ilrongly imprefied 
upon his mind. His figure will confifl of five circles^ and their ufe 
is to determine four points : fuch a point as C in the firft propo* 
fition> G and L in the fecond ; and E in the third. 

Whoever attempts to communicate knowledge to mankind^ 
muft write upon the fuppofition of a certain degree of improvement 
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in thofe to whom he addrefies himfelf, otherwife his book can 
have no determinate end to anfwer. Euclid fuppofes his reader 
above the prejudice of fenfe, and to have the ready ufe of his un- 
derftanding, with a due command of a|ttention j and upon this 
fuppofition he has faid every thing necelTary to convey the fulled 
information to his reader. But I write to a different fort of people,' 
to fuch as are immerfed in the prejudices of fenfe^ and at the famer 
time very thoughtlefs ; to thofe whofe underftandings are not dif- 
\ "^ , pofed to attend to the call of reafon without frequent admonitions i 
: ' and this is *my apology for begging the (ludent's attention to one 
thing more, before I finifh this chapter ; be will always find fome-* 
thing fuppofed or given in every proportion, and perhaps nothing 
will contribute fo much to a right underilandiog of the propofi* 
Cion, as a diligent enquiry into the ufe made of the data or fuppo* 
iltion, as for inftance whether the reafoning in the third propo-^ 
fitjon, does not depend upon the fuppofition that AB is longer 
than C ; and where the reafoning would fail if that were not the 
cafe« Our author was very confident that his reader would know, 
that, without this part of the fuppofition, there never could have 
been fuch a point as £ : but I am airraid that mine traded to his 
fenfes for the real exigence of this very point ; dont I fee, fays he^ 
that the circle cuts it. 

I fhall conclude this chapter by reminding the reader again, that 
the ufe of the two circles in the firfl propofition is to find the point 
C : and in the fecond, that the equilateral triangle is defcribed to 
fix the point D, which is to be the center of a future circle ; Whaie 
radius DG is determined by the defcription of the circle CGH i 
and lafily that this circle itfelf is defcribed to find the point L; 
And thus I leave the Audent to purfue his own mediutions upon 
thefe three propofitions, only advertifing him, that, if he thought 
them eafy upon the firft reading, and ftill perfifts in the opinion 
that he then underftood them, I am certain he knows nothing of 
the matter. i 
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CHAP. IIL 

Concerning bypothefes. 

TH£ fourth propofition is of a different kind from th^ three /^'' ^ * 

firft ; and is called a theorem. In the problems fomething is re- / / ^ ^ . > 

quired to be done : a problem therefore may be divided into two ' ^^ -^ > > y 
parts the conftru£tion and demonftration : for after ihewing in /* // . /. ' 
what manner it may be done \ it is neceiTary to prove that this is h-^A ^' ' ' j 
agreeable to thofe ' principles which the nature of your fcience 
obliges you to adhere to. Thus in the third propofition it is totally 
inconiiflent with the principles of this fcience to take the line C in 
a pair of compafTes ; and by this means cut off AE from AB ; for 
whatever inflruments we ufe^ it can be allowed to do nothing more 
by their affiflance than to draw a ftraight line and defcribe a circle; 
the compafTes then may be ufed in defcribing a circle ; but it can 
do nothing elfe without encreaflng the number of our mechanical 
problems, which Euclid has avoided with the greateft care ; and 
here it is to no purpofe to alledge that it can perform the one as ac- 
curately as the other : but I defire it may be obferved that it is not 
admitted upon the fcore of its accuracy^ but as keeping in fome ^ 

refped to the idea of the poflulate ; for its merit in point of accu- 
racy is realy nothing. 

If geometrical knowledge could be communicated in the form 
of problems it would make a readier and flronger impreffion upon 
the mind of the learner : for in the conflrudion of a problem the 
iludent is not barely a fpe<£tator but has an adtive part afligned 
him, to keep up his attention : but when a theorem is prefented 
<o his confideration,^ unlefs he has learfied the ufe and management 
of an hypothefis, he will be but an indolent and inattentive fpec- 
tator ; and to tell fuch an one that the confequence alluded to fol- 
lows from the fuppofition is to addrefs him in a language which he 
does not underfland. But for a more particular explanation I fhali 
analyfe the fourth propofition, which runs thus ; 

If two triangles have the two fides equal to the two fides, each 
to each ; and have the angle equal to the angle, the angle^ contai- 
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ncd by the equal ftraight lines : They will alfo have the bafe eq^al 
to the bafe; and the triangle will be equal to the triangle; and 
the remaining angle? will be equal to the remaining angles, under 
which the equal fides are extended^ each to each. 

This general enunciation of the propofition will convey but a 
very indiftinfl: perception of its- meaning to a learner^ efpccially 
upon a firft reading ; this however may be improved and rendered 
diflinft by the afiiftance of a figure, reprefenting two triangles in 
the fuppofed circumftances : but here again a new difficulty arifes^ 
as this hardly ever fails to bring a prejudice tlong with it : for the 
triangles reprefenting not only the fuppofitions, but at the &me 
time the inferences which are faid to follow from* them 5 the fta« 
dent is at a lofs to diftinguiih what is given from that which is to 
be inferred from it ; becaufe in all probability he will look upon 
the figure itfelf as the only fource from which his knowledge is to 
be derived ; and then he is as well convinced that the conclofiona 
are true as the fuppofitions. ; and cannot conceive what it is he has 
to demonftrate. And unlefs h? be qualified to lay a pr<^r ftrefs 
upon the fuppofition, the demonftration muft appear to him aft 
idle abufe of words calculated only to perplex hi« underftandingy 
efpecially if he has already fixt his opinion by his compares afid 
other inftruments. It is not eafy to devife a ready remedy for thia 
error ; {o that a man runs a rifque either of having no opinion coiw 
cerning what Is propofed in the propofition or an abiard one 1 for 
of all the difiiculties attending the acquifition of the icienee,. this 
is the hardeft to be got over. To reafbn accurately from a fuppo-* 
fition is no eafy matter ; attention and habit will do a great deal^ 
but above all a proper (enfe of the difficulty of it. In the pro* 
blems which we have already confidered, the ftudent has only to 
attend to the works of his own hands, in the firft propofition the 
(Iraight line AB is given him ; but the two circles, and the tvro 
ftraight lines AC and BC are his own manufadure ; and likewiie 
in the fecond fo is the whole figure except the point A, and the 
ftraight line BC : this makes a diftindion which nobody is fb 
thoughtlefs as to overlook. But in a theorem like this fourth pro* 
pofition } where one has nothing to do but to /6ini, the cafe is 
very dificrent, efpecially if the figure, which is intended to direft 
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him, by miftaking it$ ufe, ihould become the occafion of fcveral 
prejudices. But to be more particular. 

Let ABC and DBF be two 
triangles ; having the two 
fides AB and AC equal to 
the two fides D£ and DPi 
each to each, viz. the fide AB 
equal to D£; and the fide 
AC equal to DP; and the 
angle contained by BAC equal 
to the angle contained by EDF. 

This now is the hypothefis or fiippofition, which is to be con- 
fidered afr abfolutely certain ; and a principle from which we are 
to reafon as confidently, as from the firft common notion that mag* 
nitudes, equal to the fame, are equal to one another. Whatever 
might be collected from looking at the triangles, or by any other 
means, is to be entirely ncgleded ; and not merely negleded, but 
even fhunned as leading to the moft pernicious errors. The ftu- 
dent has only to eKamine the hypothefis, one part after another, 
making ufe of the figure only to afiiil him in comprehending its 
meaning, which he might iet about in fome fuch manner as this, 
treating to htmfelf, the two fides I find are equal, but not any how ; 
for they are faid to be equal each to each s the fides of all triangles 
ane ioclitked to one another i but here a particular inclination is 
specified ; thej^, are faid to be equally inclined : this the attentive 
reader will comprehend perfectly, and be able to fay I underfiand 
now what the author means ; he affirms that all triangles which 
agree with one another in the circumfiances above mentioned 
cannot poflibly £ail in giving us the fame confequences. But let us 
Jfee what confequences he fays will follow from his fuppofitions — 
They will alfo have fi^ third Jide or bafe BC equal to the bafe EFi 
and the whole triangle ABC equal to the whole triangle DBF : 
and the renoaioing angles ^ — fiof^ why that epithet remaining ? 
Why, becaufe only oae angle in each triangle being equal by the 
fuppofition, are there not then two in each triangle which remain 
to be confidered ? But to proceed, the remaining angles fiiall be 
«}ual to the xemaining angles not both taken together, but each 
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to each. Each to each, this though fomewhat particular never- 
thelefs admits of a latitude fufiicient to perplex an ordinary under* 
ilanding ; and without fome additional circumftance, mufl: remain 
unintelligible even to the acuteft. But the angles are particularly 
defcribed and alfb fixed ; becaufe they are to have the lines which 
are equal by the fuppolition extended under them ; that is the 
angles under which AB and DE are extended are to be equal, as 
alfo thofe under which AC and DF are extended ; viz. the angle- 
ACB or BCA equal to the angle DFE or EFD ; and the angle 
ABC or CBA equal to DEF or FED. Now thefe are faid to be 
the confcquences which will certainly follow fronx the. foremen^ 
tioned fappofitions^ 

But it will be too much for the learner to attempt the whole 
demonilration at once ; let us therefore fee what confequence wilt 
follow from each part of the fuppofition taken fingly. The prin- 
ciple by which they are to be examined is the eighth common 
notion, magnitudes which apply themfelves exa<^ly to one another: 
are equal. It is here faid that AB and DE are equal. What do 
^ou underftand by this word eguali Certainly it muft mean^ that, 
if the ftraight lines AB and DE be properly placed, they will 
apply themfelves exadly to one another. But what is the proper 
way of placing them ? Put the point A upon the point D ^nd the 
line AB upon DE ; obferve all this may be done whether the lines 
be equal or unequal ; but then the point B will apply itfelf to the 
point E only when . the* lines are equal ; for when AB is longer 
than DE the point B will be found beyond E ; and when AB is 
ihorter than DE the point B will be found between D and E. 
After a careful examination of thefe two particular lines ; let us 
fuppofe each of them a thoufand miles in length ; here our fenfes 
forfake us, but furely our underflanding unlefs it be weak indeed,, 
will give us as pofitive a conclufion as in the other cafe ; fo that 
we may conclude liniverfally that whatever be the length of AB 
provided only AB and DE be equal ; and the point A upon the 
point D, and the line AB upon DE ; the point B will always 
apply itfelf to the point E ; which was the firft confequence to be 
examined. Alfo if the point A be upon D and the line AC upon 
DF ; the point C will apply itfelf to the point F, as is obvious 
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for the fame reafons ; and that will always be the cafe whatever be 
the length of AC. 

We come next to confid^r in what circumftances it is poflible 
to place AB upon D£ ; and at the fame time AC upon DF : Now 
this can always be done, if the angle BAC be equal to the angle 
EDF ; becaufe when the point A is upon the point D : and AB 
upon D£ > it follows from the equality of the angles that AC will 
take the diredion of DF. But if the angles be unequal, although 
the point A be upon the point D ; and AB upon DE ; yet AC 
cannot poffibly fall upon DF ; becaufe AC will then take a direc- 
tion, on the one fide or the other of DF, according, as the angle 
BAC is greater or lefs than EDF. 

Laftly let us fuppofe the two extremities of two ftraight lines 
to be the fame ; may we not conclude from this that the lines are 
equal, and in the fame diredion, that is the one line will apply 
itfelf to the other ; becaufe if it did not the two flraight lines, 
would inclofe a fpace. Therefore in this figure of ours,, if it can 
be proved that the point B applies it&lf to E, at the fame time 
that the point C applies Itfelf to F ; we may certainly conclude 
that BC will apply itfelf to EF and be equal to it.. 

Each, of thefe fuppofitions ought to be examined frequently, and. 
the confequences which follow from them are to be flrongly im- 
prefled upoa the memory ; fo that the. very mention of the fuppo<» 
fition may fuggefl the confeqiiience.. 

And here it may be proper to informs the fludent, that he is not 
to confider this as any acquifition of fcientific knowledge ; but 
only the confequences which common gpod fenfe cannot fail to 
draw, whenever thefe things become the fubjeft of confideration ;. 
thefe remarks ace introduced not as teaching any thing new, but 
only to fix the attention. However the combination of thefe, as 
in the fourth propofition,. will carry us a flep beyond, the common 
ienfe of mankind : for he whofirfl found out that the two fides ^ 
and included angle fix. every part of the triangle beyond a pofli- 
bility of change, had certainly more than, a common notion of a 
triangle, and merited the high title of an inventor. The learner is 
now to. endeavour to make himfelf mafler of the fourth propo«- 
fition,. before he proceeds to the next chapter,, in which he will> 
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find fomt remarks tending to corrtG:, confirm or enlarge ttie 
notions which he may derive from it according to the difierent 
degrees of attention bellowed upon it. ^ 



CHAP. IV. 
Ti^ fame fubjeSl continued. 

THE reader is without doubt furprized to find this aflfair of 
Jiippofitions reprefented as a difficulty almoft unfurmountable ; and 
not a little inquifitive, we may fuppofe, after the reafons of this 
itrange pbanomenon. Our owA indolence is the real caufe, for 
fimple reafbning is hardly fufEcient to fet the mind in motion 
without fome external application. When a problem is propoP^d, 
there is fomething to be done^ and,' which is very much to our 
purpofe, may be done wrong : this fets us upon thinking ; and by 
giving a preference to one method above another, we come to dif- 
tinguifh between what is right and wrong, and become fo much 
interefted as to give the queftion a ferious examination. But the 
cafe is very difierent in theorems, for the confequences are abfo- 
lutely fixt by the fuppofitions, fo that a mind without experience 
of fuch fubjefts has nothing to engage its attention. 

It would be abfurd to propofe a problem of this kind : Suppofe 
two triangles to have two fides equal to two fides, each to each ; 
and the angles, contained by the equal fides, equal ; it is required 
to make the third fide, equal to the third fide ; and the two re« 
maining angles equal to the two remaining angles, each to each ; 
namely thofe under which the equal fides are extended. Here there 
is no room for a conftrudtion ; becaufe according to the fuppofi- 
tion> the fides and angles cannot be otherwife than equal. How- 
ever it is necefifary to fhew that thefe magnitudes are really equal ; 
and the fuppofition alone is what we muft truft to, for bringing 
this about : and we are at a lofs becaufe, for this end, we begin 
to derive the confequences from the fuppofition before we have 
examined jhe different circumftances of which it confifts, or with- 
out underftanding what isimplied in the fuppofition, when it 
reaches beyond the obvious meaning of the words in which it is 
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expreft 1 or whea mon ismeant than diredUy meets tie ear. The 
mifid muft have room to exercife itfelf in, as well as the body k 
and it is rendered almoft inadive by being confined to a fingle 
fuppofition.. But if the Audent has patience this may be remedied 
by varying the fuppofition ; and then you may have all the latitude 
and range of thought, which is allowed in the conftrudtion of a 
problem. 

Let us fuppofe then that only AB is equal to DE, and the angle- 
BAC equal to the angle EDF ; but that we are quite in the dark 
as to AC and DF. 

When the point A is put upon D> and AB upon I>E the point 
B will tpply itfelf to £ as before and AC will take the direction 
of DP ; but it is impofiible to determine any thing concerning ther 
pofitiofl of the point G, only that it will be found forae where in 
the line DF or in DF produced. 

Again let us fuppofe only the two fides equal \ then the pouit A 
being put upon D ; and AB upon D£ ; the point B will as before 
apply itfelf to E, but wc can make no ofe of the other part of the 
fuppofition ; for we can determine nothing concerning the direc* 
tion which AC may take^ becaufe nothing is faid concerning the 
angles or inclinations of the lines. 

But farther^ let us fuppofe^ that not only AB is equal to DB 
and AC to DF and the angle BAC equal to the angle EDF ^ but 
moreover, that AB is equal to AC and confequently DE to DF t 
now by placing the triangles as in the propofition> we fiiall find 
the angle ABC equal to DEF ^ and not only that; but^ by putting 
A upon D> and AB upon DF the point B will now apply itfelf xx> 
F becaufe AB and DF are equal by the fuppofition ; and alfo the 
angle ABC will be equal to the angle DFE : but ABC has been, 
already proved equal to DEF ; therefore by the firft common 
notion the angle DEF is equal to DFE : that is the angles at the 
bafe of the triangle DEF are equal : But this conclufion does not 
depend entirely upon DE's being equal to DF i but it is required 
^elides that BA fhould be equal to AC and to each of the lines 
DE, DF and likewife the angle BAC equal to EDF. So that thia 
cafe can by no means be confidered as including the fifth propo- 
fition, in which there is no other fuppofition but the equalitjr 
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of the two fides ; and as we muft have an angle equal to the angle 
at the vertex of the ifofceles triangle, this angle muft be made» 
which, in our prefent circumftances, will not be found fuch an 
^aiy matter* And fo much for hypothefes or fuppofitions. 



CHAP. V. 

Containing a critical examination of the fourth proportion. 

OBJECTIONS are brought againft this propofition, as if 
the demonftration proceeded by a mechanical application of the 
two triangles to one another. But whoever ftarts fuch an objec* 
tion as this, has not the mod diftant conception of the demonftra- 
tion ; or elfe he muft be ignorant of the nature of a mechanical 
application. And a particular examination will put this beyond 
all doubt. 

Suppofe two triangles of brafs, made as accurately as poffible, 
all their -difterent parts correfponding exadly. When we apply 
them to one another, all that we can fay is, that as far as pur 
fenfes can judge, the parts feem to agree. Now what knowledge 
is got from this i Certainly by this application, no property of a 
triangle can be difcovered ; we may form a conclufipn concerning 
the accuracy and neatnefs of the workmanfhip ; but nothing far*- 
ther. It is impoftible to fay from this that any thing is equal, but 
what is made equal ; no doubt a very curious difcovery and tending 
igreatly to the enlarging the boundaries of the fcience ! 

The miftake here arifes from not confidering that it is impof- 
£ble to make the parts of the figure which are to reprefent the 
fuppofition unlefs you make^ at the fame time the parts expreffing 
the confequences which, it is faid, will follow. The parts repre- 
fenting the fuppofition are to be tried and examined by the eye, as 
well as thofe which reprefent the confequences ; fo that if any 
confequence follow it muft follow from nothing. And the moft 
attentive ftudent will retire from this contemplation, widi a very 
curious piece of information ; namely, that he had feen two bra^ 
iigures fo contrived as to fit each other exadly. 

We 
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We now proceed to confider the application made ufe of by 
£uclid in this fourth propofition. And fird it is to be obferved 
that his triangles are required to have no particular pofition ; 
therefore the point A may be fuppofed to be upon D as well as 
any where elfe ; and likewife the line AB upon DE ; and all this 
might happen to any two triangles not determined to any parti- 
cular pofition. Then AB being to DE the point B muft apply 
itfelf to E, it is impoflible to conceive it to have another fituation> 
which is very different from faying that as far as we can judge by 
our fenfes it feems to be fo ; again if the angle BAG be equal to 
EDF, the line AC muft take the direafion of DP ; and it is im- 
poffible to conceive it to take any other ; and fb likewife the point 
C muft apply itfelf to F, whenever the line AC is equal to DP : 
and ib on to the coincidences of the different parts of the trian- 
gles } and all this is as different from a mechanical application, as 
light is from darknefs. Por fuppofing what is taken for granted, 
it is impoftible to conceive the confequences not to follow ; and 
tfiis is certainly fcience if there be any fuch thing in the world. 

But again it is alledged, why may not this method of applying 
be extended ftill farther by'^naking it an inftrument Tor conftruc- 
ting problems ? as for inftance in the , fecond propofition ; why 
may we not fuppofe the line BC fo placed that B may be upon A, 
and the thing required is done ? For a very good reafbn> becaufe 
BC and the point A have each of them a fixt pofition already. 

Upon the whole then we may conclude, that this method of 
application is perfedly fcientifical j and that whenever two trian*- 
gles agree in the circumftances mentioned in this fuppofition ; the 
confequences will always neceftarily follow ; the bafes will be equal 
and the remaining angles, each to each» viz. thofe under which 
the equal fides are extended : fiecauie no confequence is deduced 
from the lines haying any particular lengthy but only from their 
being equal : nor is it fuppofed that the angle contained by the 
fides is any particular angle, but only thsrt the angles are equal. 
And this may fuffice for an anfwer to the objedions commonly 
brought againft the demon ft^-ation of this propofition. 

Vol. I, f CHAP. 
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Containing an explanation of ibe fifth propofition. 

ONCE upon a time a certa^in father refolving not to bo 
knpofed upon by reports, determined to examine into his ibn'a 
progrefs in this fcience^ produced the book and required him to 
demon (Irate a proportion to which he referred : the youag man 
though unacquainted with the fubje£t, taking courage frond bia 
father's ignorance, began very impudently in ibme fuch manner aa 
follows ; Becauiie the angle ABC is equal to the angle CBA, 
therefore the angle DEF is equal to the angle CEP &c &c ; ring-- 
ing the changes upon iidea and angles,, until he had fpun out bia 
demonflration to a, decent length : and then kept filence in expec-» 
tation of his fathers'^ opinion ; who with a grave and impprtant 
countenance remarked, <' This is what we call demonftratioa/' 

Every one is fenfible, that it is contrary to common ienie to 
imagine that the letters of the alphabet thus repeated can have any 
meaning i but the indolent reader ought to be informed^ that th0 
repeating fuch phrafes^ in a regular order, mends the matter but 
very little^ unlefs they convey to the naind their proper meaning :: 
and unlefs the fourth proportion be well .underftood> the moft o£ 
that which follows will be nothing but an infignificant jargon. 
As the whole fcience therefore depends fo much upon an accucate 
and comprehenfive view of this propo£tion> it would be proper 
for the learner^ before he proceeds farther to take the opinion of 
fbme acquaintance ikilled in theie matters ; who» by a particular 
examination migbt be aUe to deter mine> how far he can be pro* 
perly faid to underftand it i and this friend is authorised, upon 
his faikre in any pointy to admoaiih him> by iaying^ *^ this ta 
*^ what we call demonftration/' 

I my&lf can trace every miftake concerning the following pro« 
pofitions,, or partial conception of their meaning, up to my igno«» 
ranee of the full import and meaning of this propofition. For it 
is by no means to be underftood as applicable only to fuch trian- 
gtesj as one may make ufe of to affift the imagination in tracing 
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the fieps of the demonftrttion ; but as carryimg with it this exten- 
five and general meanings that all triangles which have two (ides 
equal to two fides, each to each, and the angles, contained by 
thofe fides, equal ; that all fiich trianglesi I fay, have their bafes 
equal; and the two rematning angles in every triangle, equal, each 
tQ each I vks* thofe angles under which the equal fides are ex- 
tended. Or more properly that all fuch triangles, whatever be 
their number, are but one and the fanM triangle. Or otherwife 
diBt the two fides, and the angle contained between them, fixes 
every part of the triangle, beyond a pofiibility of change* But I 
ihall now proceed to confider the fifth propofition. And the readei: 
may recoUeA an attempt in the end of the fourth chapter, to derive 
this propofition from the fourth, or rather to make it only a par<- 
ticular coie o£ that propofition, when the two fides of each trian- 
gle are equal to one another $ and I there gave the reafons why it 
could not be confidered as fuch : neverthelefs the artifice of this 
propofition will be the better underfi:ood by prolecuting that fcheme 
a little . farther, producing the equal fides, and proving the angles 
below the bafes of fuch triangles equal, in the fame manner as the 
equality of thofe above the bafe was there demonftrated. 

It was then oblerved that the fuppofition was too complicated 
for this purpofe ; becaufe not only D£ and DF were to be equal 
to each other and to AB and AC, for 4:his' might have been ^1- 
kxwed; but alfo the angles between the. fides were to be equal, 
wbsch^cottid byt no means he allowed; 4>e€auPs according to the 
fifth, only one angle being given, the otbenwas to be made equal 
to it I which is not at prefent pofiible. 

,If the reader has profecuted this fpeculation far enough, he will 
certainly admire the ingenuity of our author for his contrivance 
to make theie angles equal, in a very elegant manner indeed : and 
which, it is curious to obferve, necefiarily requires that the fides of 
his two triangles fiiould be unequal. For he makes this very angle 
which we are oonfidering common to both, by making the fides 
of the triangles take the fame direction, the (horter fide of the one 
being upon the longer fide of the other. 

But now it will be proper to turn to the demon ft ration itfclf j 

and after a careful examination of its different parts, I would re- 

, . f 2 commend 
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commend a particular attention to the ufe which might be made 
of it^ in order to imprefs the lafl proportion more ftrongly upon 
the memory. The great advantage of problems above theorems^ 
for 6xing the attention of the learner* has been mentioned already: 
and here a little of that advantage may be gained* by the particulair 
view of the fourth exhibited in this propofition ; which will teach 
us how to reprefent by an adtual conftruAion* the fuppofitions in 
the lad proportion : becaufe* if we draw two undetermined ftraight 
lines* making any angle ; we can cut off AB equal to AC ; and 
AF to AG ; and*, by joining BG and FC form two triangles* with 
all the parts of the fuppo£tion in the lad* accurately reprefented ; 
and this net in imagination* but conftruded by ourfelves ; and the 
confequenc.es* not made* as was objeded to the mechanical trian- 
gles* but left to follow from the conftrudlion ; the accuracy of 
which*, the flow of imagination may examine. by indruments ; and 
thu6 get a kind of palpable evidence for the truth of the propofi- 
tion ; and by varying the inclination of the lines* and the length 
of the fides* climb up by degrees to (omething like a.icientific con-* 
ception of its meaning.. 

The other, two triangles FBC and CGB* though they reprefent 
a particular inftance of the fourth propofition* are not fo fit for 
this purpoie* not being fo general as the firft two triangles nor (q 
much in our power* or rather indeed they are not at all in ons 
power : We may vaiy the angle and the two fides in the triangle ABG 
at pleafurc i but we have no power over the fides>. or angle; BFC 
of the triangle FBC ;. for they become fuch as may happen from 
the conftruftion of the firft triangle : therefore the epithet anyi 
could not be fo properly Applied to the triangle FBC as to ABG. 

I have recommended to thofe whofe imaginations are flow on 
iiia^ive* thefe conftru€tions and inftrumental proofs of the feveral 
conclufions which follow from the fuppofitions in the fourth pro- 
pofition. And I now* rather more earneftly*. recommend the famei 
to thofe whofe imaginations are difpofed to out run their judge- 
ment* left they fhould. fnatch the conclufions without the premifesw: 

1 have only one remark more to make upon this propofition^ 
which the judicious reader has already made for himfelf* namely* 
how little there is to attend to*, in this very formidable propoiltion*. 

this 
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this pons qfimrumf upon a fuppofition that the fourth is perfedkly 
underftood : for except the circumftances of taking the equal angles 
CBG, BCF from the equal angles ABG, ACF j it has nothing pe- 
culiar to itfelf 1 every thing elfe confiding of particular profpeAs 
of the fourth propofition. 

But if any one is defirous to have fome kind of reafon for fixing 
his attention a little longer upon this propofition, by taking a fome- 
tvhat different view of the fubjeA; let him fuppofe, inftead of 
this fifth propofition, it is required to demonftrate that all the 
angles of an equilateral triangle are equal ; for inflance fuppofe the 
angles of the equilateral triangle ACB defcribed in the firfi; propo- 
fition. Produce CA, and CB ; and the fame conftru^ion and de- 
monftration made ufeof in ^ this fifth, will prove that the angle 
CAB is equal to CBA ; and by producing AB and AC ; in the 
fame manner it may be proved that the angle ABC is equal to 
ACB ; but it has been already proved that ABC is equal to CAB 
therefore, by the firft common notion, the angle CAB is equal to 
ACB&c. 

I (hall conclude this chapter by de^ring the reader to take every 
opportunity of corredting a prejudice, .which it will require all his 
art to remove. We cannot help drawing confequences from the 
very pofition which the lities accidentally happen to take in that 
particular figure which we reafon upon, though this particular po- 
fition make no part of the fuppofition. The fiudent may convince 
himfelf of this, if he read the fourth propofition by the aififtance 
of the figure which belongs to it ; and then again making ufe of 
the two triangles ABG and ACF iri the figure to propofition fifth 5 
making the fame fuppofition in both cafes. If the confequences 
are fuggefted to his mind more readily by one fet of figures than 
another ; this can arife from nothing but the ftrefs laid upon the 
magnitude andfituation of the triangles, which, by the very fuppo- 
fition have no particular magnitude or fituation. But this prejudice 
wiU be lefieried, and gradually removed by varying the pofition of 
the figures^, turning them upfide down ; and by fuch other me.thoda 
as will readily occur to the attentive readpr^s ^'but ^bove all by -en- 
larging the figures, fetting the imagination to work until they ceafe 
to be the objects of our fenfcs. The center of the moon, when 
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in tl^ equtnoftialf joined by ftraight lines to the two poles 6f the 
Earthy would make a very proper ifofceles triangle with which the 
ftudent cnight fini/h his fpeculations upon this propofition. 



CHAR VII. 
Concerning indire£i demmJlraUms. 

m 

INDIRECT demonftrations are generally ufed, when the pro« 
|>o(ition 16 the converfe of fome other which has beeta already de-* 
inonftrated« A proportion is (kid to be the'conirerfe of another, 
when the hypothefis or fuppofition in the one is the thing to be db-* 
monftratect in the other^ and the contrary ; thus the converfe of 
the fourth would be ; fuppofing the bafe BC equal to the ba& £F ; 
and the angle ABC equal to the angle £>FE| as alib^ the angle 
ACB equal to the angle DFE ; that then the two fides BA and 
AC will be equal to the two fides ED and DP, each to each ; viz. 
thofe fides which are extended under the equal angles, that is AB 
equal to DE and AC to DP } as alfo the angb BAC contained by 
the two fides equal to EDP. 

Now this propofition admits of a d\tt& demonflration i for if 
the point B be put upon E and BC upon EP, the point C will 
apply itfelf to F, becaufe BC is equal to EP ; and BC applying 
itielf to EP; alfo BA will apply itfelf to ED, becaufe the angle 
ABC is equal to DEP. Certainly for the fame reafon CA will 
apply itfelf to PD, that is, becaufe the angle ACB is equal to 
DFE : the point A will therefore apply itfelf to D ; and fo AB 
will be equal to DE and AC to DF and the angle BAC will 
be equal to EDP. tec. 

But if we fuppofe the angles at B and C, not only equal to 
thofe at £ and F, but alfo equal to one another ; we may prove 
AB to be eqiial to DE as before ; and then by putting B upon P 
and BC upon F£ we ean prove that C will apply itfelf to E ; and^ 
that the line AB will be equal to DF : but it has been demonftrated 
that AB is equal to DE, llierefore by the firft common notion DE 
is equal to DP ; and no doubt fome authors would produce this as 

A demon* 
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a demonftrAtion of th^ fbuh propofition; but it is liable to the 
£y3ie objedlioas,^ as it converfc, which have been mentioned already* 

But indead of going any fuch way as this to work Euclid has 
given a very elegant demonftraiion of the fizth proportion, which 
18 the converfe of the fifth ; which the reader may pleafe to turn 
to and examine j after which he may proceed with the following, 
remarks. 

And firft it will be worth his while to obferve the ingenuity 
which Euclid hag difplayed, in making the angles which arc equal 
by the fuppofition, the angles between the equal (ides of his two 
triaagka ; and BC beiog a fide comnton to both it remains only 
for him to make BD equal to AC ; and to join DC. And here it 
may be aiked, and it is alfo the moil important queftion which can 
be put with regard to this proportion, how comes it to pais that 
he cannot find by his conilrudtion that the points D and A are the 
fame i It is true fuch an inftrument as the compaifes would find 
out this if it difcovered any thing ; but this ufe of the ioibument 
is rejected for reafons given already. For the folution of this difii^ 
culty therefore the fludent may pleafe to turn to the third propofi- 
tion, and confider the apparatus made ufe of, for cutting off, a 
part from a line equal to another : and he will find that the fup^ 
pofing the problem podible implies that the lail: defcribed circle 
muil cut AB that is that the point D muil be between A and B« 
And when we find that this fuppofition leads to an.abfunlity what 
are. we then to conclude, but that the prd>lem is really impoflible } 
which never can be if AB is greator than AC ; therefore it it not 
greater. And I appeal to any one, whether the detnonikration ia 
either' difficult,, obfcure or inconclufivc when it i9 coniidered in this 
manner. Nothing can be faibnfelefs aa the obje£lions nfaally made 
to indirect demonftratioiis« Every demouftration may be loadedl 
with obje^ons until it becomes iodired : the readt^r wiU find a 
fpecimen of that kind in my remarks upon the firft propofition ^ 
where a caviller is introduced denying that the equilateral triangle 
there defcribed is a fixt magnitude. But our author aever carriea 
his reafoning farther than good fenfe requires 1 fo ^ai it i$ onl}i 
fuch propoiitions as this fixth, whkh take aa indirect form in hia 
hands. And this kind of reafoning will not apply ttnlefs wc know 

how 
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how many ways the thing may be ; as in the prefent inflance AB 
muft be equal to AC or longer or fhorter : or elfe we muft get at 
fuch dire£k confequences from one part of the fuppoIition» as will 
overturn the other : as in the next propofition, which I muft now 
beg the reader to perufe : after which I fhali be ready to lend him 
my afliftance in removing fuch difficulties as ufually lie in the way 
of beginners. 

It is fuppofed here, that AC is equal to AD ; and at the fame 
time BC equal to BD. The learner will do well to fix his atten- 
tion entirely upon this : firft tracing the confequences which fol- 
low from the fuppofition of AC's being equal to AD as far as they 
will go ; which he may eafily do ; as it is only that the angle ACD 
is equal to ADC. 

He is next to obferve the confequences 
which follow from the po&tion of the lines ; 
and thefe fronfequences are, that the angle 
ACD is greater than BCD, which follows 
from this common notion that the whole is 
greater than its part ; and alfo that the angle 
BDC is greater than the angle ADC, which 
follows from the fame principle : and with 
a diftindt imprefljon o( thefe. things upon 
bis mind, it is impoffible to mifs the con- ^ 
clufion that the angle BCD is much lefs 
than BDC :' and this point being once gained ; he is next to turn 
his thoughts to the other part of the fuppofition ; in which it is 
pretended that BC is, alfo at the fame time, equal to BD : and 
the^ confequence which follows from this part of the fuppofition 
cannot fail to engage his attention ; being no other than this, the 
angle BCD is thercfor^^ by the fifth propofition, equal to BDC : 
When we fuppofe AC equal to AD we muft conclude that the 
angle BCD is much lefs than BDC ; but thefe very angles muft be 
equal upon the fuppofition that BC is equal to BD ; is not this 
* faying in the ftrongeft terms that the two fuppofitions are incon- 
fiftent with one another ; that is, that it is impoflible for AC to be 
equal to AD ; and at the fame time, BC to be equal to BD. Which 
was to hi demonftrated^ 

It 
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' It will be a very neceffary and ufeful talk for the reader to fet 
himfelf after he has finished every demonftration i to examine whe-^ 
ther £)me confequence has been drawn from every part of the fup- 
pofijtion I for though it may not always be convenient for the 
author to draw them» yet the reader diould always do it for himfelf; 
for if the fuppoiitions have no confequences to the purpofe either 
exprefled or underftood ; they ought by all means to be omitted i 
and. if the author trufted to the reader*s ingenuity ioi finding them 
cut be negle&s his duty if this part of his buiinefs be overlooked. 
The neceflity of this pra<^ice being thus made evident ; I (hall ex- 
fdain my meaning by a partidular example ; it is faid that AC and 
AD are to have the fame extremity \ but no ufe is made of this ex- 
prefly in the demonftration : and yet without this the demopftration 
could not proceed ; becaufe ACD could not be a triangle unlefs 
thefe lines had the fame extremity : neither could it be a triangle 
unlefs Cand D were different points. It is moreover faid that they 
are to be towards the fame parts : now if the points C and D were 
on different fides of the line AB i the angles ACD and BCD would 
either be two diftind angles and the one not a part of the other ; 
or if BCD be a part of ACD, then ADC would not be a part of 
BDC ; which is abfolutely neceffary for bringing out the conclu- 
iion which we aim at. X^aftly it is faid that the equal lines are to 
be terminated in the fame extremity ; and without this neither 
ACD nor BCD would be iibfceles triangles ; and then no inconlif- 
tency could folio w» reafon as long as we pleafed. All this will be 
obvious by taking the points C and D on difierent fides of AB, and 
joining CA, CB i DA/DB and CD ; fo that CD may cut AB or 
fall beyond the point B. And indeed it is very difficult to under- 
Hand any general propofition, without fome reprefentation of all 
the -different pofitions which the lines can take : and the reader 
cannot finifli this propofition better than by fuppofing the point D 
within the triangle ACB, and to affift his imaginationi by making 
AC ' and AD equal with a pair of compaffes ; his demonftration 
will reft upon the fame principles ; only producing AC and AD ; 
he is to reafon upon the angles below the bafe ; . but every thing 
die will be the fame as in Eudid's demonftration.* . 

Vo L« L g I ihall 
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I (hall conclude this chapter with my opinion of indired de- 
monftrations^ which fome very ignorantly obje<ft againft. It would 
be abfurd JO fpeak of the certainty of a denK)nflration : as to thdr 
ufe therefore^ confidered as an exercife to the mind^ I think they 
are preferable^ for feveral reafons to direA deraonftrations. Becaufe 
in a dire<ft demonfVration, there is generally ibihe circomftance 
which catches the fenfes ; and not being top difficult of perfuafion^ 
where our own eafe is fo much concerned^ we are difpofed to reft 
very well fatisfied with that, though it may convey^ but a very 
imperfed notion of the full extent of the demonftration. But the 
contrary happens in fuch demonftrations as are indired j ibr the 
reafoning being generally at variance with the fenfible reprefent^** 
tions of the magnitudes, it requires (bme effort of the mind to 
get beyond the prejudice of fenie, fo as to comprehend the force 
of the reafoning : and when we cannot conquer onr ittdolence or 
command our attention^ it is a very decent excoie to lay the blaaie 
upon the nature of the demonftration. But I have been fo paiw 
ticular in my examination of thefe two propofitionsi that the atten* 
tive reader can hardly want any farther information upon this bcad» 



CHAP. VIII. 

Of gdMetrkd iknwnfiratim. 

-• ' • • . . . * . 

IT will Acmv be proper for the teader to endeavour^ fiom a ctrcK 
ful examination of thcdK fifft feveo propofitioAtjt to colleiS: as acctt* 
rate a notion as poflihk of a demoi^ation> according to the rnka 
which Euclid has prcfbribed to himielf. 

We are apt to : iadsfy: ouBfelras of' the truth of thinga» in the, 

( eafieft and ^orteft wa^ we can ; and even when we chttie tQCon-- 
iider the properties of magnitudcji inftcad of having reoourib 1!o 
fome general principles^ we traft to mechanical inftrutnenta ; . and 
very often to vague conceptions coUeded at random from acci« 
dental obfervation. But our outhor'a plan. it very . different from 
this : The definitions^ poihdates and common notions, are tht 

. only foundation upon which hlF geometrical reaibnings arnfounded; 
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and when lie mentions anjr thing as a property of a figure^ he con* 
fiders it as inoimbent upon him to fkew that it follows from or 
agrees with the definition of that figure ; and this he does by the 
afiiftaoce of fome common notion, poftulate or other definition. 
And whatever property is not reducible in this manner, he confix 
ders is impofl&ble to be demonftrated j though it might be a very 
obidoM trudi from other principles. Truth therefore is not fo 
tnoch his objeA as confiAency ; it does not appear diredly to be 
any |Mait of his bufioefs to colled as many uieful fads as poflible 
concerning the properties of figures ; but only to be convinced 
that what he does produce have a iblid foundation, making every 
fatt acquire additional firength by the oonfiftency of the whole. 

He will never allow it to be faid that Aich a property is fo fimple 
«6 not to require a demonflration $ for to alledge this as a reafoa 
for taking any thin^ for granted^ would be» upon his plan the 
gtieateft abfiirdity. For it may be faid^ if it be fo very plain and 
obviovs^ vrfaence does it derive this obvioufpefs ? If it be the pro^ 
perty «of a figure ^ tSiait figure is defined to be fo and fo. How does 
it appear that it is confident with diat definition ? If you point 
OQt llie icomfiftency, yoo have dttionflrafied the pr^olition ; but i£ 
th'at caniiot be dcmet it may be true according to your principles, 
but mine lead me abfolutely to rejod: it. 

That this 4S fiuclid^s plan .will appear fr<»n the whole of his 
'work, ^even to the aftoni&ment of the attemive and judicious 
reader ; Tvhcn it is xoofidered how hii invention ^muft have been 
fpeiapknced, iiytibe ofavioiis^ b»t inaccurate experiioentaltefts, which 
-would for ever be prefenting tkem&lves to 4us imagination; and 
Ikow his pfltiepoe tvould be tired out by the mmober of !fteps» which 
^e &rfaw to he necefifary* before he could arrive regularly^ at fome 
conclufions Seemingly i«y fimpk indeed. A man iRrould feel hiiD* 
/u/ Celf in a very afrtcward fitusttion, who Should ibt about mtafuring 
-flia^ufCadeSy widioot Toeing able to judge when one ftraight liife^ 
was lofBgcr than afaotber ; and yet it is wonderftd, by how man]{r 
fteps, this very 4eft is removed from the firft principles ; and which. 
are all necefi^ for giving it a fcientific ftability« We find this 
ddUvered in the ninejEeonth propofidon of the firft book f but as 
is Tathcr fore^ to my pr^ht purpo£:» and beyopd the fup-* 

g 2 pofed 
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pofed knowledge of the reader^ it will be fufficient to have mhn^ 
tioned it by the bye^.only as a fad to illuftrate my meaoing.* I 
(hall therefore now beg the attention of the ftudent^ while I re* 
view the firft feven propoiitions^ in fupport of my opinion con* 
corning Euclid's plan of demonftation. 

In the firft propoiition his principles are the third poftulate $ 
the ftvfft populate ; the fifteenth definition ; the firft common 
notion ; and laftly the twenty fourth definition. He is not fatisfied 
to make an equilateral triangle any how ; hut he makes it by the 
aflidance of his own inftruments and principles. The fecond pro* 
pofition is conftrudted and dembnftrated by the firft poftulate^ the 
firft propofition, the third poftulate, the fifteenth definition and 
the third common notion ; and we have alfo here a proof how 
tenacious our author is of his principles ; for it is not abfoluteljr 
necefifary that in this fecond propofition, an equilateral triangle 
fhould be defcribed upon AB ; becaufe an ifofceles triangle would 
have anfwered the purpofe ; for no confequence is drawn from AB's 
being equal to AD ; as it would be fufficient if AD and DB were 
«qual ; but he could not make an ifofceles triangle^ confiftent with 
his own plan and principles. The third propofition refts upon the 
fame foundation ; its demonftration being fupported by the iecond 
|)ropofitiont and the third poftulate. 

In the fourth propofition the principles which we reaibn from». 
befides the fuppofition, are the eighth and twelfth common notions^^. 
to which every part of the demonftration may be reduced ; for 
the application of the triangles to each other muft be allowed to 
be a proper principle to reafon from, otherwife it is difficult to 
conceive what ufe can be made of thia eighth common notion^ 
which is the definition of equality ^ it will not matter much whe^ 
tber this putting of the triangles be reckoned a conftrudtibn or 
not ; I am rather inclinable to confider it as a thing of its own 
kind^ and not to be underftood either as an hypothefis or conftruc- 
tjon : I know Euclid makes ufe of the expreffion the point being 
put, which feems to imply a kind of conftrudtion ; and yet it 
would be doing no great violence to the language, to paraphrase it 
in this manner ; the triangles have no particular pofition ; that is 
they have no relation to any points, lines or angles^ which can be 

afifeded 
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ttffeded by our giving them a particular pofition 1 let u$ fuppojfe 
them then to have fuch a po£ition> as it is neceflary magnitudea 
ihould have before that eighth common notion can be of any ufei 
that is let us fuppofe their fituation fuch, that the one is applied to 
the other ; and the point A put upon D $cc. 

It is plain that Euclid himfelf found it impradicable to give 
this principle a more fcientific form ; and therefore inftead of 
making a definition of it, left it among the common notions j but 
whatever opinion we adopt ; it will anfwer our purpofe, becaufe 
every thing is inferred from the principles, which are laid down as 
fuch. If we were required to place triangles upon each other, 
which had a determinate pofitio& before, I would certainly con- 
fider it as a conftrudtion ; but in the prefent cafe, I confider it only 
as a neceflary apparatus before any coniequeace can be drawn from 
the eighth common notion. And as to the objections, upon a 
conceit that this is a mechanical application, they have been very 
fully anfwered already ; fo that upon the whole there is nothing in 
this propofition, but what agrees with the notion of a demonftra- 
tion which has been delivered in the beginning of this chapter. 

The fifth propofition feems by the references to depend upoa 
the four firft propofitions and the third common notion ^ but as 
the conflruCtion required is only the fimpleft caie of the third, the 
firft and fecohd propofitions are not necefiary for cutting off AG 
equal to AF. But the fixth requires the four firft propofitions; 
becaufe the fimpleft cafe of the third, will not be fufficient for 
cutting ojfF BD equal to AC ; and, what I mud beg the reader 
particularly to attend to, neither can it be done by a ruler and com* 
pafies ; becaufe there is fomething fingular in this conftrudtion : 
for it is here required to do, what we afterwards find impofilble to 
be done ; and the unlucky circumftance is, that whoever trufts to 
a ruler and compafi!es will come to the knowledge of this too foonj 
a pair ot conipaflcs lets him into the fecret immediately, before his 
mind is prepared for it by any fcientific inforniation ; znd hence 
will ariie a grofs mifconception of the author's meaning i becaufe 
the reafoning muft appear urelefs and uhneceiTary, being intended 
t^difcover to a man what he has found out already. In all fuch 
caies as this therefore our riiler and compafifes are to be laid afide, 

and 
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Md f6^e tnfethod devifed trfiich may ht mt>re conliAent with the 
tkhtvitt df th6 ]poilaktes as here applied : for by keeping ftridtly to 
the idf<>rmati&ti wchih we get from thein> we never can difcover 
that we hzvc been attempting to perform what is impoiSfole, before 
we are led to the abfurdity of concluding the triangle ABC to be 
ei|ual to DCB. I would recommend the performance of fuch con-' 
fttiKftions as this^ by the hand unguided by any inftrument ; as 
thfs will favour the conditk>n of the propofition, becaafe fuch a 
conftrudion can make no difcovery before the proper time. Not 
that I Would fufpofe it performed $ as that might fofter prejodices^ 
bCit rather reprefent tfvery ftep of the conftru<5tion ; BC being joined 
already I ^^^uld defcribc upon it an equilateral triangle producing 
the fides &c. as dire<Sed in the remarks on the third propofition> 
Until the laft defcribed circle cut AB in fome fuch point as D ; be- 
Hfcaufe the whole condrudion will be neceflary to convince the 
teader that he has no fcientific notice of the impoffibility of the 
problem from the conftrudtonj but-tnuft wait for it until he come 
TO the abfurdity. And hence it appears that Euclid requires every 
part of this proportion to be referred to the firft principles ; con« 
trary to the fentiments of thofe fuperficial readers^ who imagine 
that they have only to fuppofe a point D» and the thing is done. 

The demfonftration of the feventh ts reducible to the fifth ; and 
the ninth common notion. And thus it appears^ that £ucli<^'s in-^ 
tention is not to (hew that the propofition is true in any manner ; 
but that it is immediately connefted with^ and depends upon his 
principles^ or in other words that his aim is not to perfuade but to 
demonftrate. 

C H A P. IX. 

In ^bkb is expUuned the geometrical meaning of the words Jinite and 

infinite. 

<< THE human undeiilanding^ fays Bacon^ fhoots itfelf out» 
^* and cannot reft ; but ftill goes on though to no purpofe. Thus 
^* *tis inconceivable there Hiould be any bounds to the univerfe ; 
^^ yet it conftahtly» and^ 4S it were^ neceflarily recurs^ that there 

*« muft 
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<« muft be fon»ething farther. So again it cannot h^ conceived how. 
<« eternity ihould have flowed to the prefeot time ; and there is ths 
^^ like fubtiUy as to the in&nite diyiiibiiity of linM» &Q« all ariAog 
«« fro(D the weaknefs of human thought/' And whoever chufei ta 
indulge this weakmfs ^ thought will be put into a fine train by 
reading what Luke ha9 advanced upon the idea of infinity^ But it 
is the end of aU mathematical learnings indead of lending any 
aii&ftance to encourage this kind of dreaming^ to root out fuch a 
difpoiition from the human mind i and indead of fuch foQlerie«> 
tp give it Something to employ itfelf upon fuitable to the pQwer& 
andjfacultiea "of a human ibuX 'An underftaading which Yxu aay 
fofce wilTal ways (hake off fuch dreama ; the indulging ia whiek 
is the fign of a weak intelled^. For the philofopher and the idioi 
agree perfectly in their notions of in^ty i and the difference be^ 
tween themts only difcovercd when they come to a compariioe. q£ 
determinate things fnd quantities* 

The geometrical notion of infinity^ as far as it regards extenfion^ 
is. derived fro m the fecond poftulatc i let it be taken for granted 
that a ftraight line may be continued diredly forward : The^ geo- 
metricians never trouble themfelves with multiplying any afiign- 
able parts of extenfion» in order to be convinced that after they 
have advanced millions of miles, they are ftill as far from the end 
of an infinite line as they were at their firft fetting out. 

The two ftraight lines DE, DF in the fecond propofition> are 
infinite in the full and proper geometrical fenfe ; and fo likewife 
are AD and AE in the fifth ; and the third propofition may be 
applied to confl:ru£l this, becaufe AF is lefs than AE : but why ia 
it lefs ? Becaufe AF is a finite and AE and infinite line : and this 
inilance fully explains what is meant by an infinite line in thxi 
fcience ; for it means only a line longer than any determinate line 
which they have occafion to take ; and farther than this they give 
themfelves no concern. In the ninth propofition AB and AC are 
infinite lines ; and the point D is taken that we aiay have a fixt 
line AD and fo in other inftances,. 

I am now arrived at the conclufion of this difiertationj, in which 
I have endeavoured to point out fuch circumflances^ as the thought- 
lefs reader is apt to overlook. If it ihould feem flrange to any one to 

find 



c 



56 DISSERTATION IL 

find fach a ccfvnoniouiS introdudion to a fimple, well defined and 
demonftrative fcience, he wiH be pleafed to obferve (bme peculia- 
rities which diftingttifh this fubjefi: remarkably from moft others. 
It is true the language is plain and fignificant; but the truths to be 
communicated are conveyed in too few words to engage the atten«- 
tion of thofe who have been accuftomed to the figurative language 
in which moft other fubjeAs are delivered ; and where the reader^ 
inftead of having confequences deduced from every word^ carries 
ibmething with him if he attend to but one word of three. And 
for this reafon I have been a little dififufe and circumlocutory ; 
that the tranfition, from the common form of fpeakiog, to this 
very concife and accurate method of exprefiion^ might be made 
with greater ea(e by the reader^ after fome part of the fubje£l: has 
been explained to him in his own way. But I muft beg leave to 
introduce the iludent to Euclid himfelf, and defer all future inter- 
courfe with him until he has reached the end of the firft boofc« 



DISSERTATION III. 



TH E firft book of Euclid's elements will Deceflarily fuggeft 
a great variety of reflexions to a judicious reader ; he will 
perceive a particular method of arrangement, and a particular 
manner of demonftration which makes that arrangement abfo-« 
lutely neceflary ; with ibmething charadteriftic even in his way of 
conftruding problems. But an indolent reader requires to be puf 
in mind of each of thefe particulars, otherwife he will be difpofed 
to overlook them. Some remarks therefore upon each of thefe 
heads may be ufeful to put him into a proper train of thinking i 
and this ihall be the fubjedt of the prefent diiTertation* 

CHAP. I. 

In witch Euclid's method of demonjiration ii proved to be necejjkry 

contrary to the opinion of Clairaut. 

^* Qu'Eudide fe donne la peine de demontrer, que deux cerdes 
^' qui fe coupent n' ont pas le mSme centre, qu'un triangle ren«> 
** ittmi dans un autre, a la fomme de fes c6t^s plus petite que 
*' celle des c6t^s du triangle dans lequel il eft renferm^ ; on n'en 
^< fera pas furpris. Ce Geom^tre avoit k convaincre des Sophiftes 
** obftin^s, qui fe faifoient gloire de fe refufer aux v^rit^s les plus 
^' ^videntes : il falloit done qu'alors la G^m^trie eut, comme la 
*' Logique, le fecours des raifonnemens en forme, pour ferraer la 
«< bouche \ la chicane. Mais les chofes ont change de face. Tout 
<* raifonnement qui tombe fur ce que le bon fens feul decide d' 
** avance, eft aujourd'hui en pure perte, .& n'eft propre qu*5i ob- 
*^ fcurcir la v6:it^» & a degouter les Lefteurs." 

VouL h This 
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This 18 a very fingular opinion concerning the motives which 
led Euclid to that rigorous method of demonftration which he has 
adopted : for we are here told that it was not choi|b» but the cir- 
cumflances of the times in which he livedo which brought him 
to write as he has done; his living among fophi^^ drove him beyond 
the bounds of good fcnfe : for if he had been left to follow his 
own inclinations^ we have herd room to fuppofe that his demon- 
ilrations would have appeared in a very different form, or in other 
words, that had he been a Frenchman and lived in the fame polite 
and happy times as dairaut he would have written jiift tis be hat 
done. The French would have taken his word for it, that two 
circles, which cut one another, could oot have the iame center; and 
that polite nation furely never would have contfadi^ed bim if he 
had faid the fame thing of two Ellipfes : but one thing I am cer-», 
taia of^ that, had they been acquainted with no other priodpk^ 
but fuch as this author would have us appeal to» they never could 
have contradicted iuch an aiTertion upon any good grounds. 
, Now what I mean to prove, in oppofition to this dodrine, is^ 
that Euclid is remarkable for adhering to the very principles which 
Clairaut thinks he himfelf has gone upon : and I ihall now pro- 
duce as many inflances as I think the reader's patience can well 
endure in proof of this affertion, namely, that Euclid every where 
^iflinguifhes himfelf by keeping clear of fuch things^ as good ftnfc 
would decide of itfelf before hand. Now as thfe method of thefe 
two authors is not fimply different; but diredly oppofite the one to 
the other ^ Clairaut and I muft afiign a very difierent office or em- 
ployment to this fame good fenfe, the pre&iming to teach which; 
he fays, anfwers no other end but to difguft the readers. But I ani 
certain good fen£b will never be either affronted or diigufted to 
have aay thing fet ia a better or fironger light than what it appea- 
Md \n be£dre ; and I challange any one to produce aa iuilance, 
where the thought is not improved and rendered more acourate by 
Buclid's reasoning ; and it muft be a ftrange kind of §ood fenfe, 
which could reckon fuch reafoning, as he fays en pure perte. 

But as to his looking upon himfelf as bound to convince obfti- 
nate fophifts, it is very obvious that he never went in the leaft out 
of his way on their account; and guided himielf by very ^flifferent 

maxims^ 
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maxims^ As will appear to every one who confiders his manner of 
feafoning, which is to the laft degree inconiiftent with any fuch 
fuppofition, as that^he had the lead intention to combat fuch pre- 
judices as the fophifts raife, when they have a mind to fport with 
the credulity and ignorance of the multitude. It is true he fur« 
liifhes us with the means of efcaping out of their hands^ if a pro- 
pet ufe be made of his principles ; but it never once entered his 
thoughts to combat their filly objections, which never could be 
obtruded upon any one, who is not entirely ignorant of the nature 
«f the fttbjed. 

However, as a full proof of what I now afiert, I would recom- 
mend it to thofe who may chufe to differ from me in opinion, to 
fead Proclus*s commentary, who fets himfelf in earneft about 
this hopeful tafk ; and there, it is granted he will find reafonings, 
qui tombe fur ce que le bon fens feul dkide d'avancei and I will allow 
that fuch reafonings are of no other ufe but to obfcure the truth, 
jtnd difguft the readers. The difpute therefore is brought to thii 
fiiort ilTue ; let thft reader perufe the firft book of Euclid and then 
read Proclus^s commentary, obferving the difference between the 
two kinds of compofition % and I am certain he will acquit Euclid 
6f any defign to convince obftinatc fophifts ; and moreover muft 
be perfuaded that he has not only omitted every thing which good 
fenfe can httuitivefy determine; but that he has alfo left feverat 
things for the reader to fupply which would not come eafily 
under his own precife notion of demonftration ; for Horace's rule 
. *raS never better nor more properly applied than by this author i 



tt quae 

!>efperat tra^ata nitefcere pofle, relinquit. 

Several inftantds of which, taken from his firft book, I (hall now 
proceed to ennmerate, not confidering them as overfights, but as. 
proofs of a moft refined and accurate judgement. 

' And firft, to begin with that famous principle by which the 
irieetihg of .two ftraight lines is determined : We may readily fup-* 
pofe that Euclid introduced the feventcenth propofition, with a 
vie# either to demonftrate or explain the eleventh common notion, 

h 2 as 
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as being the converfe of it« For from this propofition we learn 
that whenever the two lines meet, the angles made by the cutting 
line, upon that fide,, are lefs than two right angles ; but we can by 
no means infer from this that the lines will meet whenever the 
angles ar« kfs than two right angles. But agaiq he has demon- 
Arated ki the twenty eighth propofition ; that when thefe angles 
are equal to two right angles the lines will never meet. But he 
cannot, from this fay> that this is the only cafe in which the lines 
will^ never meet :. only thus fat he may go» that the fuppoiirion^ 
from which he infers that they will never meet, requires abfolutely 
that the angles fhould be exafbly equal to two right angles ; ^nd 
the lead deviation from this^ fuppoiition will render his principles 
of no avvail ; as bo confequence can follow from them ; for their 
abfolute equality to two right angles and nothing lefs, is necefTary 
to prove that the lines wiU never meet. Now this is fufficient at 
leaft to grou^nd a perfuafion, that in all other cafes they will meet ; 
efpccially when it is confidered that fuch lines are inclined towards 
one another, as may be fhewn by drawing a perpendicular to one 
ef the lines ; which will prove that they are approaching towards 
one another upon the fide where the angles are lefs than two right; 
angles t. and going farther from one another upon the fide where 
the angles ane greater than two right angles ; but the opinion thus 
acquired is not of the nature of a deinonftration. Nor could .he 
even fay that a line interfering one of two parallels, would meet 
the other ; and indeed if this could be (hewn upon fcientific prin- 
ciples^ it would be a demonftration of the thing in queftioA : but 
this would be taking the thirtieth propofition for granted,, the 
truth of which depends upon this very principle. 

We may therefore fuppofe that fuch things as thefe and num* 
berlefs others of the fame kind muft have occurred to a mind fo 
fruitful in expedients upon fuch occaiions, and were all rejected by^ 
him as falling infinitely fhort of his idea of demonftration : where- 
fore without perplexing his reader with impotent attempts towards 
a demonftration ; he judged it more proper to cut ihort this fruit- 
lefs fearch by placing this principle among the common notions ; 
^nd as it appears from this inveiligation that it was not placed here 
without reafon i fo it has a right to keep its place, until i^ can be 

ihewa 
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ihewn that fome abfurdity can follow from the ufe of it. And 
upon this point I have only to add^ that it is certain from the ge-* 
neral tenour of his demon ^rations, that if he could have exhibited 
it without any fcientific defeA, but in- the clumfy drefs in which 
fome authors have arrayed it» he would have rejected the conclufion 
with difdain^ and left it where we now find it. So that it is not a 
depionftration of any kind which was his objedt^ but fuch an one 
as is both elegant and forcible. 

But further, I have mentioned before, what feems to be an ex^ 
ceeding good general rule of critifcifm in this fcience,. that we 
ought always to examine if fome confequence has been drawn from 
every part of the fuppoiition or cgnftrudtion. Now there are feveral 
inftances where Euclid has laid no Arefs, even, upon the mod: 
material part of the fuppofition; which (hews how little he minded 
the conviftion of thofe obfiinate fopbijis^ for whofd fake according 
to Clairaut he gave his elements fuch a formal drefs, to the great 
difguft of every Frenchman i becaufe here would have been fb 
good a pretence for (landing dill, that no arguments could have 
perfwaded thefe fophifts to proceed while fuch blemiflies remained.. 
But to come to particulars^ 

In the twenty fecond propofition^ it is required to make a tri- 
angle of three given ftraight lines, but with this neceflary limita* 
tion > that any two of them muft be greater than the third. How-» 
ever no ufe is made of this limitation in the demonftation of the 
proportion ; and I am perfwaded that our author omitted to prove 
that the two circles will cut one another, which depends upon 
this limitation, becaufe this proof does not admit of fuch a natural 
and elegant turn, as he had determined to give to every ftep of his 
demonftrations ; there being no diredt principle to refer to,, by 
which the interfedion of circles can be proved i that they have 
fome ipace in common is the principle from which their interfec- 
tion is to be inferred, which is indeed a common notion but not 
one of thofe, which he has feleAed to draw confequences from ; 
concluding I fuppofe that all rational men, could make as ready 
and exten&ve an ufe of fuch notions as thefe, as he could, and there*^ 
fore, that it would be unfair in him, to appropriate to himfelf 
either the notions or their confequences ; or according to Clairaut^ 

that: 
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ifaat fueh reafonings would only fall open, what good fenfe had de^ 
cidcd before hand, in a manner full as fatisfa^tory. 

Again^ there is an inftance of the fame kind, in the twenty 
fourth propolition ; where the moft material part of the fuppofi^ 
tion is never once mentioned in the demonflration ; viz. that tht 
Angle BAC is greater than the angle EDF ; confequences are tacitly 
drawjs from it, like the taking for granted that the circles will cut 
one another in the twenty fecond i for without this part of the 
foppofition the angle EGF would not be a part of DOF, nor, if 
the point F was within the triangle DEG would this angle EOF 
foe a part ^f the angle below the bafe of the ifofceles* triangle 
DFG ; which is ab(blutely neceflary in order to prove that the 
Angle EFG is greater than EGF ; or, in other words, it follows 
{rom this part of the fuppofition, that DG always falls upon the 
fame fide of DF which it is reprefented to be upon in the figure ; 
but it would be difficult to give this rea/on fuch an elegant turn as 
Co entitle it to a place in one of Euclid's demonflrations. 

j^t the fbphiftt would (lick at much lefs matters than thefe i 
they would require him to prove in the firft propofition, that the 
two circles would cut one another ; and that their interfedtion is A 
point t and in the fecond that there would always be fuch points 
as O and L : alfo in the fifth that AF and AE were two fuch lines^ 
that a part could be cut off from the one equal to the other, or 
that AE is greater than AF : they would like wife find feveral parts 
of the fuppofition in the feventh from which m> confequences are 
drawn, which I have taken notice of before ; in the twelfth pro* 
pofition they would require him, to prove that a circle defcribed 
with C for the center, and through any point on the other fide of 
AB, Would cut the line AB ; which would give occafion to his 
making ufe of the infinity of the line from which no confequence 
is drawn, as the demonftration now ftands : They might likewife 
iiik him, upon the corollary to the fifteenth propofition, whether 
when two lines meet at a point they make angles at their meeting 
equAl to four right angles: and in the thirtieth propofition, by 
what principle he makes a firaight line pafs through three points^ 
that is> takes it for granted that it may pafs through three points, 
vie. a point in each line ; for he ought to have taken two, and to 
• - have 
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proved by the eleventh comttiQ9 potion that there wottl4 
alvirays be a third : Nor would it be very impertinent of them t^ 
require him to prove that AH and FG vfrill meet ^n the forty fourth 
propoficion ; and indeed in th»t inftwce I cannot help being of 
opinion that the conilru<5tion virpuld have bjQea 9iore in Euclid'a 
manner if he had n^ade GH equal %9 BA and then joining HiV 
had proved that HA was parallel to QB by the thirty third propo^ 
fitioa. In fhort if it had been his intention to write for the con^ 
vi^tion of the fophiflst his deroondratipns would hftve had a very 
different form from that in which w« now find them* A^d it will 
he eafy for any one who ha$ read pven the firft book with attetiT 
tion to add a great many mort to the above catalogue of ofoiffiQnt^ 
But I hope nobody wiU fo far miilaj^e my mf^Aigtg h^re ^ t^ 
fuppoie that I confider fuch. quefiions as th^fe^. eith^ ajB cap^u^ 
or improper. They are mentioned only to (hew that GucUd ha^ 
ibme plan by which he direded himi^If in his demQ9ftrafip9$r 
very different from the fuppoiition that it was . tp convince obitinaAe 
fophifts. For I am fo far from con0derii»g fu(h qiteilions :as im-^ 
proper ; that I think they, are fuch as every one mufl aik himfelf^ 
and a great many to the fame purpofe^ otb«rwiie I am cc^rtain h^ 
will have a very imperfed notion of the book ; and whoever is ift 
carnefl: to underiland this fubje£t (hould take evejy opportunity of 
devifing fuch ob}e(5Uons ^ the proper anfwera to which will be 
readily fuggefted by what Euclid hafi faid^ But this ihould be ief 
about upon fome regular plan ; asd I would ther^fove recppiffiend 
k to the ftudent^ after he has fini/hed the firft book to giv^ it a 
fecond reading, examining every fiippofition and conftra^pn> and 
the confequences drawn from them ; and thcif fuU ifnportance iv 
the propoEtion ; which is not to be determined from the numbeir 
of words in which they are expreffed^^ but by thit dapepd^lAce 
which the conclufion has upon them : for I hav$ a» iQ.ilAU9^ ju# 
Aow in my view, in which 1 may fafely igy that $be firft reading' 
hardly ever di£:overs the full uBportaace of .the jQyippolition : wha^ 
{ mean is the fuppofition ia the forty feventh^ prppofition f froi9< 
which the confequence that follows is.;. GA wA AG as alfp BA 
and AH make but one ftraight line. Now whoever ha& read thia 
propoikion without perceiving^ that thejcooclttiioo dependt entirely 
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upon this, cannot be faid to have underftood the demonftration i 
and that this is true appears ; becaufe the fquare BG is only double 
of the triangle BFC becaufe GAC is a (Iraight line. The reader 
is alfo carefully to obferve whether the conclufions are general or 
particular ; becaufe it may fo happen that a particular pofition of 
lines or points will lead to a conclufion» which will by no means 
follow if thefe are changed ; and often if it do hold good it may 
require fome new ileps to come at the conclufion. But it feems 
iiecefTary to illuftrate this by particular examples. 

In the eleventh propofition of this firft book, it is required to 
draw a perpendicular to a line, from a point given in it. This may 
be divided into two cafes ; for the point may be at fome diftance 
irom the extremity, or it may be the extremity of the line. Eu- 
clid has confidered the firil cafe only : and there is but one falfe 
confequence which could be drawn, by taking the other for granted i 
^nd what is very remarkable Sim/on in his edition has hit upon this 
^ery confequence, in attempting to prove that two ilraight lines 
cannot have a common fegment; becaufe it mull be taken for 
granted that two ftraight lines cannot have a common (egment 
t>efore a perpendicular can be drawn from the extremity of the 
line i for as the line muft be produced, without this limitation, it 
may take two direAions. 

Again in the twenty fourth propofition, the point F may have 
three different pofitions ; it may be without the triangle DEC or 
in the line EG or laftly within the triangle : For a particular in- 
fiance the ftudent may make fuch a triangle as ABC in the figure- 
to this propofition ; having AB longer than AC ; and after the tri« 
angle DEG is made ; with the center D and diftance DG defcribe 
a circle ; which will cut EG ; now any flraight line drawn to the 
circumference of this circle, from the point D, within the angle 
£DG} may reprefent the line DF ; from which the three different 
pofitions will be obvious. When the point F falls within the tri« 
angle, the conclufion may be inferred from the twenty firft propos- 
ition i but it would be more uniform to produce DF and DG ; 
and to reafon upon the angles below the bafe, in the fame manner 
as Euclid has done upon thofe that are above it. It is true Sitnfon 
reduces thi^ to one cafe, but I think not in the manner of Euclid; 

for 
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for there is no circumftance given by which we can determine 
which fide is the longeft ; there ought therefore to be added to 
the prefent fuppofition, AC being longer than AB i but the deter- 
mination of this point I ihall leave to the curious. But farther I 
would even recommend the fame kind of examination, where there 
was na probability of finding any variation ; as for inftance in the 
fixteenth propolition, the concluiion depends upon FCD's being 
an angle ; for if that could ever ceafe to be an angle, the outward 
angle might be equal to the inward oppofite one ; but that is im* 
pofiible becaufe then the point F would be in BC produced i and 
confequently the point £ upon C that is the middle of a line at its 
extremity, * which is abfurd. 

Having been thus particular in (hewing what is not Euclid's 
method of demonftrating, I {hall conclude this chapter with a few 
inftances tending more diredly to explain what it is. 

And his great peculiarity feems to be a determined refolution 
always to refer direAly to fome principle, and never truft to a vague 
conception $ or more properly never to make ufe of a vague ex- 
prefiion : The thirteenth propofition is a remarkable inftance to 
this purpofe $ That the angles are equal to two right angles ftrikes 
the ^nfes immediately and produces a conviAion which ha^ fome- 
thing fluctuating in the nature of it ; arifing from obferving that 
the angle AfiD is above a right angle, by juft as much as ABC is 
lefs than one $ now this is not a principle fufficiently diftindt to 
reafon from in a demonftrative fcience ; and Euclid has fliewn great 
art in the demonftration of this very proportion ; which he has 
reduced to the common notion, magnitudes niohicb are equal to the 
fame are equal to one another i and hew accurately he keeps up, 
through the whole demonftration, to the notion of the angles 
being magnitudes, cannot fail. to engage the attention of a judi- 
cious reader. The twentieth proportion furnifties an inftance to 
the fame purpofe : every one believes that two fides of a triangle 
are greater than the third \ and he may take up this opinion from 
a confideration of many difterent circumftances ; he may confider 
that a ftraight line muft furely be the ftiorteft way between two 
points : or he may truft to the judgement of the afs of the Epicu^ 
reans ; when a bundle of hay is placed at one of the angles ; but 
L. I. i ftill 
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ftitl he will find foniethmg unfcol^d in bit caMiTidioa> as- reftiag^ 
Ufkm no decerrainsite priflcsples^ aod Euclid mere;: leaves any things 
which he takes ia hand to dcmonftrate, ki this uttjiibttled ftate : he? 
makefr this propcizcy foUow^ not from any imAitbie principlefi or 
random/GOttceptionSy but from the mury Ratofe oic a. triangle i and 
ardkoroogh eMii»aation>. of the wboleappartos neeeiZary for tbo 
dsinionftrakloii o£ tbis principle^ will give the inleUtgent finder at 
wonderfol i'Afigbt into Bacliid-a method o£ denoKitiflration. 
^ it &emi almofl a defpcrate undertaking, to eodeavosir at reviving: 
a tofte for^ accurate demoailracion ; becaufe the oommon vikguet con* 
iXptk^M of osagnitude, proped by a ruler and compolfles^ when> 
ihey begin to totter, are judged capable cxf performing, tfvery things 
that can be expected from this icience* But if a refbninatioii is at 
ali pradipable,. it feems moft likely to be brought afaoot^ by turnisgr 
the attention of the world, to Euolid'if methods of demonftradoni ^ 
and i grouiid my hopes of fucceis upon two oirditnfiancesj: namely 
that* iht modef n writers of eiementa of Geontttry ndther undeiv 
ftand €be nature of their awn denyonftrations^ nor the force o£ 
f bofe of £udid« Btecauie i£ they uuderftood the fiDroe Jbf :Euclid'a 
they would be aihamed to dignify tfaesr own with' fuoh a name $ 
aflfd if i^ey uiiderftiood the nature of their own^ . the^ muft percteire 
sbati a great deal of expence both of time and i thought might be 
&ved by delivering their pcopofitions as fziSb^. which had been de4 
monftrated ; uoleft indeed we fup pofe that what they call demon** 
ilrations are added merely in compiiaoce to vulgar prc^vdice^ U^m 
could a judicious reader^ no ways interefted in d» ii&c of the: de^ 
bale, be once brought to weigh the. merits cf fook demouftratioiia ; 
he muft eitber decide in favo» of: fuch as Eudid's^ or declare 
that all demonih-ation w&s now become unneceffiiry ; and that 
therefore the farce of it fhould be ladd afide* But upon fuch an 
event, fuch is the charm^ of truth, I would naturally exped a 
confiderable number to leave their new matters, as fooa as they 
bad relinquished their preteniions to demonftration : and it is upon 
luck hopes only that I proceed to give fome other iaftances as 
charaAeriAical ef Euclid's method of demonft ration.. 

Euclid's demonftration of the feventh propofitio(n» may be con>* 
pared with the one given in D^Jchales's edition of . Euclid ;. which 
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wtts no dornl^t Intended as an improyement in ibme refpedt or otlrer. « 
And this feems to me the more extraordinary becaufe the d^mon- /'^ 
ftratiofi of the seventh is reqfiark^bly diftinft and pertiaent^ leading 
to <he conclofibn fo directly thai the full' force of the demonftr atioa 
muft he perceivisd 4>y the mind 4 at)d I am perfuaded that onr 
anther wonld ha've gi^n up ill thoughts of writing his elements, 
if he had found himfelf obliged to reft fuch a material part of his 
fcience upon fo unftable a foundation, as the defcription of two 
circles, with an indeterminate radius and even before it could be 
known in how many points theic circumferences would cut each 
other ; becaufe every point of interfedion, that did not lie on the 
other fide of AB would contradiA the propofition ; and prove that 
two triangles might be placed according to the fuppofition, until 
thefe [5oints were reduced to one, which is not fo eafy to do as a 
fuperficial reader may imagine. But there is nothing which I have 
obferved Euclid more cautioufly to (bun than the defcribing a circle 
wifh an Indeterminate radius ; or more properly, than the fixing a 
lifie, odidrwiie undetermined, for the purpofe of defcribing a 
circle. It it true he makes «& of confequences which muft be 
derivtfti from circles deicribed in this manner; but this is (iippofed 
to be tranf^dsd in fuch ^ manner as to bring no difgrace upon the 
feicAce. Id Ae iixteenth propofition AC the fide of any triangle 
is required to be cut in halves^ whidi canoot be done until the 
Kne is fixed $ bwt then I immediately perceive Jthat, lootwith^ 
ftanding thtt, as no cxMliequenoe is ideduced from AC's having any 
particular length, the demonftration is Aeverthelefs general; fo 
that I can finifh my conftruAion and have AC as iindetermined as 
I ibund it J fo that this traofaftion is ftippo(ed to be carried on in 
private by the reader himfelf; and wiiich he acquieiies in, as bring**- 
ing no reflexion upon die fcience. 

There is another thing which I 4i>U }uA ob(erve befke i&<^ 
&i(hing this> chapter : Euclid*s demonftrations are often more 
general than they feem to be; for whenever, it would be only a 
repetition of the fame fteps, he always omits them, whether in a 
conftruAion or deratonftration. The forty fifth propofition fur- 
nifties a remarkable inftance of this ; he fliews hew to turn a four- 
fided figure into a parallelogram &c. and as no new circumftance 
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would occur, whatever be the number of fides of the figure ; he 
concludes that it is general^ without adding a word more ; which 
has mifled fomc ignorant conceited people to think that they im* 
prove upon Euclid by fhewing a fimpler way of turning a four* 
fided figure into a parallelogram s never confidering that Euclid 
has turned, any rectilineal figure intaa parallelogramt whatever be 
the number of its fides ; and whatever be their pofition to one 
another. Now I hope it is evident that Euclid had fbme other 
plan in his demonflrations than to convince the obftlnate ibphifts i 
and what that plan is I fhall cKplain in the next chapter. 






CHAP. II. 

Of the arrangement of Euclid's fropofitums, 

■ 

THOSE who know nothing of geometry tell us the fcience 
ihould be delivered according to the following arrangement* We 
, fiiould firft begin with a point i and after having laid before the 
reader all its various properties^ fuch as pofition^ want of dimen* 
fions and the Hke^ we are next to proceed to the ftraight line ; and 
after delivering every thing that can be faid of a fingle straight 
line^ we may then advance a ftep farther and take two of them 
under our confideration ; firft enquiring into the properties of fuch 
as are parallel ; and this fubjed being exhaufted we may oext exa- 
mine two ftraight lines that meet fb as to form ^n angjk y whicb 
will furnifii us with a fruitful fource of fpecqlation i becaufe this 
will now be the proper place to treat of angles i to ihew how they 
may be proved to be equal, and into how many kinds they ought 
to be divided, not forgetting to prove that a right angle confifls of 
ninety degrees^ Now fuppofing the properties of ftraight lines 
exhaufted, the natural tranfition is to fuch a& are crooked, arranging 
them into difierent orders, beginning with the circle; but take 
care not to confider it as a figure; for that would deftroy all order; 
for it is the circumference only that belongs to our prefent fubjeA : 
we may next proceed to the conic fe<5tions,. and ib on to other 
Unes» 
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The bufinefs of lines being finifhed, there would be abundant 
matter for difpute, when we came to treat of figures, whether 
we (hould begin with the triangle or the circle ; with the triangle 
as being the fimplefl re<5tilineal figure ; or with the circle as being 
bounded by one fingle line ; the circle might probably have the 
preference upon a full examination as being a perfeSi figure^ and 
for other reafons which it would be too tedious to ihfift upon at 
prefent. But fuppofing.this difficulty got over ; the triangle would 
certainly claim the next place ; and of all the dififerent kinds of 
triangles, the ec[uilateral would put in for the firft ; the ifofceles 
would deferve to be confidered next ; from the ifofceles the tranfi- 
tion muft be to the fcalene ; taking care all the time, in delivering 
their properties to fay nothing of their angles, for that would be 
to confound the nature of things ; becaufe they are afterwards ta 
be divided according to their angles, right, acute and obtufe ; and 
this new divifion would furni(h the proper place for that part of 
the fubje£t« From triangles the moft natural progrefs would be 
to the fquare, and then to figures lefs regular^ And this is the true 
philofophical arrangement. 

Such are the engines which Folly has been ereding for battering 
this noble work of our author ; feconded with other auxiliarjr 
fchemes, the force of which feems leveled againft it, though more 
indire£Uy« But what holds the greatefl vogue at prefent,. as falling 
in with our indolent difpofition, and bids fair for driving him to the 
laft extremity, is the propofal of confidering no more of the fub* 
je£t than what is abfolutely necefifary ; with the inviting titles at 
applied to fucb and fucb ufeful purpofes of life. Elements of geo- 
metry carefully weeded of every propofition tending to demonftrate 
another ; all lying fo handy, that you may pick and chufe without 
ceremony^ Tbi^ is tifeful in fortification : you cannot play at billi;- 
ards without this. You only look through a telefcope like z Hottentot 
until this propofition is read ; with many fuch powerful ftrokes of 
Rhetoric to the fame purpofe. And upon fuch terms, and with 
fuch inducements who would not be a matbematician ? Who would 
go to work with all that apparatus which I have defcribed as ne-- 
cefifary for underflanding Euclid ; when he has only to take a plea^- 
fing walk with Clairaut upon the flowery banks of fome delightful 
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, tiver^ and there fee with his own eyes, that he muft learn to draw 
a perpendicular, before he can tell how broad it is : fuch is th^ 
. ii^^^eimity of thefe Frenchmen, 

} ' , . 

/ XJt puerorum setas improvida ludlficetUTt 

/ Labrorum tenus, 

I had formerly the ambition to join myfelf to this fratemilyt 
and taking a walk in the french Jiile along the banks of a river, 
propofed to teach the reader, how to meafure its breadth by his 
hat ; but I fdon involved him fo much in the pr(^erties of trian- 
gles, that I difpaired of making my point good, in the true elegant 
and undemonilrative manner ; and fo was obliged to get into the 
old beaten road as faft as pofHble. 

But there is ancdier rank of geometricians, between thofe, I 
have been fpeaking of, and Euclid : whom for diftindtion fake I 
fhall call the omnipotent. Thefe fetting out with the fuppofition, 
that they can do every thing, undertake to demonftrate every thing. 
An omnipotent geometrician makes nothing of demonftrating the 
fifth propoiition, for it is only fuppofing that he has cut the angle 
at the vertex in halves and the thing is done ; never confidering 
that the doing of diis, requires it to be iirft proved that the angles 
at" the bafe of an ifoiceles triangle are equal to one another. The 
only inconvenience of this method is, that ihouM the author's 
omnipotency be once called in queftion ; his whole fabric muft be 
leveled with the ground. 

But to return to Cluiraut ; I would have nobody imagine that I 
entertain a mean opinion of bis abilities, from any thing that has 
been faid : we only happen to differ as to the proper manner of 
communicating mathematical knowledge ; which I contend fhould 
be either as fads or as denionflrations 1 and that there is no middle 
way ; being perfuaded that the mixing a kind of theory with the 
praftice has been of bad confequence to both i as this has been 
the occalion of putting very improper perfons into employments, 
by which many fine opportunities of making improvements have 
been loft to the world. 

But farther Clairaut's method is even unnatural ; for the fcience 
never could have been invented according to his plan ; becaufe it 
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kapofilblo tbftt human rcafon, unlefs unnatarftUy confined^ would 
ba kept floating upon the furface of things : it is of the oature of 
man> when left to himielf, to fcek a folid foundation. His book, 
it is true^ will make a fuperficial reaibner ; but mankind left to 
themfelvesy if they did fo much, would neceifarily do a great deal 
more. 

And I now proceed to give an account of what feems to tee « 
much mora natural couriib for them to have taken in piofecuting 
thek dikoverisi in this fcience ^ which will at the £ime time ex^ 
plain the Aatufe of £aii^d'» arrangement^ and obviate every object 
tioi^ whicil has been tttde to it; but this (faalL be the fabje& of 
the ncitt chapter^ 

CHAR IIL 

V 

Hbe fame fabjeU cantinuid. 

It wiil be fduiiA 0» b(^ a miftake to fuppofb that we natoraHji 
begin to^ exfunine the fimjdcft thin^ firit i for things urn neither 
laid aof diont in the limpbft mannw by the firft adv^riuurers*. Ooit 
attention is inere like to be drawn to a fubjefl h^ ibme particukr 
cir^umftances^ which made the confideratiea q£ it neceflary^ than^ 
by any deteiTmination of the mind to maks it a matter of contemn 
placien ; and by coming upon us thus^ as it were tmawares; orat 
underftaoding i% overpoweted^ when we undertake the examination, 
of a thing eacumbeced with fo many addidbnal parts, wfatcfa have 
no connexion with the fubjeft in queftkan ^ and iiich as it will re«^ 
%|iire leifiiTC^ fkili and experience to fepanste from the others^ 

Wo are not theneforc to« ixnagine that the CKaminAiioo, ekher 
of a line or a potM. would be the firft attempts for fctling mens 
notiona with regard to magnitude. It is moret reafonable to fuppofe 
that the firft kind of magnitude whkh woudd fall under the confix 
deration of men^ circumflanced as we ace in ibciety» would be. 
redtilineal figures, and perhaps circles or even folids of feme deter-^ 
minate (hapes i not only becauie nature produces fuch a variety o£ 
them ready made to our hands, thus, as it were^ inviting us to 
make them the fubjedt of our mediation^ but &> fooa as^ property 
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in land became eftablifhed, a man had only to difcovcr that a greater 
quantity of it would yield a greater increafe, to engage him to pay 
attention to this quantity ; either that he might be the better able 
to impofe upon his neighbour, or to guard himfelf from the impo- 
fitions of others. 

And although they might at firft imagine that the bounding lines 
would be fufficient for afcertaining their property i yet they would 
come at laft by reafoning and blundering, to perceive that the 
(hape is necelTary to be confidered, as well as the bounding lines. 
This might lead ^ them to make pictures or refemblances of their 
fields, by way of afcertaining their property, until by fre(h expe- 
riments and blunders, it may be fuppofed they could perceive, that 
thefe reprefentations, which I imagine to be made by the eye, with- 
out the afliftance of other principles or inftruments than fuch as 
occafionally offered themfelves, were alfo inaccurate. Or even if 
this could have determined one's property, when joined to other 
circumflances upon the fpot ; yet ftill a very material defeat would 
be obvious $ as there would neverthelefs be wanting, any thing 
like an accurate way of comparing different figures with one ano- 
ther, eipecially when their fides are numerous and their (hapes un« 
like. And it is probable that they would at firft drop all thought 
of being able to compare fuch with any degree of accuracy, but 
giving them up as unmanageable, would bend their whole atten- 
tion to the fimpleft kind, very probably to the triangle ; until the 
great ftep was taken, which was to lay open the whole myftery of 
this fcience, by the nun who firft difcovered that all redtilineal fi- 
gures may be divided into triangles; and this ftep once taken, 
they would then begin to tread on fcientific ground. They would 
be made fenfible of the ufe of the triangle, and exhauft all their 
thoughts and ingenuity to difcover its properties. 

But it fliould be obferved, becaufe I believe it to be the great 
fpur to improvement, that there would probably appear great ine- 
quality in the accuracy of the different conclufions which their in- 
genuity would lead them to, when their curiofity was once awa- 
kened by fo fair a profpe£t of being able te mafter their fubjed : 
fome amounting to abfolute dcmonftration, while a great many 
things perhaps, fell fhort of fuch an evidence as was necefiary to 
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perfuade them that the conclufions were true ; and fuch difcordant 
parts would necefTarily awaken their induftry to give the whole an 
uniform appearance. It i¥Ould be feen that if fuch a thing were 
proved fuch another would follow ; and they would collect as many 
of thefe confequences as they could relating to triangles ; what 
would prove them to be equal or unequal ; until they came to per- 
ceive the remarkable utility of this wonderful figure, and its apti- 
tude to explain and conneA the fimpleft and moft intricate parts of 
the fcience. 

And this feems to me to be the moft natural account of the ori- 
ginal and improvement of geometry ; becaufe I am perfuaded that 
if any thing, even uniformly Inaccurate, had been produced by 
themfelves ; or if the regular mechanical rules fufficient for the 
ordinary purpofes of life had been communicated to them by ibme 
fuperiour Being ; mankind would have never thought of any far- 
ther improvenMnt j and the human race would have drudged on 
in the fame beaten path void of curiofity and fully fatisfied with 
their prefent acquifitions. But this we find to be a fad by experi- 
ence ; for thofe who are inftru£led only in the practical parts of 
this fcience, proceed with as little hopes or defire of improvement^ 
as the very inftruments with which they work. 

But to return to the fubjedt ; let us fuppofe at firft that they had 
it only in view to give irregular figures a more regular fhape ; or 
in other words, that they wanted to perform the problem, which 
Euclid has given in the forty fifth propofition of his firft book ; 
namely, to turn any redtilineal figure into a parallelogram having a 
given angle : it will be found that almoft every propofition which 
goes before, is nece0ary towards a proper folution of this problem, 
and if the ftudent would be at the pains to examine how far this 
is true in fad, it will aflift him much in comprehending Euclid's 
arrangement ; efpecially if he attend particularly to the ufe which 
is made of the triangle : and with a few remarks upon this I (hall 
conclude the chapter. 

And firft it is to be obferved that ftraight lines and angles are too 
fimple of themfelves to bear a ftrid examination, with any hopes 
of difcovering their properties ; and if we want to prove them to 
be either equal or unequal ; the lines muft be fides of a triangle 
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fod th^ 3Pgl«6 are angles of feme triangle s the fourth^ fifth, fixtbi 
(isveiith ^nd alpdoft every propofition in the book furnishes us with 
iflftances to this purpofe s and it is owing to this Aire guide deiert* 
ing us that, we are brought into fuch difficulties by the eleventh 
f ommon Aotion. It is true that by the afliftance of a perpeadi- 
cular, we feem to make a few fteps in comparing angles which do 
not belong tq any triangle, as in the thirteenth, fourteenth and 
fifteenth propofitions, but as thefe depend upon the perpendicular, 
they are virtually fupported by the triangle : and the fame may be 
iaid where parallel lines are concerned. That the lines from the 
center lo the circumference of a circle are equal, is the only prin« 
ciple by which lines can be proved to be equal independent of the 
triangle. Secondly we may obferve how the tranfition is made from 
tria%le8 to fourfided figures i and the triangular fpaces compared 
with parallelograms, by which a foundation is laid for turning all 
refbtlineal figurei, however irregular into parallelograms. And 
laftly when the ufefuhiefs of the triangle is confidered, the reader 
will B9t be fiirprized to find fo much pains takea, to fettle every 
circupoftance which can prove them to be equal, and in what cafes 
fome q{ their parts may be equal and the others not. 



CHAP. IV. 
Containing f<me remarks on the conJlru£lwns in the' Jirfi book. 

IT has been remarked already that our author difcovers great 
caution in the ufe of the populates, by keeping all mechanical in- 
ftfuments at much as p0filble concealed from public view : and 
indeed he ieema almoft a(hamed of them, for which reafon he 
9CVe(r conftruQs his problems upon a fuppofition that you make uie 
of any pai^i^ular iaftruments \ acd this is neceflary to be obfermed 
before we can form a proper judgement of the fimplicity of hia 
^onftru€kioas« The common modern way of judging upon this 
poiat, proceeds upon a very otiechanical principle indeed ; for the 
fimplicity of a conArudion is to be determined by the number of 
^mes which yioa have occafioa: to open your compafles : but ae 
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Eudid knows nothing of a pair of compaflbsj it can never be fup^ 
pofed that this is the teft to which he appeals ; but to the nature 
and number of ideas fuggefted to the mind by the different ftep9 
of the conftruiftions. He does not care how often you are obliged 
to open your compafies^ provided the perceptions, conveyed to the 
mind by his conftrudtions, be the m^ fimple and general which 
die circumftances of the cafe will admit of. Some particular in- 
flances will explain my meaning. 

In the tvrenty third proportion we are required to make one 
angle equal to another ; and you i^ve yourfelf the trouble of one 
opening of your compafles by making DEF an ifofcelea triangle t 
but Euclid requires you only to join EF ; which certainly is a 
iim^r conception, than when you are moreover required to take 
care theft your other two fides be equal ; and has alfo this great 
ihientific advantage, that ic is more general, by {hewing that any 
triangle wiii anfwer the purpose 1 when your mechanical conftruc- 
tion goes upon the fuppoficion that a particular kind of triangle is 
neoeflary. Thus .it often happens that our compares and under-' 
ftandings. are at variance ; or rather our hand and head incline dif- 
ferent ways >' wii;^t is mod HiteUigible to the head, the- hand finda^ 
the g^ateft dSificiilty in performing. 

In the fiune manner, in the ninth propofitton^^ thfee decks' 
muft be de&ribed according to Euclid^s plan, whereas mechani- 
cally, which fuppofes that we can defcribe an ifofceles triangle 
upon a given ftnaigfat line, one opening of the compaffe^ will an-- 
fwer the purpofe ; and there is a like difference in the fcientifical 
and nsechanical conftrufkions of the tenth, eleventh and twelfth 
propofitions. 

The dpawing of parallel tinea EiKilid* itniibraily refers to one 
principle ; and- this problem is performed by making the alternate 
angles equal; and this the nature of the (cience requires that he 
(hould ^ : however I have no objection to the trfe of any infttu^' 
ment which may anfwer the purpoiie, piiovided the ftudent know- 
what he is doingv and do<not wof k at random without any fettled^ 
prinoiplcs. 

Parallel rulers are of all contrivances,; ^emofi incenveriient for 
tbis^purpofe of drawing pai;ailel lines ^ but yet it might be of hf& 
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for the ftudent to confider upon what principles we pretend to 
ufe them : and he will find that they are conftri3<9ied upon geome- 
trical principles^ though not by any piopofitton in Euclid ; for their 
parallelifm depends upon the converfeof the thirty fourth propo* 
fition, namely, that if the oppofi e (ides of a quadrilateral figure 
be equal, they will be parallel ; the demonftration of which will 
be obvious to the attentive reader ; and he might at the fame time 
confider the converfe of the other part of the fame propofition, 
viz. that if the oppofite angles of a quadrilateral figure be equal, 
the figure is a parallelogram ; this follows diredlly from this confi- 
deration ; the oppofite angles being equal to one another, and the 
four angles equal to four right angles, any two of them taken in 
order round the figure will be the half of the four right angles ; 
that is equal to two right angles, and therefore the lines are parsdIeL 

But the moft convenient inftrument for drawing parallel lines^ 
as alfo a perpendicular, is a triangular piece of wood in the (hape 
of a right angled triangle : for, by making this Aide along the edge 
of a ruler, parallel lines may be drawn, upon the principle that the 
outward angle, is equal to the inward &c. by the twenty eight 
proportion • And if you have two parallel lines given you, a pa- 
rallelogram may be formed by the thirty third propofition, by ta- 
king two equal parts of them, and joining their extremities which 
are towards the fame parts; in ihort I would recommend every 
kind of conftrudlion which is derived from fcientific principles, 
provided the reader give himfelf the trouble to find out the prin- 
ciples. 

It fometimes happens that a diredt conftrudion will not anfwer 
the purpofe ; of which the amendment propofed by me in the 
conftruftion of the forty fourth propofition is an inftance ; and if 
any one try to demonftrate the forty feventh propofition, by defcri- 
bing the fquare upon the fame fide of BC upon which the triangle 
ABC (lands ; he will meet with another inftance of the fame kind; 
for if he defcribe this fquare, he will find it no eafy matter to 
prove that its fides are terminated in FG and KH or in theie lines 
produced, which is abfolutely necefiary to make good the demon- 
ftration : but if he draw perpendiculars from the points B and C 
terminated in thefe lines and joining their terminations, it is eafy 
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to prove the figure to be a fquare; fuch indireA conftrudions 
Should be particularly noted by the learner wherever they occur. 
In (hort to conclude what 1 have to fay about conilru&ions, I 
would have the (ludent exercife himfelf^ in them upon every occa- 
fion, or even to feek occafions for doing it, only with the caution 
to beware of contrading fuch prejudices as might corrupt his fci- 
entific principles, which can never be the cafe, if he know w hat 
he is about, and confider the nature and extent of his inflruments. 



CHAP. V. 

Containing fuch remarks as may enable the reader to make a proper 
ejlimate of bis progrefs in geometry when be has made bimfelf 
majler of this Jirfi book. 

BEFORE he proceeds to the fecond book it will be proper for 
the reader to take a review of this firft, not as a learner, but ia 
order to make a .proper eftimate of his geometrical acquifitions : 
and he will not be much out in his reckoning if he judge of the 
whole by what he knows of the triangle. I h^ve mentioned already 
that this figure is our great inftrument of difcovery, being equally 
neceflary for determioiog the fin^pleft properties of ftraight lines, 
and angles, as thofe of the moft irregular figures. 

The firft general property which we learn of this figure is that 
all triangles are equal, which have two fides equal to two fidei^ 
each to each, and the angles contaioed by the two fides equal 1 
and that this equality does not fimply hold with refpe£t to tho 
ipaces, but is true of every fingle part of the triangle ; their bafe^ 
are equal, the two remaining angles in ^each gre equal, viz. thofe 
under which the equal fides are extended, each to each : or in 
other words that the two fides, and the angle between them, fixes 
every part of the triangle without a poffibili^ of change. The. 
fifth and fixth propofitioas contain more partial properties of the 
triangle; by proving -that the equality of the two fides will always 
infure the equality of the two angles at the bafe : and converfly. 
that the equality of ibe two angles at the bafe fixes the equality of 

the 
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the fides. Thus we know what will ftewe the triangle ta be ifo£» 
celes ; and we know the moft remarkaUe oonfequenccs which fol«* 
few from its being fuch « triangle. 

In the eighth pFopeiltion it is demon^ftmted that all triangles 
^hich have their threfe £des equals each to each» are eqnal in every 
refpedl : or in other words, that nhe three fides fixes the triangle, 
fo that neither its <fpace er angles can pofiibly vary fo long as the 
fides continue the &me : and in the twenty fixth propofition we 
have two other tefls to the fame purpofe : for if two angles and 
the fide between them be given or fixt we cannot change any part 
of the triangle, neither the other two fides nor the other angle; fo 
that all triangles which have thefe equal mufl be equal in every 
ref}>e<^ : or fo long as two angles of a triangle and a fide extended 
under one of them are ihct the whole triangle is fixt ; therefore all 
triangles which agree in thefe particulars muft be the ^me or equal 
in every refpeft. 

Tlieie fow teft& which fix the trkngles abfolutely Ihould be 
€«refolly examined not only feparately, but compared together be-% 
lore the reader can n^ake the proper ule of them. 

It is not only necefi^ry to dbferve in what circumftances the trt-*^ 
angles may be demonftmted tp be equsd ; but it is of no le& im-* 
portanceto fetlte in what cafes, we can fay, that the whole trian«% 
gles er certain parts of theqi m«fi; be unequal. And firft it appears, 
from the feventh ppopofition, that if the two triangles^be upon th& 
fimei^afe and upbn the fiiine fide of it ; ti^eir; fides which ave ter- 
minated in the fame point cahnot be eqnd. Alfo it follows from; 
the twenty fii^ propofition, chat if the triangles be upon the fasno 
bafe, and the vertex of thfi one triangle within the othes ; their 
fides cannot be equal, either eaqtv to eaqh or token both together > 
but that the fides of the include triangle wi)l> be lefs^ thaa-the two 
fides of fhe other. 

Such condnfions as thefe indeed, ^we are both very dexterous^ 
and confident in drawing at. random ; and the fbllowing would ap-^ 
pear fitif^ingly qonclufivej becaufe it ki proved' in. the fourth pro«^ 
pofition, that, when the twct fides are equiai}, eachrto each, and 
alfo the angle ientainted by the. two fides, therefore • ihe baufe is 
equal to the ba(b; therefore undoubtedly we may infer iVom. this, 

that 
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that if the included angles ire. not equals neither will tbt bales be 
equalt but the one moA be longer than the other; and certainly 
the larger angfo oughts by the rale of right, to have the longer 
baie extended (inder ic« fiiit foftly^ good fir, this ia not geometrical 
reasoning : for although the equality and coincidence of the bafes 
U demonftcated in thia pfopoiitio& when you keep up to the difFe«- 
rent parts of the fiippofition j .yet it is not fhewn that this is the 
only cafe in which that equality can happen : and indeed the chang* 
iig a fingle circumAaooo will not prevent their equaliiy for you 
may fuppofe AB to be unequal to I>£ and neverthelefs the bafes 
mAy be equaL 80 that, however ready a luperficial reader may be 
to adopt fuch conclufions, yet the geometrician will find that a 
great many fteps are to be taken before he can demonftrate this to 
be true. Which is indeed done in the twenty fourth propofition, 
but after many necefifary properties have been previoufly delivered* 
If the two fides are equal but the bafes unequal it appears from 
the twenty fifth propofition, that the angle oppofite to the greater 
bale is the greater. 

But farther, with refpe£t to the angle : I have mentioned already, 
that we cannot compare angles unlefs we confider them as belong-* 
ing to triangles ; the fixteenth propofition is made ufe of to prove 
that one angle is greater than another : which is a very funda- 
mental propofition and ought to be carefully examined : the fim- 
pleft view which it is pofilble to take of it feems to me to be this; 
to confider the propofition as expreft thus; the angle ACD is greater 
than CAB and alfo the angle BCG is greater than ABC ; which 
when properly confidered will appear to be the fame thing : and 
then, when we recoUedt that the angle. ACD is equal to BCG, it 
may certainly be faid that ACD is greater than either CAB or 
ABC : but this is a propofition which ought to be viewed in every 
light. By this propofition we likewife prove that lines in the fitu- 
ation, which the fuppofition requires in the twenty feventh can . 

ACMfform a triangle, and thi^ leads us to parallelograms; from theA^^*^"**^^ 
confideration of which we have a new and wonderful property ot 
triangular fpaces, namely, that if the bafe of the triangle continue 
the fame or equal, you may vary the fides until they become a 
thoufand times longer than in their firfi: fituation, and {till the tri- 
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angular fpace will be the fame. And this is alio the principle bj 
which we can change fpaces from one (hape to another as will be 
obvious to every one who underftands the forty fifth proportion • • 
I (hall conclude this difiertation^ with a general admonition to 
the reader^ to obferve particularly the ufe of the fuppofition ia 
every propofition ; becaufe I know nothing that is Q} eafily neg* 
leded : the conKlruftion and even the references to other propofi* 
tions may make a forcible imprefiion upon the mind ; hot the fup* 
pofitipn has hardly any thing which can awaken our attention to 
it^ except a want of evidence in the conclufion, and there are thofe 
who have a wonderful inclination to lay aiide their icruples at that 
part of a demonftration^ 



1 
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WHOEVER has read the firft book with care^ wilt perceive 
the particular ufe of the triangle for difcovering and con- 
neding the difierent properties of magnitttdes ; and muft at the 
fame time be fenfible of the uncommon genius of the author^ 
who could apply this figure in fuch a manner as to make it difcover 
its own properties, as well as thofe of other magnitudes. In his 
fecond book he prefents us with a new inftrutfieiit, the nfeof which 
is no lefs extenfive than thaC of the triangle i and it is the purpofe 
cf this difiertation to draw the attention of the fuperficial reader 
to' the properties and moft obvious ufes of the redangle» 



'\ 



C H A P. I. 

Of parallehfgrams. 

9 

m 
^ • • • • • 

* TO linderftand this fecoad book properly, it will, be neceflary. 
to confider the thirty fifth propofition of the firft book^ in more 
poiAtS: of view ikosi are inmiediately prefented to us by the propo* 
fition it&lf. It is there demonftrated that ^hen the parallelogramt 
are upon the fiune bafe, and between ^ fame panllels, the paral* 
lelogram fpaces are always equal : now this reduces an infinite va« 
riety of parallelograms to ; one fingle parallelogram as far as the 
ipace is concerned; and if a choife of a parallelogram is to be 
made, which is to reprefent all the others, the red^mgle, or right- 
angled parallelogram ought to have the preference ; becaufe : its 
bounding lines are the leaft, and its angle fizt or determinate; 
tiiat its fides :are. die leaft will be obvious, by ccunpariiig a fide of 

. yoi^t 1. I the 
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the reAangle with the fide of any other of this infinite variety of 
parallelograms juft mentioned ; as for indance AB with BE^ the 
one of which fubtends an acute angle and the other a right angle 
in the fame triangle. 

But tWm redt^le inTeli is fnfftts^i^ntly 9t rather gbiolutiply^ter- 
mined by any two of the lines about any oiie of its angles : and 
thus two ftraight lines, will fix an infinite variety of parallelogram 
fpaces. 

Now this is the firft definition of the fecond book, which is 

tbufi cxprqfii^ i £ve«y^ rigbn wig^e^ p«rftli«l$)!g(tm^!if :^i4 tprl>e c«njf 
taioedfby any two qf (be ftr^i^l \^n9s ^nt»i^mg^h^ ligHt aqglf. 
The fpati^ iAde«d i% bowded My hvisi ^w^t M^et: h .UM^apt byr^ 
four diffs^cmt ftrcagbt hn^s^ if)^ (he oppo^t^ fick^fi.are tke ifMe^ec 
eqiMl. Herft thA r«a4cr is owf ^U^ tp qbl^v^ tiMf tbertt te no dilV 
ftr^oct Wftde;ber^ b«t«fQei).,^^%candw/^«/(^.j 

the (wifi I tbiat is if yoii wake 9ifig^t Af^lfld pt9«}MQer4iB» luijii 
twoJftfaigbt. Ii»e4 wbaietv«r> th^i ar<? equal to th<^ iwfl luoes 4b«uli 
one of the as^kiS i Ar« ffiti tQ coi>(9Jbi^ tiMe;ip«C€b W ViP^l M iher pttTfir 
ticular lines which make two fides of the very figure. 

This circumftance perplexes beginners exceedingly ; and ought 
to be made the fubjedt of frequent m^qditlition before one attempts 
to read a fingle propofition in this book. And here it would be 
proper to begin with confidering the natlire of a parallelogram^ 
ftill more particularly : the reader has feen what will fix the paral* 
l^lDgnm fpace : ke is ^i^exi to coniidierwha* will fiv dse wfaob pa* 
raU^g9ao»;' fides and angles^ and bf "wiU firAltohikfvtt.Vbu tfao) 
two fidiss aboot any d£ the aqgles i wiH determiM «ll the^fidttt^ 
beoM)^ the other twa Adei ane equal to tboTc two ^ iext let iiimt 
tr^' tO'^od-^otffc'Wibat; wiUf deliraiincr tlii iinglea. Nowi any aiif^ oB 
ar{Mii:attftlbgram ^btitt^f -gifdny it: is: Imgo^lffe te ohtttige a|ily ofi )Aie' 
otHt ri i 1m1 t tiiis th)^ reader ^iU' do' .w«tt tO' li^amwAruc ; vbieb, hd 
may* do^ as' !fo)iowsi f any two ainglea of a paralleli^an whiehiU^' 
low- ctfclvothier in Older are equal to two righ^ angfes^ one of tMe 
being fixed furety tlie Mbet is fixed alfa; and the oppofise anglos^ 
of partdietogipamB ua eqf^ ; therefor^s it is obvious tbat one an|fb 
6i the ^par^faitogrMip fiQceSt aU the othera^ The reader flkiouMi dt*. 

i .Imonftsate 
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tnonfitate dus fsrmally and then he will fee that the pirallelo^- 
gram is entirdy &ted when an angle^ and the two fides about that 
angle are given* But as I know from experience that the ftudent 
will not perceive this immediately ; let him take only the two 
£de9^ and the angle between them; and with thefe compleat a 
Tarie^ of paralldqgrams ; and he will always find them the iame« 
Not liiat this conftrndkion is necedfary towards a right undcrftanduig 
of the condufion i but I know that it is necelJary for fixing the 
reader's attention ; and without attention it is impofiihle to com^ 
|vehend any tonclufion* Now this point behig once fettled^ it is 
tery clear, that H the parallelogram be rigJit angled^ the two fides 
about one of tbe^ mgles, or even any lines, eqaal to thefet will fit 
the parallelegram ; from which the full import of ihis definition 
may be underllood. 

a H A P. II. 

dmtaining fome remarks on the frinciples made ufe of in demon-^ 

Jlrating the frfi eigbl profiqfitiom. 

• f ; > ' 

\ « » » ' it \ . , ■ . « 

THE fimplicity of the idenionftratuma made ufe of in the firft 
eight propofitions, will bci readily acknowledged by every one wh6 
ttnderftands them : and yet it often happens that theitudent is at 
a loft t6 comprehend their meaning, ef^ially upon die firft fead*- 
ifug % which is owing to two chrcumftances ; iirft beooifis he does 
fuit tmderftand^tbefirft definition ; and fecdndly becaufe we Innre 
w^ common notions of the properties ^ figures eontaioed in^thik 
ixnyk ; if fome> property of a triangle fiiould be accidentally jncik.^ 
tinned to a - perfon ignorant of the principks of thit fiiencpt. he 
foetid nevertheless' fiprm fonve opiaion concerning its troth or £Uf«- 
hood from fome common notions of his ownj but read thoenua^ 
ciation of the third propofition in this book to him i and he will 
have no more opinion of 'its truth 4>r falfliood than if it were deli- 
vered to him in an unknown tongue. . And fuppofing thefe two 
difiiculties to be got over ; that is fuppofing the firft definition to 
-be «krell underftood, and the meaning 4>f the prbpdfitioa hecpme 
iiimiliar, it is impdfiible 4ov\ aby evidence to pre&ntitielf to the 
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in a fimpler forih^ than that which the£^ dbi&Qnftrationt 
offer ; as the progrefs of it in^ general is thus ; you deicr ibe a cer<^ 
tain redangle or fquare^ ^yirhich is divided into right angled paral^ 
lelograms or fquares by lines drawn parallel to the fides ; and the 
whole myftery confifts in fettling what theib fpaces are iaceopding 
to the iiril definition. For inftance, in the firfi: propofitioo^ as!thc 
.whole is equal to its parts^ the redlangle, or right angled parallel 
logram, BH is equal to the redtangles BK, DL» EH taken all to«. 
gether ; £o that we have only to fettle what the redangles BH, BK^ 
Dh, EH are according to the firfi; definition^ and the demonftn« 
tion is compleat. In the fame manner in the fecond propofitioit 
(which by the bye is only a particular cafe of the firft») the fquare 
ABED is made up of the two rectangles AF and CE ; Co that .we 
have only to determine what thefe are according to the firft defi«~ 
nition, and then the thing propofed is demonftrated. Again in the 
third propofition> the redtangje AE ia made up of the redangle 
AD and the fquarc CE ; fo that we have only to determine what 
thefe are according to the fame firft definition, and the propofition 
is demonftrated and fo in other inftances. 

The firft eight propofitions feem to a fuperficial reafoner to reft 
in fomuB meafure upon a kind of intuitive evidehce ;: be6a6le .the 
form of demonftration differs remarkably from that made ufe of 
in the remaining propofitions of this book i in. which the conclu?- 
SoM are inferred from the forty feventh propofition of the firft 
hock without eathibiMog the fquares. . But Euclid >never draw^ any 
confeqoence from what we are fuppoied tb fee, though wq our- 
ielves may : for bis demonftrationa are equally conclufive wJbetho: 
the figures upon which wereaibn be the objc^a of our feiyies or 
Bot. The differeot fpaces exhibited in thefe figures arife- from- the 
coaftru^ioni and have their cxiftcace and properties from that^ 
-whether :wie fee. tbem. or not» 
• •*•».• • .. . ^ ^ 

; J C H A P. IIL 

Of the aJdltion and fiAftralSion cfreSangles andr Jfttafer. — * 

M WHEN the learner has made hiraielf mafter of the demonftsaf 
4ioBr contained* in j this fi:cond book j it will be propei to turn hia 
I r .. thoughts 
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"dioDghts to the ufe which may be made of the properties of thefe 
reAangles and fquares which he has been confideriog: and as al« 
moft the fimpleft ufe, which can be made of magnitudes, is ad- 
ding them to one another or taking them from one another s it is 
very maoifeft that thefe properties will be in a manner ufele(s» 
until we have acquired a readinefs in adding them together, and 
taking them from one another : and this indeed is one of the moft 
intricate and extenEve principles in geometry. Much of this buii-* 
nefs may, and indeed ought to be learnt from this very book ; for 
whoever fhould treafure up in his memory whatever is contained 
in this book, it would be but ufelefs lumber unlefs con^dered 
tender this particular point of view. And Co much for the neceffity 
of this pra(3:ice ; but a few examples will beft explain my meaning. 

Suppofe in the fecond propofitien you were required to add the 
rectangle contained by AB and BC to the redangle contained by 
JkB and AC ; thefe taken together make the fquare of AB : again 
if from the fquare of AB you take away the redkangle contained 
by AB and BC ; the remainder is the redangle contained by AB 
and AC ; all this is obvious from the infpeAion of the figure ; but 
as thefe confequences may be. waiated When the figure is not at 
ll^and for infpedion, the reader ought to be able to derive them 
readily frotn any fingte ftraight line cut into two fegments* ' But 
again in the third propofition if you add the^redtangle contained by 
AC and CB to the fquare of CB it makes the reAangle contained 
'hy AB and BC i or if you add the reSangle contained by AC and 
CB to the fquare of AC it makes the reAangle contained by AB 
4md AC : And farther if from the redangle coWtiined by AB and 
BC yoo take . away the fquare of BC there remains the re^angle 
contained by AC and CB. 

In the fourth propofitk>b if you take the ^uafes of AC and CB 
from the fquare of AB there is left the reAc^gle contained by AC 
and CB taken twice : or if the fquare of AC be added to the 
redangle contained by AC and CB taken twice j their fum will be 
equal to the difference between the fquares of AB and BC ; and 
this is.alfo obvious from the infpedion of • the figure. 

The fifth propofition, in which is compared the redangle$ made 
by the equal fegments of a line WiUi t)it)ie made by the unequiA 

fegnoients^ 
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leg^eots^ funiHhes frequent opportunities for this kind of pcao 
ttce I thus if from the (qoare of half the line fiC yon take away 
the fquare of CD the remainder is the the re6tangle contained by 
AD and DB ; and this fquare of CD added to the reifbingle con- 
. tasned by AD and DB makes up the fquare of half the line. And 
.ia the fixth propofition if from the fquare of CD jrou take the 
fqu«re of CB the remainder is the redangle contained by AD and 
DB. One might jufl: obfervfeupon the fifth; that the redangle coo«- 
tasned by AD and DB and the iqoare of BC are bounded by the 
fame extent of line i but that the %aces iaclofed differ by the 
fquare of CD* 

It would be tedious to be more particular upon this fubjed ; I 
flisli therefore conclude with obferviog that fquares are generally 
Added together or fubAraded from one another by the forty feventh 
|»ropofition of the firft book ; and that they are doubled by the 
afliftance of a sight angled iibfceles triangle as in the ninth and 
tenth propofitions i and may be halved upon the fame principles#. 
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Xn which is Jhewn the ahfurdity of applying numbers to illufirate the 

propofitions in this book. 

I jP. you draw two i0d«finil4 ftrftight lines at right an|;les ti> eadi 
ctlier* i^nd cut pff from ooe« feven equal parte, bc^nning at the 
9ngQ)iV |>oint» and from the other four of the hvM equal partly 
And compleat the r\gbt angled parallelogram i then, through each 
of the divifions^ drawing lines parallel to the iides of the rectangles 
^e whole farface is divided into^iquares all equal and twenty eight 
In numberj which is the prgdui^ of four multiplied by feven« And 
l^ecagfe this parall^ogram.is equ^l to any othor.upon the fame or 
an equal baie aiid rbetwoen the fame parallel lines i and a triangle 
In the ^ianqe circumftanoeSj the half of it : therefore this other 
parallelogram, though not divifible into fquare^ is faid to contain 
twenty eight fuch fquares j and the. triangle. fourteen of the fame« 
And M any s^OH^imA figumiis divifible into triangles, upon theie 

principles 
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prihcsples any rediUnea) figMe ipay have it& contents expreft m 
fquare meafure, inches feet or yards* accordtng to the meaibrc by 
which yoo fuppofe your lines to be divided. 

Now this way of expreffing the furface or contents of t right 
angled paratlelogpam in £]^irare meafare hf the prodnd of the two- 
fides about one of the right angles, has introdoced a very ablurd 
fdroBice upon liiis f^ond book, which fotnt fedltioua gentlemen 
have been ptea&d tb ftile illuftrations. 
' Bat we fliatl be beft able to decide* how far this niediod of of era^ 
tim can be called an iUuflraticn by coafidering the ufe&r which 
it-ia i^atendedL Now the'Comraoo afiBirs of life reqtrire, that we 
ii|bald pay a pafniicukr ^tfention to TnHtK md large ix>rtions of ex- 
tmfion within certain Kmits ; whkh made it neceflary to aflhme 
particular parts of exterifion as a comoMm meafbre ; and for t&Sa 
porpofe at firft certain- parts of the human body {eetned to have 
baen ufed a^ ia DibvioM from the names of meaftires r an inch, a 
foot, a'ipaii Ice* and very prohabty he who obferv^ad tfhat thefeMT 
of dilferent men were niieqiral in length,^ arid thtrs proved the ne«- 
ocffity of hamig iome fett ilandard meafore, ildod pietty* high inr 
the opinion of his cotemporaries for ingenaitjr. 'Suppofe them to 
bailee :(iUMle the ftaAdard meadifc which we call k fc^ot^ for ibme 
pu?pofes this^ Wd«ild[ he too large, and for'others tdo finalF: The dt^ 
taace of oii^ ptece from anottiet expr^fll in* fee^ could hriirg no dif^ 
tiadr idea .to the mindi it would be an improvemeirt to tafcc three 
ftet atkl matte an M>it of thai, tinder the different name of a yard> 
btlC jftit) more ''to> t«he om thcM^d fevenr hinklred ahd fis^ty yards 
and call it a mile. And by fuch eonfrivance^ out* ^^ c ept i oris of 
diftance might be made tollerably accurate and fuited to our cir-^ 
cumflances. Surfaces are meafured upon the fame plan> and expreft 
in fquare feet, yards or miles upon the principles explained above : 
and to the great comfort of the unthinking part of mankind all 
Surfaces may be compared in a manner fufficiently accurate for the 
purpofes of. common life, not only without our ever attending to a 
Xurface i but what is more without our having any notion of ex<» 
Yenfion. For our attention is turned to no particular kind of mag* 
xiitude> as we are only to confider whether one number be greater 
than another ^ and here it is not neceflary to form your judgement 
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by the nature of numbers^ but by a particular method <^ notation 
which you have been taught. 

It would be (Irange enough to put one upon meafuring fuch fi« 
gures as Euclid treats of in this fecond book, in order to get at 
thofe properties which he fays belong to them ; but it would be 
the greateft abfurdity to call this an illuftration of Euclid's demon* 
ftrations ; as the two methods are founded upon principles^ in z 
certain fenfe diredtly contrary to each other : thefe menfurations 
drawing the reader's attention from Euclid's plan to fix it upoa 
fomething elfe ; or, more properly ipeakingy upon nothing. Nei«^ 
ther is the concluiion fcientifically accurate ; for the lines taken at 
a venture cannot be divided according to any meafure ; particularly 
if the line be cut as is required in the eleventh propofition^ it is 
impoflible to meafure it and its parts. But to reft this matter en« 
tirely upon the moft material obje£tion» viz. that it is direfUy 
contrary to Euclid's ideas;. He teaches how to turn any rectilineal 
figure into a fquare in the laft proportion of this. book. Which 
ihews that his plan is to make every ftep we take the obje^ of the 
underftanding, and therefore does not prefent a multitude of things, 
to the mind which it is impoflible for it to comprehend, but two 
diftind things for its contemplation ; he does not exprefs irregularl 
figures by a multitude of fcqall fquares of any particular name ^ 
bat reducer any two, which he may have occafion to compare, to 
two fquares ; nor has his reafoning a reference to any particular 
meafure. In £bort if my intention was to purchafe figures, I migltf 
truft to this pradice ; but if I meant to reafon about their properr 
ties it muft be entirely laid afide<( 
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THE triangle and rectangle two of the great inftruments of 
geometrical investigation, being confidered, Euclid proceeds 
to the third, which is of no lefs importance than either of the other 
two. And is here in its proper place, becaufe the properties of 
the circle are derived, partly from the triangle, and partly from 
the redangle. 

In the fecond book the propofitions are arranged according to 
their fimplicity ; and not as in the firft book according to the de* 
pendence which the propofitions have upon each other : becaufe 
the tenth might be read firft, for any connexion which it has with 
the firft nine propofitions ; the four laft indeed are conneded with 
ibme of the preceeding propofitions, but none of the others. In 
this third book the arrangement is made partly according to the 
fimplicity of the properties and partly according to the connexion 
which they have with one another ; and the explanation of this 
arrangement with fome remarks upon the method of demonftration 
fliall be the fubjed: of this diflertation. 



CHAP- I- 
Cantamn^ remarks upon the arrangement of the prapt^wm^ 

I N the two firft books our author c6nfiders the circle only as 
a mechanical inftrument, and the ufe made of it, refts^ entirely 
i^n the third poftulate ; and unlefs it were introduced upon a dif- 
ferent footing, it could hardly be reckoned a geometrical figure^ 
In ihort in the firft two books it is only a pair of compafiTes with 
«p indefinite extent and perfedly accurate. But here in this book 

Vol. L m it 
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it puts on a very different chara£ter» and is a geometrical figure 
bounded by one line called the circumference ; and it is alfo added 
that there is a certain point within the figure from which all the 
lines drawn to this circumference are equal ; but this point is to be 
found, Ipefore w^ carx expedt to make nxnch pf the propevtiet Qf the 
circle. The firft propofition teaches us how to find a ftraight line 
pairing through this point ; and not fimply a ftraight line, but a 
finite ftraight line, the cutting which in hdves will find the center. 
This being found it feem^s both natural and neceftary to cpfiQ^i^ 
whether the circumference of a circle be totally apd cflentially ci^- 
fercnt from a ftrajght \ine; which it is proved to, be in ^he fecondj,^ 
by (hewing that every ftraight line joining any two poi,nts. in the 
circvimferenc9 falls entirely within the circle, and can neither apr 
ply iticlf to any part of the circumference, nor even meet it excepjt^ 
in the two afTumed points ; fropi whch it fpllows that a ftraight 
line cannot cut the circumference of a circle in more points tna^i 
t\yo. 

But to return to the center; the inveftigsi^ion of[ thjs point woulc^ 
/liew that the center will al\yajs bp founa in a^y ftraight line cutr 
ting another, terminated by the circle, in halves and zf righ( 
angles : this difcoyery brine;s us diredtly to the third' gropoQtion ;^ 
for it would not be difficult tQ imagine that any ftraigh^ line diawn^ 
from, the cenffer, to the point in which any linp was cut in h^lvi^,^ 
^ould fall in M(itl^ this perpendicular^ and the contrary ; and this 
>H^ould lead to the demonftration of the fpurt|i proppQtion> ^hich^ 
muft have been fuggefted already by the property of the center, 
tifat all lines fajfing through it and terminated by the circle are cut in 
halves there i becaufe it \f ould^bQ^ pfqper to demon ftrate that no 
other point has this property, and it is here ftiewn that not even 
twoJines^terminatedby^theqjrde^can^bts^cut in halves, ia any ocher 
point. But not to be tedious, the meditating upon the center would 
XfiryinfttHfally l«jl to,the,difqQ^rjfeofithQ%ft|fift«fR)p|opA^ti<ii¥^ 
s^p(J;if,is hardly. to b^ i«Mginfi4 thaj stgfiojp^tofii4niWqtoWi4rftR.t{i(fc 
OQOtemplation, qf] thq feoond: propofttifti>, l^ftrfi. h^ H»(li4ifcovfif^ 
in ^^'hat qianner a, ftraight linc.drawq throtigh. a/>y .pojnt J^.tjits.cjr.-. 
qun>ferenc« of the cirplc woul4 .mefct, its. cjrqqQi^enc^t. v^tlic^ 
vRQulfi Ifi^di to, the, QonfijkjsJiwj qf: tfe^. toPSfttfeb.. feMWWflfiftti^ 

<aehiv»th 
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eighteenth and nineteenth propofitions. And it would bcf Very pro-' 
per for the (ludent to examine the firil nineteen propofitions igain' 
arid again, before be proceed any farther in the book. 



CHAP. II. 
^he fame fubjeSl continued. 

T H £ fird and fdcond propofitions rhight lead in a veiy ^fy ^d 
natufd tnmtuu to the diA:overy of th& ^fl nineteen propbfitioiM i 
hot the idetf 6f firaiila^ fegmentfi is by Ao mea'hi an obvious one f 
i>br the eomn^dn notion id to the laft de^ri^ vague' and uridetermi'- 
nate : lb thM eveit &ttct I could ptet^nd to forni any opinion updiV 
tMs ftfbpsd, I have always riegarded thi^ as ohe^ of the; moft maf-^ 
terty fiartii of geometfy^ of the moft Aibtild hrVehfiony and aV ha- 
ving dw isfoft 63sjterifive' and une:^p«(^<ie^ confeqa^hc^ ; and yet 
wb^'k it once confidered that dre angltf zi xht centcfr k dc^Ie of , 
d>er M^Ie at the dirCtto&fereAcer, it i\\ ^11]d^¥s in a fimple and fee- 
mingly obvious manner ; for Mrhen it is once provedf that all angles^ 
MTtiefitme fegtnefbf are €l^al>^ if t)Skf fhtaild^dhc^ begfn to C6n« 
je6(Qi^ thatt thefe angles* did liot depiind upon any particulaf cir- 
de^ btit werer fikt by the- fegdient of th€ eircle which they were^ 
eonfidieringy th^ would then arrivd at theiir definition of^ fimilar' 
IbgAiBii^^ and the whbltt bufinefs' was* dond : and^ fegmeri t$ of circles^ 
could be compbivd with ea<ih^ other ildt^iti a^vaguef-madher But at-* 
eonaifcl]^ atld^ with the» ftittie preeifionf as-rd£^lirieid figures^; a)id ther 
equality of the circumferences of equal circles could be afcertaihed' 
iti a? manner full ar fetisfaCdtory ^ tlie} befdfr of the^ two ' triangles 
areprwed tc^be equfel in thcPfburtH prdp<iStiori'oF tKfe flHl' book : 
attdithtts we couid ti^e^O}ft'cir&um^t«nctrd<iubl(j dff' t^bleroFaho^' 
tiier.^Witbtiib iame cafb that otie it^ai^t lifi« ihay lie^ riiad^ dotrble^ 
or treble of another. It^is notteify tltf flry p^fltiVelyi v^hit'led thcnt 
to their definition of fimilar fegments^ but the mofl natural flep to 
it feems to be the proving that t(^e angles in any feniicircle are 
right angleei and that th^re- feeteed^ to be" no other cD'cumflance 
about a fegmcnt fixt except the angles which it contained. Thofe 
who judge' of the demonftratiori of a* prdp6fiftion by thc'nuniber 

m'a'' of 



92 DISSERTATION V. 

of fteps which it contains are apt to pais over the demonftrationt 
of fome of thefe proportions, as of little difficulty and lefs impor* 
tance i but to the judicious they will appear, as they really are, of 
the firft importance in this fcience. The learner who would be 
properly acquainted with this fubjedt fhould confider the propor- 
tions from the nineteenth to the thirty fifth, as all tending to the 
fame purpofe, and after giving them a very particular feparate tica^ 
mination,\ carefully trace their connexion with eachother« 

In the thirty fifth propofition it is faid that the redangles con^ 
tained by the fegments of lines interfeding one another within a 
circle are always equal ; and the thirty fixth is, that the fquare of 
any tangent is equal to the redtangle contained by the whole cut-^ 
ting line, drawn from the iame pointjt and the fegment of it with- 
out the circle. From which it follows that if any number o£ 
ftraight lines be drawa from a point without a circle,, cutting the 
circle, the redbangles contained by the whole line and the part 
without the circle are all equal, which is the fiime property as that 
delivered in the thirty fifth, when the lines interfed one another 
within the circle. 

To conclude, the eeader wUt perceive upon a careful examina- 
tion of thi& book, that there are three great fources from which 
the properties of the ciFcle are derived, namely the center ; the 
fimilar iegments ; and the eqqal redangles made by the fegmenta^ 
of lines terminated by it.. We may fay indeed that they are all 
ultimately derived from the center ;, but it appears to me that the 
jftudent will find it very ufeful to confider them under theie three 
diflin£t heads. 

The plan of the fourth book is fo very obvious and regular that 
it ieems fufiicient jufl to advertife the reader^ that it is taken up in 
performing four problems, infcribing the figure within the circle 
deicribing the figure about the circle, infcribing a circle within the 
figure and defcribing a circle about the figure. 

CHAP. III. 

Containing Jbme remarks an tie demonflrations. 

EUCLID has a certain idea of demonflration which he inva- 
riably adheres to; and although it be perfectly regular and accurate, 

yet 
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yet it does not always take in every circumftance which beginners 
require to be put in mind of : this I mention to avoid the imputa- 
tion of vanity, left any additional hints to fit the demonftration 
more to the difpofition of beginners might be looked upon as an 
attempt to fupply fome defc'£fc in the demonftration ; whereas they 
are intended only to remind the reader^ that he may miftake the 
meaning of the demonftration, by trufting to the firft view which 
is prefented to his imagination. And I here again repeat, what has 
been mentioned before, that he fliould examine the fimpleft in-* 
ftances firft> making them gradually more geaeral until he arrive 
at fuch a conclufion as the nature of the thing requires,, observing 
what confequences have been dsawn from every part of the fuppo- 
fition^ and whether ^ly confequence depends upon a particular po^ 
fition of the lines ; and this is to be done not fvom any hopes of 
correddng the author, but only to get the better of his own pre- 
judices ^ becaufe the author's taik would be endlefs and indefinite, 
if he ihould undertake to give fuch demonftrations as would remove 
ill the prejudices which we are apt to take up upon this fubjed. 

In the fecond book, there is fomething fo determinate in the 
pofition of the lines, that any variation which the figures can un- 
dergo^ either in ihape or fize, will hardly Occafion any mifconcep- 
tion in the meaning of the propofition. But this is fo far from 
being the cafe with regard to the ^ure which is the fubjed of ^ 
this book, that by enlarging its fize it may feem to have very dif- 
ferent properties : for a circle defcribed only with a radius equal to 
the ftmidiameter of the Earth, will differ fo little from a ftraight line 
in its circumference, according to vulgar comprehenfion, that per- 
haps for an hundred yards it would make a more accurate ftraight 
Une than was ever drawn by any inftruments : and how are the 
conta£U, interfedtions and other properties of fuch circles to be 
determined but by reafoning fcientifically from the nature of the 
circle* But neither the neceftity nor beauty of fuch demonftrations 
can be perceived by thofe who confine their notions to fuch circles 
as they can deicribe with a pair of compafies. 

I have indeed humoured this kind of prejudice in the defcription 
of the figures for the fecond and fixteenth propofitions, becaufe I 
never found a beginner who could enlarge his notions of thefe fi- 
gures to nniake the pofition which the demonftratioa requires feem 

probable.. 
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probable. The reader may therefore give thefe demonftrations « 
turn more fuitable to the figures by confidering that when he has 
proved, in the fecond proportion that DB is longer than D£ and 
that they are both drawn from the center, and as DB reaches only 
to the circumference, therefore the (horter line DE cannot extend 
fo far. In the fame manner, in the fixteenth DA being proved to 
be longer than DG ; and being both drawn from the center, and 
DA reaching ^nly to the circumference the line DG cannot reach 
fo far; therefore the point G is within the circle, and confequently 
the line AF cots the circle. Let no one imagine that I propo& 
this as a denK>nftration ^ I have only expreft my(kl£ thus in com-^ 
pliance with vulgar prejudice; for the legitimate demonArations 
are thofe givep by Euclid. 

In the eighth propofition the reader might jiiA oblerve^ that DK 
may be proved to be fhorter than DL ; in the iame manner that 
DF in the former part of the proportion is proved to be lefs than 
DE ; and it might be farther proper to compare this propofitibn 
with the feventh ; when it will appear that they both contain the 
&me properly of the circle^ only the point is tzkcn within^ the 
ckcle in the one and without it in the other ; alio it may be propeff 
to remark tb^t the point D muft be in the plane of the circle, 
other wife the line DM would not cut the circumference ; and the 
fame is to- be obferved when, we afe required to draw a tangent 
from a point without a circle : and that the tangent itfelT mu(h be 
in the plai)ot>f the circle* But Euclid takes it uniformly fbr granted 
that all his lines are in the Aime'pliane until he comes to theele^nth 
book. In the ninths propofition the reader might fuppofe the point 
£ ta be within the angle ADB and obferve^ what difference it will 
make in the* demon ftration^^ he cannot then prove that DC will: bo 
greater than^ DB and' Dfi^ th^n^ DA ; but he can prove that WB i9 
greater than DC which is fufficient fbr hi&purpofe; ItiB poffthlb 
to miftake the- meaning of the eleventh propofition, as. if it conii'* 
ned the contad: of the circles to* a* fingle point ; but that is not it& 
meaning; fuppofe any point of contad, the (Iraight line jpining^ 
the centers willpafs through the very point wJiich you takej for 
if the line FG wa^ atfd to pafs^ through another point of contaiSr, 
the abfurdity would be juft as great, that GD ihould be* equal' to 
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GH «nd at the fame time grealer^ as that it fbcmid ht lefs than 
GH and at the fame time greater. There is fomething rather fin^ 
gular ia the eighteenth proportion, for it feems to me to be nothing 
but the corollary to the fixteeath proportion ; becaufe a tangent 
there;, is a ibraight line at right angkS' upon the extremity of the 
diaimeter ; according this notion therefore the one proves that AE 
is perpeqdiculjar to AB i and the other that AB is perpendicidar to 
AE. which is certainly the fame thing. Unlefs it fliould be urged 
vn favoiH- of Euclid that the corollary doe& not fay that every tan-* 
genu 16 at. right angles ta the diameter paiUng through the poiilt 
«f eooit^, hut onlyr if it be at right angles it wiH be ar tangent^ 
bttt. it appears to me tJuat there is> no room for this- diitiodtion in 
^ pre&nt csdli i £ar when we fay^ tha* A£ id perpcndiciilor to AB9 
it is not the con verfe of that proportion tD> iay that AB is peiipcmk 
dkxilafi tO; A£. It wouid be a proper eaereife for t&l ftodent in 
9ndingr the fisvenieenldL poopofitkut to» proiie th^ tvvo tadgentt 
aajght bo' dravna fumt any; pniiit witiiout a €kc&p aftd; dsurti th^ 
acfi. equals dmugh; this, ia nat accordiog tti Euclid's plaik 

Ii ccuntf: ncrvir to the-, tsventiethi. pmpofition^ wkioh iboold be exa^ 
ttinedi with: the greateft: cam;, by chicribingrfigutes^fDr cvesy diftinA 
cafti. and varying the pofidoo; ofi the angular poise thcoiagli th^ 
wh^lb . ciricrumfercnce HADC : after this . is doar. it will) be propn 
fjor: the (faukmt: to make an obtuie. angle ati the- circumference^ 
which, will give him ai particular kind; of an^ aU thop center^ and it 
might admit of' fcnne. difpruter whether 'it:is to be reckoned « an « angle 
in. Eiudld!s; fenfe! of; the word ; hoi^Kver it nvay; berpiov^d; to- tto 
4o!uble;o£ the ofatufe angle at thexiccumferenoe a£ the circle; Ab 
tbi^js^a.veryvfiuadamentaLppropolition^ the. reader; ma^/joftobferve; 
(what I have recommended to him for a conftant practice) the con*' 
fequenccs which are drawn from every part of the fuppofition ; the 
angles are faid to be at the center and circumference ; and to (land 
upon the fame circumference. Now if either of thefe circum- 
fiances be omitted, the triangles will not be ifofceles &c. The 
next propofition (hould alfo be particularly examined in all its 
cafes ; when the fegment is greater than a femicircle, equal to a 
femlcircle, and lefs than one *, indeed if an angle increafing until, 
the lines take the fame direction is to be confidered as equal to two 

right 
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nght angles, and if what an angle wants of four right angles is to 
be regarded as an angle, there is hut one cafe of the propofition $ 
however if thefe do not make an angle, yet by drawing a linQ 
through the center they will be angles in Euclid's fenfe of the 
term, and the demonftration of the other two cafes will be obvious. 

I fhall coBcltide my remarks upon this book by defiring the 
reader to take notice of a theorem which follows from the thirty 
third propofition ^ viz. If two triangles have their bafes equals 
and alfo the angles under which the bafes are extended ; and if 
they be between the fame parallel lines ; the two triangles will be 
equal in every refped. This is mentioned to {hew that the joining 
the properties c^ the circle to thofe of the triangle will enlarge 
our notions very much ; becaufe we never could have difcovered 
this by the triangle alone. 

In the fifth propofition of the fourth book, Sim/on thinks that 
Euclid {hould have proved that the perpendiculars to the fides of 
idle triangles will meet ; and it feems to me equally necefiary to 
ihew that the tangents will meet in the third propofition j indeed 
if they did not the angle AKB would ceafe to be an angle, and 
AKB would be a ftraight, but it is equal to the outward angle of 
a triangle therefore &c. Or in both thefe inflances it may be de« 
monfbated as CJavJus has done by joining AB in the one ; and DE 
in the other ; which brings them to the eleventh common notion. 

But although I recommend it to every fludent to examine all 
pofiible fuppofitions, yet for reafbns which have been mentioned 
already fuch omifilons feem to me very confiflcnt with Euclid's 
plan of demonflration ; for he fuppofes his reader attentive ; and 
therefore gives him only» what he judged to be the necefifary affif* 
tance. 
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DEFINITIONS. 

Poi N T is that of which no part can be taken. 2. But 
A LINE 6as length without breadth. 3. Alfo extremis 
ties of a line are points. 4* Any line which lies evenly 
between the points in itfelf is a straight line. 5. And that 
is A surface which has length and breadth only. 6. Alfo extre- 
mities of a furface^ are lines. 7. Any furface which lies evenly 
between the ftraight lines in itfelf is a plane. 8. But a plane 
ANGLE is the inclination of lines to one another; tJbat is of two 
lines in a plane^ meeting each other and not lying in a ftraight 
line. 9. Alfo it is called a rectilineal angle, when the 
lines containing the angle- are ftraight. i o. But when a ftraight 
line.ftanding upon a ftraight line makes the adjacent angles equal 
to one another ; each of the equal angles is a right angle: and 
the ftanding ftraight line is called a perpendicular /0 t6at on 
Vol. I. A which 
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Book L which it (lands, ii. An obtuss angle is that which is greater 
than a right angle. 1 2. But an acute angle is that which is lefs than 
a right angle. 1 3. That which is an extremity of any thing is called 
A TEAM. 14. The /pace bo]inded by one or more terms is called 
a FIGURE. 15. A CIRCLE IS a place figure bounded by one line, 
which is called a circumference : upon which all the ftraight 
lines falling, from one point of thofe lying within the figure, arc 
equal to one another. 16. And the point is called the center of 
the circle. 17. But a diameter of a circle is any right line 
drawn through the center, and terminated both ways by the 
cirguQpiference of the circle : which alfo divides tha circle into two 
eqti^l parts. i8. Alfo a $emi-circle is the figure bounded by 
a diameter, and the circumference of the circle cut off by it. 
19. A SEGMENT of a circlc is the figure bounded by any ftraight 
line and the circumference of a circle* 20. The ^tfr^i bounded 
by ftraight lines are called rectilineal figures. 21. Of 
tbefe^ fuch as are bmnded by.tkree, a]pt called trilateral. 
22. As thofe by four quadrilateral. 23. But thofe bounded 
by more than four ftraight lines are called multilateral. 24. 
Again of trilateral figures, an equilateral triangle particu* 
larly is that which has three equal fides. 25. But an isosceles, 
that which has only the two- fides equal. 26. And a s.calene, that 
which has the three fides unequal. 27. But moreover of trilateral 
figures, that again is a right-angled triavgle^ which haft 
a right angle. 28. And an gbtuse angled tria^Ii^ that which 
has an obtiife angle. 29. Alfo that which has threo acute angles, 
an acute-angled^ ^tangle. 30. But of qAiadrikleral figures^ 
that is a square^ which is equDiateral and redfcangular. 31. And' 
ao OBLONG, that which though redangular is no« equilateral^ 

32. And a rhombus, though equilateral^ is not pedangitlar. 

33. But that which is neither equilateral, nor ve^ngular, having 
only its oppofite fides and angles equal to one another, lif a rhom«^ 
BoiDES. 34. And all other quadrilateral figbces excefit theicr 
maybe called trapeziums. 35. Any itrajght liqes, j^hkh ard 
in the fame plane, and being produced indefrnhety towards both 
fides meet each other on neither, are^ f»ar all ELS'. 
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POSTULATES. 

t. Let it be taken for granted, that a flraight line may be 
drawn from any one point to any other point. 2. And that a fi- 
nite ftraight line may be produced in a flraight line continually. 
3* Alfo that a circle may be deicribed with any center and at^ 
any diilance. 

COMMON NOTIONS. 

I . Magnitudes^ which are equal to the fame magnitude^ are 
equal to one another. 2. And if equal ones be added to equal 
ones» the wholes^ are equal. 2* ^^^ ^^ ixota equals, equals be 
taken away, the remainders are equal. 4. And if to unequals, 
equals be added, the wholes are unequal. 5. Alfo if from une^ 
quah, equals be taken away, the remainders are unequal. 6. And 
the doubles of the fame are equal to one another* 7. Alfo the 
halves of the fame are equal to one another. 8. Magnitudes 
whic^h fit each other exaftly are equal to one another. 9. Alfo 
the whole is greater than its part. iq. And all right angles arc 
equal to one another. 11. And if a ftraight line meeting two 
ftraight lines^ make thofe angles, which are inward and upon the 
fame fide of it, lefs than two right angles, the two ftraight lines 
being produced indefinitely will meet each other on the fide where 
the angles are lefs than two right angles. 1 2. Alfo two ftraight 
lines do not inclofe a fpace. 
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PROPOSITION L 

Upon a ^ven finite ftraight line to defcribe an equilateral tri« 
angle. 

Let AB be the given finite ftraight line : it is required to de- 
/bribe an equilateral triangle upon the ftraight line AB. 

With the center A and at the diftance AB (by poft. 3.) let the 
circle BCD be defcribed : and again, with the center B^ but at 

A 2 the 
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Book L the diftance BA (by poft. 3.) let the circle ACE be defcribed : and 
from the point C in which the circles cut one another (by poft. 
I.) let the ftraight lines CA, CB^ be drawn to the points A and B» 

Since therefore the point 
A is the center of the circle 
BCD (by Dcf. 15.) AC is 
equal to AB : ^gain^ becaufe ^ 
the point B is the center of 
the circle ACE (by Def. 15.) 
BC is equal to BA« But it 
has been alfo demonftrated 
that C A is equal to AB ; each 

therefore of the Jlraigbt lines CA» CB is equal to AB ; but (by 
com. not. 1.) magnitudes which are equal to the fame magnitude 
are equal to one another^ and the firaight line CA is therefore 
equal to the Jlraigbt line CB ; wherefore the three ftraight lines 
CA« AB» BC are equal to one another. 

The triangle ABC is therefore (by Def. 24.) equilateral^ and 
is defcribed upon the given finite ftraight line AB. Which 
was to be done. 




PROP. 11. 

At a given point, to place a ftraight line, equal to a given 
ftraight line. 

Let the given point be the pUnt A, and the given flraight line 
tht ^raight line BC: it is required at the point A to place a ftraight 
line equal ta the ftraight line BC. 

For let the ftraight line AB be drawn (by poft. i.) from the 
point A to the point B : and upon it let the equilateral triangle 
DAB be defcribed (by prop, i.) and let the ftraight lines AE, 
BF be produced (by poft. 2.) in ftraight lines with DA and DB ; 
and then with the point B as a center and at the diftance BC, let 
(by poft. 3.) the circle CGH be defcribed : and a^gain, with the 
point D as a center, and at the diftance DC let (by poft. 3.) the 
circle GKL be defcribed. 

Since 
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Since therefore the 

point B is the center of 

the circle CGH the 

Jiraigbt line BC is (by 

dcf. 15.) equal to BG : 

and again, becaufe the 

point D is the center of 

the circle GKL the 

Jiraigbt line DL is equal 

to iht Jiraigbt line DG 

(by Dcf. 15.) the parts 

of which viz. thtjlraight 

line DA is equal to the 

firaigt line DB, therefore 

the Jiraigbt line AL the 

remainder is equal (by 

com. not. 3.) to the Jiraigbt line BG the remainder, but the 

Jiraigbt line BC has been (hewn to be equal to the Jiraigbt line 

BG : each therefore of the Jlraight lines AL, BC is equal to the 

Jlraight line BG ; but magnitudes equal to the fame, are alfo equal 

to one another : and therefore the Jiraigbt line AL is equal to the 

Jiraigbt line BC. 

Wherefore at the given point A, the ftraight line AL is placed 
equal to the given flraight Une BC. Which was to be done. 




BookL 



PROP. in. 



Two unequal ftraight lines being given, to cut off a part from 
the greater equal to the lefs. . . 

Let ihtftraigbt: lines AB and C be the two unequal flraight lin/es 
given. : it is required from the greater the Jiraigbt line AB to cut 
off a ftriaight line equal to the ftraight line C the lefs. 

Place (by prop. 2.) at the point A a flraight line AD equal to 
the Jlraight line C ; and then with the'/^/«if A for a center, 'but at 
the diftancd AD,' let the circle DEF be dcfcribed. / 

And 
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Book L And fince the point A is the 
center of the circle DEF, the 
ilraight line AE is equal to the 
ftraight line AD (by def. 15.) but 
the Jiraight line C is alfo equal to 
the Jiraight line AD : each there- 
fore of the Jiraight lines AE and C 
is equal to the ftraight line AD : 
wherefore alfo the Jiraight line AE 
is equal (by com. not. i.) to the 
ftraight line Q. 

Wherefore two unequal ftraight lines AB and C being given, 
from the ftraight line AB the greater, the ftraight line AE has 
been cut oflf equal to the ftraight line C the lefs. Which was 
to be done. 




PROP. IV. 

If two triangles have the two fides equal to the two fides, each 
to each, and have the angle equal to the angle, the angle contained 
by the equal ftraight lines : they (hall alfo have the ba& equal tot 
the bafe, and the triangle fhall be equal to the triangle ; and the 
other angles under which the fwo equal fides are extended, ftiall be 
equal to the other angles, each to each. 

Let the triangles ABC, DEF be two triangles having the two 
fides iht ftraight lines AB, AC equal to the two fides the ftraight 
lines DE, DF each to each, the one, the ftraight line AB to the 
Jiraight line DE ; the other the ftraight line AC to the ftraight line 
DF 1 and an angle, that contained by BA, AC or BAC equal to 
that contained by ED, DF or EDF: I fay, that alfo the ftraight line 
BC a bafe is equal to the ftraight Une EF a bafe : and the triangle 
ABC fhall be equal to the triangle DEF, and the other angles, un- 
der which the two equal fides are extended, ftiall be equal to the 
ether angles each taeach; the one, the angle contained by AB, BC 
or ABC to that contained by DE, EF or DEF ; the other, that 
contained by AC> CB cr ACB to that ^ontaimd. by DF, FE ar 
DFE. 

For 
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For the triangle ABC be- A l> Book !• 

ihg applied to the triangle 
DEE; and the point A in 
particular being put upon the 
point D> but the ftraight line 
AB upon the upon tYi^Jiraigbt 
ime D£, alfo the point B will 
apply itfelf to the point £» 

becaufe the Jiraight line AB is equal ( by fappofition ) to the 
Jlraight Kne DE : but the Jlraigbt hne AB having applied itfelf to 
thejraigbt line DE, the ftraight Kne AC will alfo apply itfdif to 
the Jlraight line DP, becaufe the angle contained by BA, AC or 
BAG is equal to that contained by ED, DP or EDF (by fupp.) : 
wherefore aKb, becaufe again (by fupp.) the ftraigbt Kne AC is 
equal to likQ Jlraighe Une DP, the point C will apply itfelf to the 
point F : cer tainfy alio the paint B has applied itfelf to the point E^ 
wherefore the Jlraigbt line BC a bafe, will apply itfelf to xhtjiraigbt 
line EP a bafe : for if, the one, the point B having appUed itfelf 
to the point E, and the other^ the poini C to the point ¥p the 
Jiraight line BC a bafe will not apply itfelf to the Jlraigbt line EF» 
two flraight lines wiU inclofe a fpace> which (by com. not. l2.) 
is impofiible : therefore the firaigbt line BC a bafe wiU apply itfelf 
to thtjbraigbt line EP, and (by com. hot. 8.) will be equad to it : 
wherefore alio the whole, the triangle ABC will apply itfelf to the 
whole, the triangle DEP, and (by conu not. 8i.); will be equal to 
it : and the other angles will apply themfdves to tfa^ othtf angles^, 
and (by com. not. 8i) will be equal to them;^ the one contained 
by ^B, BC or ABC to that caraained. by DE,: EF. or DEFi the, 
other contained by AC, CB or ACB to that contained by DF^iFK 

or BFE. 

' If thetelbre two> trraogles have tha two ':fide£ dqu^l to .thetwo. 
fides, each to each, aod.hove thQangleeqvudtotheangic^ che.^iK 
gJe contained by the; equal' (Vraight linn ; tJky {hatt alfiDr.hia^^0!ithe 
bafe equal to thabafe, and thevtriangle fhall be equal, to. the tristngie^v^ 
and the other angles, under whixcb tlue two eqiial iides are exteii>^ 
dedi, (hall bd.equaitoithe^^tfaer istngles^ each to eadk Which waft 
t0. be demfcnftkaied* . ]j ni . .j^. . ., .,.> .'.,.'. 

>' : ^ PROP. 
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P R O P. V. 

The angles at the bafe of ifofceles triangles are equal to one 
another; and if the equal ftraight lines be produced^ the angles un- 
der the bafe (hall be equal to one another. 

Let the triangle ABC be an ifofceles triangle, having the fide 
AB equal to the fide AG, and ht the ftraight lines BD« C£ be 
produced ia ftraight lines to AB, AC ; I fay that the one, the 
angle contained by AB" BC or ABC is equal to the angle contained by 
AC, CB or ACB ; the other, contained by CB, BD or CBD to the 
angle contained by BC, CE or BCE. 

Let any point which you may accidentally happen upon, as the 
^int F be taken in the line BD, and let ihtjiraigbt line AG be cut 
off (by prop. 3.) from the greater the Jiraight line AE, equal to 
the lefs the ftraight line AF i and let the ftraight Imes FC, GB be 
drawn. 

Since therefore the one Jiraigbt line AF is 

equal to the ftraight line AG and the other 

AB to the ftraight line AC, certainly the two 

FA, AC, are equal to the two, GA, AB, 

each to each, and they contain a common 

angle, the angle contained by FA, AG or 

FAG: therefore (by the 4th prop.) the 

ftraight line CF a bafe is equal to the ftraight 

line GB a bale, and the triangle AFC will be 

equal to the triangle AOB, and the other 

angles will be equal to the other angles, each 

to each, under which the equal fides are ex- 
tended, the one contained by AC, CF or ACF to the angle con^ 

tained by • AB, BG or ABG^ and the other contained by AF, FC or 

AFC to the angle contained by AG, GB or AOB. 

And fincc a whole the ftraight line AF is equal to a whole the 
ftraight line AG, parts of which the ftraight line AB is equal to the 
ftraight line AC, wherefore (by com', not. 3.) the ftraight line BF a 

remainder is equal to the ftraight Une^ £G a. remainder : but the 
ftraight line FC has been proved equal to the ftraigbt.Mne GB ; ccrr 

c . s. - tainly 
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tainly the two BF, FC are equal to the two CG, GB, each to each; Book i. 
and an angle the angle contained by BF, FC or BFC is equal to an 
angle^ the angle contained by CG, GB or CGB, and the Jlraigbt 
line BC is a common bafe of them. And therefore ( by the 4th 
prop.) the triangle BFC will be equal to the triangle CGB» and 
the other angles^ under which the two equal fides are extended, 
will be equal to the other angles, each to each ; wherefore the one 
contained by FBC is equal to the angle contained by GCB ; and the 
other contained by BCF to the angle contained by CGB* Becaufe 
therefore ^ whole the angle contained by ABG has been proved equal 
to a whole the angle contained by ACF, parts of which, the angle 
contained by CBG is equal to that contained by BCF, therefore the 
angle contained by ABC which remains is equal (by com. not. 3.) 
to that contained by ACB which remains, and they are at the bafe 
of the^triangle ABC \ but the angle contained by FBC has been alfo 
proved equal to that contained by GCB, and they are under the bafe. 
Wherefore the angles at the bafe of ifofceles triangles are equal 
to one another ; and if the equal ftraight lines be produced, the 
angles under the bafe fhall be equal to >one another. Which was 
to be demonftrated. 

PROP. VI. 

If the two angles of a triangle be equal to one another, alfo the 
£des extended under the equal angles, (hall be equal. 

Let there be a triangle the triangle ABC, having the angle con^ 
tained by ABC equal to the angle contained by ACB : I fay alfo 
that a fide, thtjiraigbt line AC, is equal to a fide the ftraight line AB. 

For if the Jlraigbt line AC is unequal to 
the Jlraigbt line AB, the one of them is 
greater: let the ftraight line AB be the 
greater; and (by prop. 3.) let the ftraight 
line DB be cut off from the greater the 
Jlraigbt line AB equal to the Icfs xh^ Jlraigbt 
line AC, and let the Jlraigbt line DC be 
drawn. 

Vol, !• B 
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Book I. Since therefore the Jlraigbt line DE is equaf to ihtjiraigbt line 
AC, but the ftraight line BC common ; certainly the two DB, BC 
are equal to the two AC, CB, each to each; and an angle» the 
angle contained by DBC is equal to the angle contained by ACB (by 
fupp,) ; wherefore (by prop. 4.) iht Jlraigbt line DC a bafc is equal 
to the Jlraigbt line AB a bafe, and the triangle ABC will be equal 
to the triangle DCB, the greater to the lefs which is abford (by^ 
€om« not. 9.) ; wherefore the Jlraigbt line AB is not unequal to the 
Jlraigbt line AC ; therefore equaL 

If therefore the two angles of a triangle be equal to one another^ 
alfo the fides, extended under the equal angles, fball be equal. 
Which was to be dencionflrated. 

PROP. VII. 

Upon the fame ftraight line, other two ftraight lines, equal each 
to each to the fame two ftraight lines, will not join together at dif- 
ferent points towards the fame parts^ if they have the (aoae extre- 
mities as the firft ftraight lines. 

For if it be poftible, upon the fame ftraight line tht Jlraigbt time 
AB, let other two ftraight lines, the Jlraigbt lines AD, DB equal* 
each to each, to the fame two ftraight lines, the Jlraigbt lines AC* 
CB^ be joined together at different points* the points. C and D; 
the points C and D being towards the fame parts ; having the fame 
extremities the points A, B as the firft ftraight lines ; fo that the 
one CA be equal to the Jlraigbt line DA, having the fame extre- 
mity with it, the point A ; and the other CB to the rigbt line DB* 
having the fame extremity with it, the point B : and let the ftraight 
line CD be drawn. 

Since therefore the Jlraigbt tine AC is 
equal to the Jlraigbt line AD, alfo an angle 
the angle contained by ACD is equal (by 
prop, 5.) to the angle contained by ADC: 
wherefore the angle contained by ADC is 
greater than the angle contained by DCB ; 
therefore the angle cwtcnned by CDB is 
is greater by much than the angle contained 
by DCB. 
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Since again the firaigbt line CB is equal to xhtjlraigbt line DB Book L 
(by fupp.) alfo an angle the angle contained by CDB is equal (by 
prop. 5.) to the angle contained by DCB : but it has been (hewn to 
be much greater than it» which is impoflible. 

Therefore upon the fame ftraight line^ other two flraight lines 
equals each to each, to the fame two ftrdght lines will not join to- 
gether at different points towards the fame parts, if they have the 
fame extremities as the firft ftraight lines. Which was to be de« 
monftrated. 



PROP. VIII. 

If two triangles have not only the two fides equal to the two fides, 
each to each, but have likewife the bafe equal to the bafe ; they 
fhall alfo have the angle equal to the angle, the angle contained by 
the equal ftraight lines. 

Let there be two triangles, the triangles ABC, DEF having the 
two fides xYiQ ftraight lines AB, AC equal to the two fides the Jiraigbt 
lines DE, DF, each to each, the one AB to the ftraight line 
DEt and the other AC to xhcjiraight line DF ; but let them have 
z^ a bafe xht firaigbt Sne BC equal to a bafe tht firaight line EF, 
I fay alfo that an angle, the angle contained by BAG is equal to an 
angle, the angle contained by EDF. 

For the triangle ABC being ap- A. /^ D 

|>lied to the triangle DEF, and not 
cnfy the point B being put upon the 
point E, but alfo the ftraight line 
BC being put upon the firaight line 
EF, the point C alfo will apply //- 
felf to the point F, becaufe the firaight 
line BC is equal to the firaight line ^ 
EF : certainly the firaight line BC having applied itfilf to the 
firaight line EF, alfo the firaight lines BA, AC will apply themfilves 
to the firaigbt lines ED, DF : for if a bafe as the firaight line BC 
ftiould apply itfilf to a bafe the firaigbt line EF, but the fides BA, 
AC do not apply themfelves to the firaigbt lines ED, DF, but 
change their diteQion from them as the firaigbt lines EG, GF; upon 

B 2 the 
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Book I. the fame Araight line, other two Araight lines equal, each to each^ 
to the fame two ftraight lines will join together at different points 
towards the fame parts, having the fame extremities; but (by 
prop. 7.) they do not join together; and the fides BA, AC, cannot 
therefore not apply themfelves to ihcjiraigbt lines ED, DF, the bafe 
BC applying itielf to the bafe EF, wherefore they do apply them- 
felves, fo that alfo an angle the angle contained by BAC will apply 
it/elf to the angle contained hy EDF, and (hall be equal to it (by 
com. not. 8.) 

If therefore the two triangles have the two fides equal to the two 
fides, each to each, and have the bafe equal to the bafe ; they (hall 
alfo have the angle equal to the angle, that which is contained by 
the equal ftraight lines. Which was to be demonflrated. 



PROP. IX. 

To cut a given reftilineal angle in halves. 

Let the given reftilineal angle be, the angle contained by BAC : 
it i& required to cut it in halves. 

Let the point D be taken, any accidental point in thtjlraight line 
AB ; and let ih^Jlraigbt line AE be cut off (by prop. 3.) from the 
Jtraight line AC equal to ihtjiraigbt line AD, and let the ftraight 
line DE be drawn (by poft. i.) and (b)i^prop. i.) let the equilate- 
ral triangle the triangle DEF be defcribed upon the ftraight line 
DE and (by poft. i.) draw the ftraight line AF : I fay that the an* 
gle contained by BAC is cut in halves by the ftraight line AF* 

For fiince ihtjlraigbt line AD is 
equal to the Jlraigbt line AE, but 
t\iQ Jlraigbt line AF common, cer- 
tainly the two, the Jlraight lines 
DA, AF are equal to the two EA, 
AF, each to each, and a bafe 41m 
the Jlraight line DF is equal to a 
a bafe xht Jlraigbt line EF; there- g 
fore (by prop. 8.) aoi angle, the 
angle contained by DAF is equal to 
an angle, the angle contained by EAF. 

Wherefore 
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Wherefore the given reftilineal angle, the angk contained by Book i. 
BAC is cut in halves by the (Iraight line AF. Which was to be 
done. 

P R O P. X 

To cut a given finite ftraight line in halves. 

Let ihtjiraigbt line AB be the given finite flraight line : it is re- 
quired to cut xhtjiraight line AB in halves. 

Let an equilateral triangle the triangle ABC be defcribed (by 
prop. I ) upon it^ and let the angle contained by ACB be cut in 
halves (by prop. 9.) by the ftraight line CD : I fay that the flraight 
line AB is cut in halves in the point D. 

For fince the Jiraight line AC is equal 
(by conflrudlion) to the Jiraight line CB, 
but iht Jiraight line CD common^ certain- 
ly the two AC9 CD are equal to the two 
BC» CD, each to each^ and an angle, the 
angle contained by ACD is equal (by confl.) 
to the angle contained by BCD : therefore 
(by prop. 4.) ^ bafe tht Jiraight line AD is 
equal to a bafe the Jiraight line BD. A D B 

Wherefore the given finite flraight line the Jiraight line AB is 
cut in halves in the point D. Which was to be done. 




P R O P. XL 

To draw a flraight line at right angles to any given flraight line 
from any point given in it. 

Let the ohe, the given flraight line be xht Jiraight line AB, and 
the other the given point in it the point C : it is required from the 
point C to draw a flraight line at right angles to xht Jiraight line AB. 

Let any point which you may accidentally happen upon, as the 
point D be taken in the Jiraight line AD ; and let the flraight line 
C£ be placed (by prop. 3.) equal to CDj^ and let an equilateral 
triangle the triangle DFE' be defcribed upon the Jiraight line DE, 
and let FC be drawn. I fay that a. flraight line ikt Jiraight line FC 

hath 
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Book I. hath been drawn at right angles to the given flraight line t\it Jlratgbt 
line AB, from any point given in it the point C. 

For fince the ftraight line CD 
is equal to iht Jiraigbt h'ne CE 
(by conft.) and the ftraignt line 
CF common ; certainly the two 
DC, CF are equal to the two 
EC, CF each to each; and a bafe 
xYi^Jiraight line DF is equal (by-v — ^ 
conft,) to 9' bafe the Jiraigbt line 

EF : wherefore (by prop. 8.) an angle the angle contained by DCF 
is equal to an angler the angle contained by ECF, and they are ad- 
jacent or confequent : but when a ftraight line ftanding upon a 
ftraight line makes the adjacent angles equal to one another ; each 
of the equal angles is a right angle : therefore each of the angles 
contained by DCF, FCE is a right angle. 

Wherefore a ftraight line Xht Jiraigbt line FC hath been drawn at 
right angles to the given ftraight line the ftraight line AB^ from 
any point given in it the point Ct Which was to be done. 



P R O ?• XII. 

To draw a perpendicular ftraight line upon any given indefinite 
ftraight line^ from any given point, which is not in it. 

Let the one, the given indefinite ftraight line^ be the ftraigbt 
line AB, and the other, the. give;i point, which is not in it ; be the 
point C ; and it is required upon the given indefinite ftraight line^ 
the Jiraigbt line AB, from th« given point, the point C, which is 
not in it, to draw a perpendicular ftraight line. 
. FQron,fhe other, fide of the fti;iight line AB take any point 
svhich you may accidentally happen vpon^^x i\i^ point D and with 
the point C indeed for a center, hut U, the diftapQe CD let a circlf 
te defcfibed^ the circle FGE ; and let the ftraight line FG be cut 
in halves (by prop, lo.) in the point H* and let the ftraight lines 
CF, CH, C<G fee draw^ (by poft. i.) : I fay that upon the givca 
indcfinUe ftriaight liae,. tht Jiraigbt Urn AB, from th« giveo |K>in*> 
^t point C, which is hot in it, z perpendicular bath been dr^wn, 
the Jiraigbt line CH. For 
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For fince the ftraight line FH E BookL 

is equal to thtjlraigbt line HG (by 
conft.) and the ftraight line HC 
common; certainly the two FH, 
HC are equal to the two GH, HC, 
each to each; and a bafe the 
ftraight line CF is equal (by def.^^ 
15.) to a bafe iht Jiraigbt line CG : 
wherefore (by prop, 8.) an angle, 

^ angle contained by CHF is equal to an aogle, the angle contained 
by GHC, and they are adjacent : but when a ftraight line ftanding 
apon a ftraight line mskes the adjacent angles equal to one ano- 
ther I each of the equal angles is a right angle : and the ft:anding 
ftraight line is called a perpendicular to that on which it ftands. 

Therefore upon the given indefinite ftraight line the Jiraigit line 
AB, from the given point, the point C, which is notf in it, a per- 
pendicular hath been drawn, t\it Jlraight line CH* Which was to 
be done. 

PROP. XIII. 

Whenever a ftraight line ftanding upon a ftraight line makes ae- 
gles : it will make either two right angles, or angles equal to two 
fight aAgles. 

For let any ftraight line, the ftraight line AB, ftanding upon a 
ftraight line the ftraight line CD, make an^es, thofe contained by 
CBA, ABD : I fay that the angles contained by CBA, ABD are 
either two right angles, or equal' to two right angles. 

If indeed the angle contained by CBA 
be equal to the angle contained by ABD, 
they are (by def. 10.) two right angles: 
but if dot, let the ftraight line BE be 
drawn from the point B (by prop. 11.) 
at right angles to the ftraight line CD : 




therefore the angles contained by CBE, D B C 

EBD are two right angles : and fince the 

angle contained by CBE is equal to two,' the angles contained hf 
CBA, ABE I let the angle contained by EBD, a common one be 

added : 



■ 
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Book I. added: therefore (by com. not. 2.) the angles contained by CBE, 
EBD are equal to three, the angles contained by CBA, ABE, EBD. 
Again, becaufe the angle contained by DBA is equal to two^ the 
the angles contained by DBE, EBA ; let the angle contained by 
ABC a common one be added : therefore (by com. not. 2.) the 
angles, the angles contained by DBA, ABC are equal to three, the 
angles contained by DBE, EBA, ABC : but the angles contained by 
CBE, EBD have alfo been proved equal to the fame three : but 
magnitudes which are equal to the fame magnitude, are equal to 
one another : and the angles contained by CBE, EBD are therefore 
equal to the angles contained by DBA^ ABC : but the angles con-- 
tained by CBE, EBD are two right angles, and the angles contained 
by DBA, ABC are therefore equal to two right angles. 

Whenever therefore a ftrajght line (landing upon a ftraight line 
makes angles ; it will make either two right angles, or angles equal 
to two right angles. Which was to be demonftrated. . , 

PROP. XIV. 

If, with any ftraight line, and at the fame point in it, two 
ftraight lines, not lying towards the fame parts make the adjacent 
angles equal to two right angles, the ftraight lines (hall be in a 
ftraight line with one another. 

For with any ftraight line, ih^Jlraigbt line AB, and at tht fame 
point in it, the point B, let two' ftraight lines, the Jiraight lines 
BC, BD not lying towards the fame parts, make the adjacent angles^ 
the angles contained by ABC, ABD equal to two right angles : I fay 
that the ftraight line BD is in a ftraight line with tht Jiraight line CB. 

For if the Jlraigbt line BD is not in a ftraight line with the 
Jiraight line CB ; let iht Jiraight line BE be in a Jiraight line with 
the ftraight line CB. 

Becaufe therefore a ftraight line, A . , 

the Jiraight line AB ftands upon 
a ftraight line, the Jiraight line 
CBE, therefore the angles contained 
by ABC, ABE are equal to two 
right angles: but the angles conr . 
tained by ABC, ABD arc alfo (by C 
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fup.) equal to two right angles : therefore the angles contained by Book i. 
CBA, ABE are (by com* not. i.) equal to the angles contained by 
CBA, ABD I let what is common , the angle contained by ABC be 
tak^n away, therefore what remains the angle contained by ABE is 
equal (by com. not. 3.) ^^ what remains the angle contained by 
ABD, the lefs to the greater, which is impo£ible : therefore the 
ilraight line BE is not in a ftraight line with the JlraigAt line BC : 
certainly in the fame manner we fhall (hew that neither any other 
but the Jiraigbt line BD is : therefore the Jirmght Une CB is in a 
ftraight line with thtjlraight line BD. 

Wherefore if, with any ftraight line, and at ihtfame point in it, 
two ftraight lines, not lying towards the fame parts, make the adja- 
cent angles equal to two right angles, the ftraight lines ftiall be in a 
ftraight line with one another. Which was to be demonftrated. 

P R O P. XV. 

If two ftraight lines cut one another they ftiall make the angles 
at the vertex equal to each other. 

For let two ftraight lines, the Jiraigbt lines AB, CD cut one 
another at the point E : I fay that the one the angle contained by 
AEC is equal to the angle contained by DEB and the other contain^ 
ed by GEB to the at^le contained by AED. 

For fihce a ftraight line, the ftraight 
Une AE ftands upon a ftraight line the 
Jiraigbt line CD, making angles, the an-^ 
gles contained by CEA, AED : therefore 
the angles contained by CEA, AED are 
equal to two right angles (by prop. 1 3.) ^ 
again, becaufe a ftraight line, x\it Jiraigbt 
line DE ftands upon a ftraight line, the 

ftraigbt line AB, making angles the angles contained by AED, 
DEB : therefore the angles contained by AED, DEB are equal to 
two right angles : but alfo the angles contained by CEA, AED have 
been demonftrated to be equal to two right angles : therefore (by 
com. not. I.) the angles contained by CEA, AED are equal to the 
angles contained by AED, DEB : let the angle contained by AED 

Vol* !• C wbicb 
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Booft L wiick is common be ttken awajr^ wfaere&m (by coiii» POt. y^ tbe 
angle coniaimd hj CEA wbicb remiains is equal to tk^ang^ cantatMrd 
by BED which remains i certaioiy in the {2som^ manner it will be 
ffaewo, that alio. ^€ aitgles cmtaimd by CEB» DBA are equal. 

If therefore two ftraight linea ciiC one another they ihaU; make 
^ angles, aft the vertex equal jbo each ctfher. Which wns to be de*, 
xnonfttatecL 

Corollary. Certainly it is manifeft from this». that alfo whate¥er 
number of ftraight Hnes cut one another, theji will nmke die angles 
at the fedion equal to four right angles. 



PROP. XVI. 

One of the fides of any triangle being produced, the outward 
angle is greater than either of thofe two which are within and op-^ 
polite. 

Let there be a triangle, the triangle ABC, and let one fide of it 
the fixaight line. BC be produced to the pcmt D : I fay that the an- 
gle without, the angle contained by ACD is greater than either of 
diofe two which art within, and oppofite, the ang^ contaiaed 
under CBA, BAC. 

Let the firaight line AC be. cut in halves in the point E (by prop.. 
lo.); and the ftralght line. BE being drawn (by poft. i.).let it 
(by poft. 2.) be produced to the point F, and let the ftrat^t Une 
£F be placed (by prop. 3.) equal, to the ^raight line BE and let 
the ftraight line CF be drawn (by poft. i.), and let the ftraight liim. 
AC be produced to G. 

Since therefore the one A 

Jiraigbt line AE is equal to the 
ftraight line EC (by conft.) 
and the other the Jiraight line 
BE ta the Jtraight line EF ; 
certainly the two AE, EB 
are equal to the two CE, EF, 
each to each, and an angle, 
the angk contained by AEB, 
is equal to an angle, the angle 

^ contained 
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contained by FEC (by prop. 15.) for tbey are vertical : wherefore Boofci. 
(by prop. 4.) a bafe the ftraigbi line AB is equal to a bafe the 
ftraight line CF and the triangle ABE is equal to the triangle 
FEC, and the remaining angles are equal to the remaining angles, 
under, which the equal fides are extended, each to each : wherefore 
the of^le c^nfaindd by BAE is equal to the angle contained by ECF : 
but the angle contained by £CD is greater (by com. not. 9.) than 
the angle contained by ECF : wherefore the angle contained by 
ACD i$ greater than the angle contained by BAE : in like manner 
alio the (Iraight line BC having been cut in halves^ the angle con* 
tained by BCG^. that is (by prop. i5«) the angle contained by 
ACD, is alfo greater than the migh contained by ABC. 

Wherefore one of the fides of any triangle being produced, the 
outward angle is greater than either of thoie tnoo which are within 
and oppofite. Which was to be demonftrated. 






PROP. XVII. 

The two angles of any triangle are lefs than two right angles^ 
being interchanged every way* 

Let there be a triangle the triangle ABC y I fay that the two an- 
gles of the triangle ABC are lefs than two right angles^ being in- 
terchanged every way. 

For let ihtjiraigbt line BC be produ- 
ced to the point D. 

And fince the angle contained by 
ACD is an outward angle of the triangle 
ABC, it is greater than the inward and 
Qppofite, the angle contained by ABC : . 
let a common one be added^ .th^i^ngli 

contained by ACB : therefore the anglei contained by ACD, ACB 
are greater (by com. not. ^) than thoTe contained by ABC, BCA 1 
but the anglH contained by AQD, ACB are equal to two right an- 
gles ; therefore tkofe contained ABC, BCA are lefs tlmn two right 
angles. And in likennannorwe ihall ibew thiit th(s angks contained 
by BAC, ACB are lefs thaf^ two right angles^ ; as alfo thofe contained 

by CAB, ABC* . - ,» 

C 2" Wherefore 
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Book I. Whei'efore the two angles of any triangle are lefs than two right 
angles^ being interchanged every way. 

PROP. XVIII. 

The greater fide of every triangle fubtends the greater angle. 

Let there be a triangle, the triangle ABC, having the fide AC 
greater than the ^Je AB, I fay that alfo the angle contained by 
ABC is greater than the angle contained by BCA. 

For becaufe the Jlraight line AC is greater than the Jlraigbt line 
AB let the Jiraight Une AD be placed (by prop, 3,) equal to the 
ftraight line AB> and let ^^ Jlraigbt line BD be drawn. 

And fince the angle contained by ADB 
is an outward angle of a triangle, the 
triangle BDC, it is greater (by prop. 16.) 
than the inward and oppofite> the an-- 
gle contained by DCB. But the angle 
contained by ADB is equal to the angle 

contained by ABD (by prop. 5.), becaufe the fide AB is equal to 
Xht^fide AD : therefore alfo the angle contained by ABD is greater 
than the angle contained by ACB } wherefore the angle contained 
by ABC is much greater than the angle contained by ACB. 

Therefore the greater fide, of every triangle, fubtends the greater 
angle. Which was to be denu>nftrated. 

PROP. XIX. 

The greater fide of every triangle is extended under the greater 
angle. 

Let there be a triangle, the triangle ABC, having the angle con-^ 
tcined by ABC greater than -the angle contained by BCA ; I fay that 
alfo the fide AC is greater than the fide AB. 

For if not : certainly the Jlraigbt line A 

AC is equal to the Jlraigbt line AB, or 
lefs : but indeed the Jlraigbt line AC is 
not equal to tht Jlraigbt line AB, for then 
alfo an angle, the angle contained by ABC 
would be equal (by prop. 5.) to the angle C . . B 

contained by ACB : but (by fupp.) it is not : therefore the Jlra^bt 

line 
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line AC is not equal to tht Jiraight line AB j neitlier is the Jiraigbt Book L 
line AC lefs than the Jiraigbt line AB ; for if it were lefs, then 
(by prop. 1 8.) an angle the angle contained by ABC would be lefs 
than the angle contained by ACB : but (by fupp.) it is not : there- 
fore the Jiraigbt line AC is not lefs than the Jiraigbt line AB; but 
it has been demonftrated, that it is not equal to it ; wherefore the 
J!de AC is greater than the fide AB. 

Wherefore the greater fide of every triangle is extended under the 
greater angle. Which was to be demonftrated. . 

PROP. XX. 

The two fides of every triaagle are greater than the remaining 
fide, being interchanged every way. 

For let there be a triangle, the triangle ABC : I fay that the 
two fides of the triangle ABC are greater than the remaining ^df, 
being interchanged every way : viz. B A, AC greater than BC ; and 
AB, BC greater than AC j laftly BC, CA greater than AB. 

For let the Jraigbt line BA be pro- D 

duced to the point D, and let the 
ftraight line DA be placed (by prop. 
3.) equal to CA, and let tht^raigit 
line DC be drawn. 

Since therefore the Jiraigbt line DA 
is equal to the fi:raight line AC, alfo . 
(by prop. 5.) the angle contained by 

ADC is equal to the angle contained by ACD : but the angle con- 
tained hy BCD is greater than the angle contained hy ACD {by 
com. not. 9.) : wherefore the angle contained by BCD is alfo 
greater than the angle contained by ADC : and becaufe the triangle 
DCB is a triangle having the angle contained by BCD greater than 
the angle contained by BDC, and (by prop. 19.) the. greater fide is 
extended under the greater angle, wherefore xhz ftraight line DB 
is greater than the Jiraigbt line BC j but the ftraight line BD is 
equal ^o the ftraight lines AB, AC : therefore the ftraight lines 
BA, AC are greater than the ftraight line BC : certainly in the 
fame manner wp ftiall demonftrate that alfo AB, BC are greater 
than AC j and BC, CA greater than AB. Ther?- 
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Sbok I. Therefore of every triangle the two fiele« are greater than the 
remaining^^, being interchanged every way* Which was to be 
d^monOrated. 

P R O ?• XXI. 

If twd ftraight lines be joined together within a triangle^, upon 
one of its fides from the extremities of it» the joined lines (ball 
indeed be lefs than the two remaining fides of the triangle, but 
will contain a greater angle* 

i?or let two ftraight lines, the ftraight lines BD, DC be joined 
together within a triangle, the triangle ABC upon one of the fides 
the Jtraight line BC drawn from the extremities the points B, C ; 
I fay that thtjiraight lines BD, DC are indeed lefs than the two 
remaining fides of the triangle the Jiraigbt lines BA, AC ; but 
contain a greater angle, the a^le cmtained by BDC greater than 
the angk eouiained by BAC. 

For let iSMftrsigbt lim BD be produced to the p9mt E* 

And hacaufe the two fides of any triangle A 

are greater than the remaining^^^, therefore 
the two fides of the triangle ABE^ the ftraight 
lines AB, AE are greater than ^^ fir atgfet line 
BE (by prop. 2o.) ; let the ftraight line EC a 
common one be added : therefore (by com. 

not. 4.) thtfiraigbt lines BA, AC are greater 

than the firaigbt lines BE, EC« Again, be- B C 

caufe the two fides of the triangle CED, tlM firaight lines CE, ED 
are greater than the ftraight line CD, let the firaigbt line DB a 
common one be added ; therefore (by com, not. 4.) the firdgbt 
Hnes CE, EB are greater than the firaigbt lines CD, DB : but the 
firmgbt lines BA, AC have been fhewn to be greater than the 
firaigbt lineA BE, EC ; therefore BA, AC are greater by much 
than BD, DC. 

Again, becaufe the outward angle of every triangle is greater 
dian the inward and oppofite (by prop. 16.) : therefore the oat* 
ward angle of the triangle CDE, the angle cwttained by BDC is 
greatw than that contained by CED : For the fame reaibn there* 
fore aUb the outward angle of the triangle ABE, the angk con-^ 

tained 
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taintd by CEB is greater than that contained by BAC : but the Book I. 
angle c$ntamed by BDC has been demonftratcd U be greater than 
that contained by CEB : therefore the angle contained by BDC is 
greater by much than that contained by BAC. 

If therefore two ftraight lines be joined together within a tri- 
angle, upon one of its iides from the extremities of it, the joined 
lines Ihall indeed be lefs than the two remaining Iides of the tri- 
angle, but wiU contain a greater angle. Which was to be demon- 
ftrated. 

PROP. XXII. 

To deicribe a triangle of three ilraight lines, which are equal 
to three given ftraight lines : but it is necefTary that two of them 
be greater than the remaining one \ being interchanged every way. 

Let the three given ftraight lines be A, B, C s of which let 
the two be greater than the remaining one^ being interchanged 
every way, that is A and B greater than C : A and C greater thaa 
B ; as alfo B and C greater than A : it required to defcribe a tri- 
angle oi ftraight lines equal to A, B, C. 

Draw any ftraight line DE ter- 
minated at the point D but indifi- 
nite towards the point E i and (by 
prop. 3.) let DF be made equal tOp^i 
A, and FG equal to B ; but GH 
equal to C : and with the point P 
for a center, and at the diftance 
FD let the circle DKL be defcrib- 
ed ; and again with the point G for 

a center, and at the diftance GH let the circle KLH be defcrib- 
ed \ and draw KF, KG : I fay that the triangle KFG hath been 
defcribed of three ftraight lines equal to A, B, C. 

For becaufe the point F is the center of the circle DKL, FD 
is equal to FK : but FD is equal (by conft.) to A, therefore FK 
is equal to A • Again becaufe the point G is the center of the 
circle LKH, (by def. 15.) GK is equal to GH| but GH is equal 
to C, therefore GK is equal to C : but FG is alfo equal to B ;. 
therefore the three ftraight lines KF, FG, GK are equal to the 
three A, B, C. * There- 
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Book I. Therefore the triangle KFC is dcfcribed of three ftraight lines, 
which are equal to the three given ftraight lines A, B, C. Which 
was to be done. 

PROP. XXIII. 

With a given ftraight line, and at a point in it, to make a rec-- 
tilineal angle equal to a given redilineal angle. 

Let AB be the given ftraight line, and the paint A the point in 
it ; and DCE the given redilineal angle : but it is required with 
the given ftraight line AB and at the point A in it to make a recti- 
lineal angle equal to the given rectilineal angle DCE. 

Take in each of the lines CD, C A 

CE any points whatever D and E, 
and join DE, and (by prop. 22.) 
defcribe the triangle AGF of three 
ftraight lines, which are equal to j^ 
the three, CD, DE, CE ; fo that 
CD be equal to AF ; CE to AG , 
and alfo DE to FG. 

Since therefore the two DC, CE are equal to the two FA, AG, 
each to each, and the bafe DE equal to the bafe FG ; therefore 
(by prop. 8.) the angle DCE is equal to the angle FAG. 

Wherefore with a given ftraight line AB, and at a point in it the 
point A, a rectilineal angle FAG is made equal to the given red:ili- 
neal angle DCE. Which was to be done. 

PROP. XXIV, 

If two triangles have the two fides equal to the two fides, each 
to each, but have the angle greater than the angle, the angle con- 
tained by the equal ftraight lines : alfo they will have the bafe 
greater than the bafe. 

Let there be two triangles the triangles ABC, DEF having the 
two fides AB, AC equal to the two fidee DE, DF, each to each ; 
AB to DE, and AC to DF ; but let an angle the angle contained by 
BAC be greater than the angle contained by EDF i I fay that the 
bafe BC is greater than the bafe £F. 

For 
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For becaufe the angle BAC ^ 
is greater than the angle EDF ; 
let there be made^ with the 
ftraight line DE and at the 
point D in it, the angle EDG 
equal to 4he angle BAC ; and 
let DG be made equal (by prop. 
3.) to either of the k/tes AC, 
DF ; and let GE, GF be joined. 

Since therefore AB is equal to DE and AB to DG ; certainly the 
the two BA| AC ^re equal to the two ED, DG, each to each ; 
and the angle BAC is equal (by cooft.) to EDG therefore the bafe 
BC is eqva! to the bale EG. Again becauie DG is equal to DF, 
llie ang^ DFG is equid (by prop. 5.) to the angle DGF ; therefore 
the angk DFG is gmanvr fhao the tmgle EGF ; therefore the angJe 
EFG is greater by much than the angle EGF| and becaufe there 
is a triangle, the triangle £FG^ having the angle EFG greater 
than the angle EGF; but (by prop. 19.) the greater fide is exten- 
ded under tSie greater angle : therefore the fide EG is greater than 
EF: and EG fjeqisa! to BC {by part. i. of this prop.); wherefore 
alfo BC is greater than EF. 

Wherefore if two tiiangles have the two fides equal to the two 
fides, each to each, and have ^be angle greater than the angle, the 
angle contained by the equal ftraight lines ; they will alfo have the 
bafis greater than the bale. Which was. to be demon^ated. 



Book I. 



PRO p. XXV. 

If two triangles have the two fides equal to the two fides each to 
each, and have the \nSc greater th«i the bafe ; they will alio have 
the angle greater than the angle, -die Mtglt contained by the equal 
ftraight lines. 

Let there be two trtangies the trian^s ABC, DEF having the 
two fides BA, AC equal to the two fides D£, DF, each to eaclu 
ABto DEand ACtoDF; but let the bafe BC be greater than 
the bfafe EP : I fay ^o that an angle, the at^ie BAC is greater 
than an angle, the angle EDF. 

Vol. I. D For 
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Book I. For if not ; certainly it is equal to it, or 
lefs. But certainly the angle BAG is not 
equal to EDF; for then (by prop, 4.) the 
bafe BC would be equal to the bafe EF : but 
it is not (by fupp.) ; therefore the angle 
BAG is not equal to EDF : but neither in- 
deed is it lefs ; for if it were lefs> alfo the 
bafe BG wou/d be lefs (by prop. 24.) than the 
bafe EF : but it is not (by fupp.) ; therefore the angle BAG is not 
lefs than EDF : but it has been demonftrated that neither is it 
equal : wherefore the angle BAG is greater than EDF, 

Wherefore if two triangles have the two fides equal to the twa 
fides each to each, and have the bafe greater than the bafe ; they 
will alfo have the angle greater than the angle, the angle contained, 
by the equal ftraight lines. Which was to be demonftrated.. 

PROP. XXVI. 

If two triangles have the two angles* equal to the two angles,, 
each to each, and one fide equal to one fide % either the fide which 
is at the equal angles, or that which is extended under one of the 
equal angles i they will alfo have the tnvo remaining fides equal to 
the two remaining fides each to eaq|b» ^uid the remaining angle eqiuil 
to the remaining angle. 

Let there be two triangles the triangles ABG, DEF having the 
two angles ABG, BGA equal to the two angles DEF, EFD each 
to each ; the angle ABG equal tQ tl^e angle DEF 5 and the angle 
BGA equal to EFD : and let them have alfo one fide equal to one 
fide: 

Firfl, the fide at the equal angles, the Jlraigbt line BG equal to 
EF : I fay alfo that they will have the two remaining fides, equal to 
the t'wo remaining fides, each to each ; AB equal to D£ and AG ta 
DF ; and the remaining angle equal to the remaining angle, the 
angle BAG equal to EDF. 

■ For if AB is unequal to DE, one of them will be greater than 
the other : let AB be the greater and make GB equal: (by prop. 3.) 
to DE, and let QG be joined. 

Where- 
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Wherefore becaufe BG is equal to DE (by conft.) and BC to EF Book L 
(by fupp.) certainly the two BG, BC are equal to the two DE, EF 
each to each; and the angle GBC is equal (by fupp.) to DEF: 
therefore (by prop. 4.) the bafe GC is equal to the bafe DF; and 
the triangle GCB will be equal to the triangle DEF ; and the re* 
maining angles will be equal to the remaining angles, each, to 
each, under which the equal fides are extended : therefore the an« 
gle GCB is equal to the angle DFE ; but the ang/e DFE is fuppofed 
equal to BCA; therefore BCG is equal to BCA the lefs to the-greater^ 
which is impoflible ; therefore AB is not unequal to DE ; therefore 
equal : but BC is alfo equal to EF ; therefore the two AB, BC arc 
equal to the two DE, EF, each to each, and the angle ABC is equal 
to the angle DEF ; wherefore the bafe AC is equal to the bafe DF 
and the reofiaining angle BAC is equal to the remaining angle EDF. 

But again, let the 
fides extended under 
the equal angles be 
equal, as AB equal to 
DE : I fay again that 
alio the remaining (ides 
will be equal to the re- ^ 
matning fides; AC to 

DF and BC to EF; and befides the remaining angle BAC if 
equal to the remaining angle EDF, 

For if. BC be unequal to EF, one of them is greater t6an the 
other ; let BC, if it be poffible, be the greater, and make (by prop. 
3.) BH equal to EF, and let AH be joined. 

And fince BH is equal to EF (by conft.) and AB to DE (by 
fupp.) ; certainly the two AB, BH is equal to the two DE, EF, 
each to each, and they contain equal angles ; therefore (by prop. 
4.) the bafe AH is equal to the bafe DF, and the triangle ABH is 
equal to the triangle DEF, and the remaining angles will be equal 
to the remaining angles, each to each, under which the equal fides 
are extended ; wherefore the angle BHA is equal to EFD ; but 
the angle EFD is equal (by fupp.) to the angle BCA; and (by 
com. hot. I.) BHA is therefore equal to BCA ; the outward angle 
of 4the triangle AHC viz. BHA equal to the inward and oppofite 

D 2 BCA 
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ECA» wfaldt (by prop. 16.) is impoffiblie: wlfteMforeBC 19 not 
unequal to EF» therefore i^ ri equal : but ABt te 2t£o equal to DE ; 
therefore the two AB» BC are equal to the two D£» EF and t&ey 
cootaaa equal angles ; therefore (by prop. 4*) the btf& AC is e^nial 
to the bafe DF> auid the triangle ABC is equal to the ttian|^ 
D£F and the renaaiuiog angle BAC i» eqiual to the remftuikkig 
angle EDF. 

If therefore two triangles have the two angles equal to the two 
angles, each to each, and have one fide equal to one fidie i ekJbes 
the fide which is at die cqxtal angles, or that which is extended 
jinder one of the equal angles : they will al£b have the twa rediain-^ 
ing fides equal to the tim renoaining fides,, each to each, a»d the 
remaining angle egaai to the remaining angle^ Which was to be 
demon ftcatcd^ 

PROP. XXVII. 

If a flraight line falling upon two ftraight lines makes the alter- 
nate angles equal to one another, the ftraight lines will be parallel 
to one another. 

For let the flraight line EF falling upon the two flraight lines 
AB, CI>BMke the alternate angles AEF, EFD equal to one ano^ 
ther. I fay that the Jiraight Kne AB is parallel to the ftraight line 
CDr. 

For if not, AB and CD being produced will aaeet» either to« 
wards the the parts B» D or towards A, C : let them be produced 
and let them meet towards the parts B, D in th^ point G. . 

Certainly (by prop. 16.) the. 
ouitward angle AEF of the tri- Ar E/ B 

angTe EFG is greater than the 
inward and oppcfite angle 
EFG ; but it is alicr (by fuppv) 
equal, which is impofiS&le i 
^refore AB, CD being pro- 
duced, will apt meet towards 
the parts B, D ; certainly in 
the fame manner it will be 
fliewn„ that neither wiU they men towards A,^ C j, hut ^oS^JlraigH 

lines 
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Kms meeting one another towards neither part& are parallel t tliere«' Book r, 
fore AB is parallel to CD. 

Wherefore if a ftraight line falling upon two ftraight lines make 
the alternate angles equal to one another, the ftraight lines will be 
ptralleh Which was to be demonftrated. 



PROP, xxvni. 

If a ftraigfat line falling upon two ftraight lines make the out* 
ward angle equal to the inward and oppofite^ and towards the 
fame parts ; or make the inward angles and towards the fame parts 
equal to two right angles : the (Iraight lines will be parallel to one 
another. 

For let the (Iraight line £F falling upon the two flraight lines 
AB, CD make the outward angle EGB equal to the inward and op- 
pofite and towards the fame parts the angle GHD ; or the inward 
and towards the fame parts^ the angles fiGH> GHD equal to twa 
right angles ; I fay that AB is parallel to CD» 

For becaafe the angle EGB' is equal 
to the angle GHD ; but EGB is equal 
(by prop. 1 5.) to A6H, alfo the angk 
AGH is therefore (by com. not. i.) 
eq^ual to GHD : and they are alternate ;. 
therefore (by prop. 27.) AB is parallel to 
CD. 

Again becattfe the angles BGH, GHD are (by foppO equal ta 
two right angles; and alfo the angles AGH,. BGH are equal (by- 
prop. 13.) to two right angles; therefore (by com. not. i.) the 
angles AGH, BGH are equal to the angles BGH,, GHD : let the: 
common angle BGH be taken away, therefore (by com., not. 3.) 
tlie remaining angle AGH is equal to the remaining angle GHD : 
and they are alternate ; wherefore (by prop.. 27.) AB is parallel to 
CD. 

Wherefore if a ftraight line falling upon two ftraight lines make 
the outward angle equal to the inward and oppofite and towards the 
lame parts ; or nuke the inward angles and towards the fame parts^ 

equal 
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Book I. equal tor two right angles : the ftraight lines will be parallel to one 
another^ Which was to be demonft rated. 

PROP. XXIX. 

Or a ftraight line falling upon the two parallel ftraight lines 
makes the alternate angles equal to one another ; and the outward 
cngle equal to the inward and oppofite and towards the fame parts ; 
and the inward angles and towards the fame parts equal to two 
right angles. 

For let the ftraight line EF fall upon parallel ftraight lines, the 

Jiraight lines AB, CD : I fay that it makes the alternate angles 

AGH, GHD equal \ and the outward angle EGB equal to GHD the 

inward and oppofite and towards the fame parts; and BGH, GHD 

the inward and towards the fame parts equal to two right angles. 

For if AGH be unequal to GHD, one 
of them is greater : let AGH be the 
greater: and becaufe AGH is greater 
than GHD, let BGH which is common 
be added; therefore i(by com. not. 4.) 
the angles AGH, BGH are greater than 
BGH, GHD : But alfo the angles AGH, 

BGH are (by prop. 13.) equal to two right angles ; and therefore 
the angles BGH, GHD are left than two right angles 5 but thofe 
Jiraight lines which are produced indefinitely from angles lefs than 
two right angles meet one another (by com. not. 11.) ; therefore 
AB and CD being produced indefinitely will meet one another ; but 
they do not meet, becaufe they are fuppofed parallel : therefore 
AGH is not unequal to GHD, therefore // is equal. 

But the angle AGH is equal to the angle EGB (by prop. I5.)> 
and therefore (by com. not. i.) EGB is equal to GHD. 

Let the common angle^GYi be added: wherefore the angles 
EGB, BGH are equal to the angles BGH, GHD : but the angles 
EGB, BGH are (by prop. 13.) equal to two right angles; and 
therefore the angles BGH, GHD are (by com. not. i.) equal to 
two right angles. 

• Or a ftraight line, therefore, falling upon the two parallel 
iftraight lines, makes the alternate angles equal to one another ; and 

the 
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the outward angle equal to the inward and oppofite and towards the Book I. 
fame parts ; and the inward angles and towards the fame parts 
equal to two right angles. Which was to be demonftrated. 

PROP. XXX. 

Straight lines parallel to the fame flraight line are alfo parallel 
to one another. 

Let each of ihc Jiraigbt lines AB, CD be parallel to EF : I fay 
alfo that AB is parallel to CD. 

For let the flraight line GK fall upon them. 

And becaufe the ftraight line GK \ 

hath fallen upon parallel ftraight lines j^ \g B 

AB, EF therefore (by prop. 29.) the an- \ „ 

glc AGH is equal to GHF : again, be- £ "V ^ 

caufe the ftraight line GK hath fallen _\ 

upon the parallel ftraight lines EF, CD C K\ D 

the angle GHF is equal to GKD : but 

the angle AGK hath been proved equal to GHF : and therefore 
(by com. not. i.) AGK is equal to GKD 1 and they are alternate 
angles: therefore AB is parallel to CD (by prop. 27.) 

Wherefore the Jiraight lines which are parallel to the fame 
ftraight line, are parallel to one another. Which was to be de- 
monftrated. 

PROP. XXXI. 

Through a given point to draw a ftraight line parallel to a given 
ftraight line 

Let the given point be the point A; and the given ftraight line 
X\it Jiraigbt line BC ; it is required through the point A to draw a 
ftraight line parallel to the ftraight line BC. 

Let any point whatever the point D be E A F 

taken in BC; and let AD be joined. And 
let the angle DAE be made, with the . 
ftraight line AD and at the point A in it, ^ ^ . ^ 

equal to the angle ADC (by prop. 23.) : and let the ftraight line 
AF be produced in a ftraight line with AE. 

And 
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Book I. And becaufe the flraight line AD falHng upon the two ftraigfat 
lanes BC, EF hath made the alternate angles, the a?tgies EAD, 
ADC equal to one another, therefore (by prop. 27.) EF ie parallel 
to BC. 

Wherefore through a given point the poitit A a ftraight line EAF 
hath been drawn parallel to the given ftraight line BC. Which 
was to be done. 

PROP. XXXM. 

One of the fides of any triangle being produced, Ac outward 
angle is equal to the two inward and oppo&te ang/es : and the three 
inward angles of the triangle are equal to two right angles. 

Let there be a triangle, the triangle ABC, and let one of its 
(ides BC be produced to the point D : I fay that the outward angle 
ACD is equal to the two inward and oppoiite vnet CAB, ABC % 
and tJ^t the three inward angles of the triangle viz. ABC, BCA^ 
CAB are equal to two right angles. 

For let CE be drawn (by prop. 31.) through the point C paral- 
lel to the ftraight line AB. 

And becaufe AB is parallel to CE and 
AC hath fallen xipon diem ; the alternate 
angles BAC, ACE are equal (by prop. 27.) : 
Again, becaufe AB is parallel to CE and 
the ftraight line BD hath fallen upon them ; 
the outward angle ECD is equal to the in- 
ward and oppofite ABC ( by prop. 29.) : 

but ACE has been alfo (hewn to be equal to BAC ; the whole 
therefore, the outward angle ACD is equal to the two inward and 
and oppofite ones BAC, ABC. 

Let the common angle ACB be added : therefore the angles 
ACD, ACB are equal to the three angles ABC, BAC, BCA 5 but 
ACD, ACB are (by prop. 13.) equal to two right angles; and 
therefore (by com. not. i .) ACB, CBA, CAB are equal to t>vo 
right «igks. 

Wherefore one of the fides of any triangle being produced, the 
outward angle is equal to the two inward and oppofite angles: and 
the three inward angles of the triangle are equal to two right angles. 
Which was to be demonftrated. PROP. 




OF EUCLID. 



33 




PROP. XXXIII. ^J: 

The ftraight lines joining equal and parallel Jiraight lines towards 
the fame parts, are alio themfeives equal and parallel. 

Let the ftrmgbt lines A6, CD be equal and parallel \ and let the 
ftraight lines AC, BD join them towards the iame parts : I fay 
that AC, BD are alfo equal and parallel. 

For let BC be joined. 

And becanfe AB is parallel to CD, and 
BC bath fallen upon tfaem ; the alternate 
angles, the angki ABC^ BCD are ( by 
prop. 29.) equal to one another : and be- 
coufe (by fnpp.) AB is equal to CD, and 

the ftraight tine BC common ; certainly the two AB, BC are equal 
to the two DC, CB 4 and the angle ABC is equal to BCD 1 there- 
fore (by prop. 4.) the bale AC is equal to the baie BD ; and the 
triangle ABC is equal to the triangle BCD ; and the remaining 
angles will be equal to the remaining angles, under which the equal 
fides are extended, each to each ; therefore the angle ACB is equal 
to the angle CBD : and becaufe the ftraight line BC falling upon 
the two ftraight lines AC, BD hath made the alternate angles ACB, 
CBD equal to one another ; therefore (by prop. £7.) AC is parallel 
to BD $ ^d it has been demonftrated alfo to be equal. 

Wherefore the ftraight lines joining equal and parallel ftraight 
Unes towards the iame parts are alfo tbemfel?es equal and paralleh 
Which was to be demonftrated. 

* 

PROP. XXXIV. 

The oppofite fides and alio the pppoftte angles of parallelogram 
fpaces are equal to one another, and the diameter cuts the fpaces 
tn lialyei. 

Let there be a parallelogram^ the puralklogram ACDB and its 
diameter the ftrmght UneBCt I fay that the oppofite fides and alfo 
the angles of the parallelogram ACDB are equal to one another, 
and the diameter BC cots it in halves. 

Voi. I. E For 
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Book L For becaufe AB is parallel to CD and 
the flraight line 6C hath fallen upon 
them ; the alternate angles ABC, BCD 
are equal to one another (by- prop. 29. ) : 
Again becaufe AC is parallel to BD and 
BC hath fallen upon them; the alternate ^ 

angles ACB, CBD are (by prop. 29,) equal to one another : Therc^ 
are two triangles ABC, CBD having the two angles ABC» BCA 
equal to the two angles BCD, CBD, each to each ; and one fide 
equal to one fide, the Jide at the equal angles, the ftraigbt line BC 
common to them both : therefore they will have the remaining 
fides equal to the remaining fides, each to each» (by prop. 26.) and 
the remaining angle equal to the remaining angle ; wherefore the 
fide AB is equal to CD ; and AC to BD ; and the angle 6AC equal 
to the angle BDC ; and fince the angle ABC is equal to the angle. 
BCD ; and the angle CBD, to the angle ACB ; therefore the wholct 
(by com. not. 2.) angle ACD is equal to the whole ABD ; but th^ 
angle BAC hath been proved equal to the angle BDC. 

Wherefore the oppofite fides and alfo the angles of parallelogram 
fpaces are equal to one another. 

But I fay alfo that the diameter cuts them in halves : for becaufe 
AB is equal to CD ; and BC common ; certainly the two AB, BC 
are equal to the two DC, CB ; each to each ; and the angle ABC 
IS equal to the angle BCD ; therefore (by prop. 4.) alfo the bafe 
AC is equal to the bafe BD ; and the triangle ABC is equal to the. 
triangle BCD. 

Wherefore th6 diameter BC cuts in halves the parallelogram 
ACDB. Which was to be demonftrated. 

m 

PROP. XXXV. 

The parallelograms are equal to one another^ which are upon 
the fame bafe and between the fame parallel lines. 

Let there be parallelograms, the parallelogram^ ABCD, EBCF 
being upon the fame bafe BC and between the fame parallel linea 
AF and BC : I fay that the parallelogram ABCD is equal to the 
parallelogram EBCF. 

Ftor 
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* ' For becaufe ABCD is a parallelogram^ JP 
AD is (by prop. 34.) equal to BC : and for 
the fame reafon £F is equal to BC ; (o that 
(by com. not. i .) AD is equal to EF ; and 
DE is common; therefore (by com. not,2.) 
the whole AE is equal to the whole DF ; 
but (by prop..34.) AB is alfo equal to DCi 
therefore the two EA» AB are equal to the 
two FD^ DC, each to each; and the angle FDC is equal to the 
angle EAB (by prop. 29.) the outward to the inward : therefore 
the baie EB is equal to the bafe FC ; and the triangle EAB is equal 
to the triangle FCD : let the common triangle DEG be taken 
away ; therefore the remainder, the trapezium ABGD is equal to 
the remainder the trapezium EGCF ; let a common part be added, 
the triangle GBC : therefore (by com. not. 2.) the whole, the pa- 
rallelogram ABCD is equal to the whole, the parallelogram EBCF. 
Therefore the parallelograms, being upon the fame bafe, and 
between the fame parallels are equal to one another. Which was^ 
to be demonftrated. 

PROP. XXXVI. 

The parallelograms, being upon equal bafes and between the 
fame parallels, are equal to one another. 

Let there be parallelograms, the parallelograms ABCD, EFGH 
upon equal bafes the firaigbt lines BC, FG ; and between the fame 
parallels AH, BG : I fay that the parallelogram ABCD is equ^l to 
the parallelogram EFGH. 

For let BE, CH be joined. 

And bbcaufe BC is (by fupp.) equal 
to FG, and alfo FG (by prop. 34. ) to 
EH; therefore (by com. not. i.) BC 
is equal to EH ; but they are likewife 
(by fup. ) parallel ; and BE and CH 
join them ; but firaigbt lines which 
join equal and parallel ftraight lines towards the fame parts are 
equal and parallel (by prop. 3 3.) ; therefore EB, CH are equal and 
parallel; wherefore EBCH is a parallelogram, and is equal to 

E 2 ABCn 
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Book I. ABCD (by prop, 35.) for it has the fame bafe with it the Jh'aigbt 
line BC> and it is between the raoie pairaltels with it the ftrdigBt 
Unes BC, AH. Certainly for the fame reafon alfo EFGH 10 equ^ 
to EBCH; therefore (by com. not. i.) the paraUelogi^am ABCD is 
equal to EFGH. 

Wherefore the paraUelogranf>8, being upon^ eqail ba&sr and 
between the fame parallels are eqnal to on^ another. Which was 
to be demonflrated. 

PROP. XXXYIL V 

The triangles, which are upon equal baife* "iw} betweei^ thfe 
fame parallels, are equal to ohe another. 

Let there be triangles, the triangles ABC, iDBC> being upon 
the fame bafe the Jlraigbt Kne BC ; and between the feme parallels 
the Jlraigbt Fmes AD, BC : I fay that the triangle ABC h equal 
to th^ triangle DBC, 

Let AD be produced towards both parts 
to the points E and F i and through the 
point B let BE be drawn parallel to AC ; 
and through the point C let CF be drawa 
parallel to BD. 

Therefore each of tht^gures EEC A, 
DBCF is (by conft. and fup.) a parallelogram : and EBCA isi 6qilal 
(by prop. 35.) to DBCF for they are upon the fame bafe BC and 
between the fame parallels BC, EF : and the trmngfc ABC is half 
dF the paralldogram EBCA (by ipfop. 34.), for \ht '^famcter AB 
cuts it in halves ; but the triangle DBC h Wf of the paraHelo* 
gram DBCF> for the diameter DC cuts it in halres : btrt the 
halves of equal magnitudes are equal j wherefore the triangle ABC 
id equal to the tfiangle DBC. 

Therefore the tfiangle^, which ar* upon the fame bafe, and be*"- 
twecn the fame parallels, arc equal to one another. Which was to 
be demon ftrated. 

PROP. XXXVIK. 

« 

The triangtes, which ane upon eqoal bafcs and hetweeit ther faf*rt 
parallels', are equal to one another. 

Let 
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Let ABCf DEF be triangles which are upon equal bafes BC> ^^^ « 
£F ; aod between the fame parallels the Jiraigbt lines BF> AD ; I 
fay that the triangle ABC is equal to the triangle DEF. 

For let AD be produced towards both 
parts to G and H ; and through B let 
BG be drawn parallel to CA; and through 
the point F let FH be drawn parallel to 
DE. 

Therefore (by the conftru6tion) each 
of the Jigures GBCA, DEFH is a paral- 
lelogram : and (by prop. ;j6.) OBCA is 

equal to DEFH, for they are upon equal Wea BC, EF ; and be* 
tweea the.iame parallels BF« CH : and (by prop. 34.) the tri- 
angle ABC is half of the parallelogram GBCA ; for the diameter 
AB cuts it in/halves \ alfo the triangle DEF ii half of the parallel- 
ogram DEFH, for the diameter DF cuts it in halves- : but (by 
com« not. 7.][ the halves of equal magnitudes are equal : where- 
fort the triangle 'ABC is equal to the triangle DEF. 

Therefore the triang}ei, wmch are Upon equal bafes and bo- 
tweeh the fjime par^lelsj are equal to onerSHQOther. Which was to 
be demonftratedr* * . . - . ; •. 

. ,„ PROP. XXXI^. 

The equal triangles^ which are upon the iame bafe^ and towards 
the £3kme parts^ are between the fame parallels. 
: Le4;ABC> D^C be^tbe.equ^ tfiaOgl^s^ wjilch gre upon the fame 
bafe. BC and towards itie fame parts : J fay that they are between 
the fame parallels: for let AD be joined: 1 fay that AD is parallel 
to BC. 

For if it is not, let : AE be drawn ( by prop. 31.) through the 
point A parallel to the ftraight line BC, and let EC be joined. 

Wherefore (by prop. 37.) the triangle ABC is 
equal to the triangle EBC-, for it is upon the fame 
bafe with it the Jiraight line BC i and between the 
fame parallels BC, AE : but die triangle ABC is 
equal (by fup.) to the triangk DBC ^ tfaeitefore (by 
com. not. I.) the triangle DBC is equal to the tri- 
iiDgle EBC, the greater to the lefs (by com. not. B 
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Book I. 9.) which is impoffible : wherefore AE is not parallelto BC : 
certainly we (hall demonftrate in like manner^ that neither is any 
other firaigbt line except AD ; therefore AD is parallel to BC. 

Wherefore the equal triangles, which are upon the fame bafei» 
and towards the fame paM8> are between the fame parallels. Which 
was to be demonftrated. 

PROP. XL. 

The equal triangles, which are upon equal bafes, and towards 
the fame parts, are between the fame parallels. 

Let ABC, CDE be the equal triangles, which are upon equal 
bafes the firaigbt lines BC, CE \ and towards the fame parts : I 
fay that they are between the fame parallels ; for let AD be joined 
I fay that AD is parallel to BE. 

For if it is not % let FA be drawn through A D 

the point A (by prop. 31.) parallel to BE, 
and let FE be joined. 

Therefore ( by prop. 38. ) the triangle 
ABC is equal to the triangle FCE ; for 
they are upon the equal bafes BC, CE ; and B C 

between the fame parallels BE, AF; but (by the fup.) the triangle 
ABC is equal to the triangle DCE ; and therefore (by com. not. i .) 
the triangle DCE is equal to the triangle FCE i the greater to the 
lefs (by com. not. 9.) which is impoflible : wherefore AF is not 
parallel to BE : certainly we fhall demonftrate in the fame manner 
that neither is any other except the firaigbt line AD : therefore 
AD is parallel to BE. 

Wherefore the equal triangles, which are upon equal bafes, and 
towards the fame parts, are between the fame parallel lines. Which 
was to be demonftrated. 

PROP. XLI. 

. 

If a parallelogram have the fame bafe with a triangle ; and be 
between the fame parallel lines ; the parallelogram will be double 
of the triangle. 

For 
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For let the parallelogram ABCD have the fame bafe with the Bookl, 
triangle EBC, the Jiraight line BC ; and let them be between the ^ 
lame parallels BC, AE : I fay that the parallelogram ABCD is 
double of the triangle BEC. 

For let AC be joined. A D E 

Certainly the triangle ABC is 
equal to the triangle EBC (by prop, 
37*) ; for it is upon the fame bafe 
with it, the Jiraight line BC and be- 
tween the fame parallels BC, AE ; 
but the parallelogram ABCD (by ^ 

prop^ 34. ) is double of the triangle ABC ; for the diameter AC 
cuts it in halves : wherefore the parallelogram ABCD is alfo 
double pf the triangle EBC. 

If, therefore, a parallelogram have the fame bafe with a triangle ; 
and be between the fame parallels; the parallelogram will be double 
of the triangle. Which was to be demoqjtrated. 
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PROP. XLII. 

To make a parallelogram equal to a given triangle^ in a given 
redilineal angle. 

Let ABC be the given triangle ; and D the given redilineal an- 
gle : it is required to make a parallelogram equal to the triangle 
ABC, in a re^ilineal angle equal to D. 

Let BC be cut in halves (by prop. 
10.) at the point E ; and let AE be 
joined ; and let the angle CEF be 
made with the ftraight line EC and 
at the point E in it equal to the s^igle 
D (by prop. 23.) i and through the 
paint A let AG be drawn parallel to 
EC ; and through the point C (by 

prop. 3 1 •) let CG be drawn parallel to EF : therefore FECG is a 
parallelogram. 

And becaufe BE is equal to EC, the triangle ABE (by prop. 38.) 
is alfo equal to the triangle AEC ; for thejpare upon equal bafea. 
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Book I. BE, EC and between the fame parallel lines BC» AG ; wherefore 
the triangk ABC is doable of the triangle AEC : but the parallel- 
ogram FECG is alio ( by prop 41-) double of tbe triangle AEC : 
for they have the fame bafe^ and are between the fame parallels ; 
therefore (by com. not. 6.) the parallelogram FECG is equal to 
the triangle ABC; and has the angle CEF equal to the given 
angle D. 

Therefore a parallelogram the parallelogram FECG has been 
made equal to the given triangle ABC, in an angle the angle CEF^ 
which is equal to the angle D. Which was to be done. 

PROP. XLIII, 

The complements of the parallelograms about the diameter of 
every paraUeldgram are equal to one another. 

Let ABCD be a paralldogram> and AC the diameter of iti and 
let EH, FG be the p^^Uelograms about AC ; and the paral^ 
klograms BK, KD thofe which are called complements : I fay that 
the complement BK is equal to the complement KD. 

For fince ABCD is a paral- 
lelogram, and AC the diame- 
ter of it ; the triangle ABC 
is (by prop. 34.) equal to the 
triangle ADC : again becau(e 
EKHA is a parallelogram, and 
AK the diameter of it ; the 

triangle AEK is (by prop. 34.) equal to thie triangle AHK : cer^ 
tainly for the fame reafon alfo the triangle KFC is equal to th€ 
triangle KGC : becaufe therefore the triangle ABK is equal to the 
triangle A^IK^ an(| KFC to KGC; the triangle AEK together 
with the triangle KGC is equal (by com. not. 2.) to the triangle 
AHK together with the triangle KFC ; but the whole triangle 
ABC is equal to the whole triangle ADC ; therefore (by com. not. 
3^) the rMTi^AfiM^, tbe complement BK. is equal to the remainder 
the complement KD. 

Wherefore the complement's of the parallelograms aboot ^he 
diameter of every parallelogram are equal to one another. Which 
was to be demonflrited, PROP. 
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PROP. XLIV. 

To apply a parallelogram, to a given ftraight line, equal to a 
given triangle, in a given reftilineal angle. 

Let the given flraight line be AB ; but the given triangle the 
triangle C ; and the given redilineal angle, the ang/e D -, it is re- 
quired to apply a parallelogram to the given ftraight line AB, equal 
to the given triangle C ; in an angle equal to D. 

Let the parallelogram 
BEFG be made (by prop, 
42.) equal to the triangle 
C, in an angle EB6 
which is equal to D : and 
let it be placed in fuch a 
manner that BE may be 
in a flraight line with 
AB ; and let FG be pro- 
duced to H; and through , 

the point A, let AH be drawn (by prop, 3i,) parallel to either of 
the Jiraigbt lines BO or EF ; and let HB be joined. ' 

And becaufe the ftraight line HF hath fallen upon the parallels 
AH, EF5 therefore the angles (by prop. 2.9.) AHF, HFE are equal 
to two right angles : wherefore the angles BHG, GFE are lefs 
than two. right angles : but (by com. not. 11.) iho(c Jiraigbt lines, 
which are produced indefinitely from angles lefs than two right 
angles, do meet eacJb other*, therefore HB, FE being produced will 
meet : -let them be produced, and let them meet in the point K ; 
and through the point K, let KL be drawn parallel to either of the. 
lines EA, FH ; and let GB, HA be produced to the points M, L. 

Therefore HLKF is a parallelogram, and HK its diameter ; and 
AG, ME are the parallelograms about HK ; and LB, BF the pa* 
rallelograms called complements : wherefore (by prop. 43.) LB is 
equal to BF : but BF is alfo equal to the triangle C ; and therefore 
(by com. not. i.) LB is equal to C : and iince the angle GBE is 
equal (by prop. 15.) to ABM, but GBE is equal (by conft.) to 
D; alfo (by com« nor. i.) ABM is equal to the angle D. 

Vol. L F Where- 
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Book I. Wherefore a parallelogram LB hath been applied to the given 
ftraight line AB, equal to the given triangle d in an angle ABM> 
which is equal to the Mgle D, Which was to he done. 

PROP. XLV. 

To make a paralielbgniin equal to a givcfi tnGtUintil ^gure ill a 
given redlilineal angle. 

Let the given reftilineal^^^^r^ be ABCD ; and E the given rec- 
tilineal angle : it is required to make a pandlelograoll equal to the 
re(5lilineal^^2irr^ ABCD in an angle equal to E. 

For let DB be joined ; and 
(by prop. 42.) let the parallel- 
Qgram FH be mzde equal to 
the triangle A6D9 in the angle 
HKF, which ii equal to E; 
and (by prop. 44.) let the pa- 
rallelogram GM, equal to the 
triangle DBC, be applied to 
the (Iraight line GH^ in the 
angle GHM, vrhich is equal to £• 

Aod becnufc th4 atigle £ is equal to either of dn angles HKF^ 
OHM I therefore ftlfo (by com. not. t^) HKF is eqaal to OHM : 
let the eomnion angle KHO be added ; therefore (by con. not. au) 
FKH, KHO are equal to KHG, GHM : but (by prop, 29.) FKH> 
KLHG are equal to two right angles ; wherefore alfo KHG, GHM 
are equal to two right angles : to a certain ftrai^t line GH^ Md 
to a point in it H> the two ftraight lines KH> HM not lying to«> 
wards the fame parts» make the adjactnt angles equal to two^ tight 
angles ) therefore (by prop* 14;) KH is in a ftraight line i^ith 
HM : and fince the ftraight line GH hath faJien upon the paralMt 
KM» FO ; the alternate angles MHG> HGF are equal (^y prop*. 
29.) : let the common angle HGL be added t therefore the ^jn^/et 
MHO, HGL ane equal to HGF> H(?L 5 but (by prop. ugtO 
MHG, HGL are equal to two right angles j therefore alfo HOF> 
HGL arc tqual to two right angles.; wherefore (by prop^ 14.} 
FG is ib a ftraight line with GL. And becaufe KF is equal and 

alfo 
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alfo parallel to GH ; but GH is equal and aljo parallel to ML; Book l. 
therefore (by com. not. i. and pFop. 30.) KF is equal and parallel 
to ML ; and the ftraight lines KM, FL join them r and (by prop. 
33.) KM, FL are equal and parallel. Wherefore KFLM is a pa- 
rallelogram % and becaufe the triangle ABD is equal to the paral- 
lelogram HP» and the triangle DBC to tiie parallelogram GM 1 
therefore ^e whole rectilineal figure ABCD is eqpal to the whole 
parallelogram KFLM. 

Wherefore a parallelogram KFLM 19 made equal to a given rec- 
tilineal figure ABCD in an angle, the angle FKM* which is equal 
to the given angle E. Which was to be done. 

PROP. XLVI. 

To defcribe a fquare upoii a given ftraight line. 

Let the given Araight line he AB : it is required to defmbe a 
fquare upon the ftraight line AB. 

Let AC be drawn (by prop. 11,) at right angles to the ftraight 
line AB from the point A in it; and (by prop. 3.) make AD equal 
te AB : and let DE be drawn, (by prop* 31.) through the point 
D, parallel to AB; and let B^ be drawn through the point B 
parallel to AD. 

Therefore Hat figure ADEB is a parallelo* 
gram; whierefore (by prop. 54.) AB is equal to 
DE ; and AD to BE ; but alio AB is equal to 
AD (by conft.) therefore the {o}xr firaigbt lines 
BA, AD, DE, EB are equal to one another : 
wherefore the parallelogram ADEB is eqwUte^ 
ral ; I fay tliat it ia alfo redangnlar : For be^ 
caufe the ftraight lio< AD hais fisiUen upon d>e 
two parallels A6, DE } therefore ( by prop. %<).) the angles BAD, 
ADE are equal to two right angles ; but BAD is a right angle (by 
conft.) I therefore ADE is a right angle ; but die oppofite fides 
and alfo the angles of parallelogram fpacfss are equal to one another 
(by prop. 34.) ; therefore e^ch of the oppoflte angles is a right 
angle, thf angles ABE, BED ; wherefore the figure ADEB is rec- 
tangulflkr ; but it has been demonftrated to be equilaterafl alfo. 

F 2 There- 
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Book I. Therefore (by def. 30.) it is a fquare j and it hath been defcri- 
bed upon the ilraight line AB. Which was to be done. 



PROP. XLVII. 

In right angled triangles, the fquare of the fide fuhtendihg the 
right angle, is equal to the fquares of the fides containing the right 
angle. 

Let ABC be a right angled triangle, having the angle BAC a 
right angle: I fay that the fquare of BC is equal to the fquares of 
BA, AC. 

For (by prop. 46.) let the fquare BDEC be defcribed upon BC ; 
and the fquares GB, HC upon BA, AC, and through the point A 
let AL be drawn parallel either to BD or CE ; and let AD, FC be 
joined. 

And becaufe each of the angles 
BAC, BAG is (by conft. and fup.) a, 
right angle 5 to a certain Itne BA, and 
to the point A in it, two (Iraight lines 
AC, AG, not lying towards th^ fame 
parts, make the adjacent angles equal 
to two right angles ; therefore ( by 
prop. 14.) AC is in a (Iraight line with 
AG : certainly for the fame reafon alfo 
AB is in a ftraight line with AH: and 
fince the angle DBC is equal to the 
angle FBA (by com. not. 10.), for each 

0/ them is a right angle, let the common angle ABC be added ; 
therefore (by com. not. 2.) the \R\iKAt angle DBA is equal to the 
whole angle FBC ; and becaufe the two firaigbt lines DB, BA arc 
equal to the two CB, . BF, each to each (being fides of the fame 
fqu re) and the angle DBA is equal to the angle FBC ; therefore 
(by prop. 4.) the bafe AD is equal to the bafe FC, and the triangle 
ABD is equal to the triangle FBC 5 and the parallelogram BL is 
double of the triangle ABD (by prop. 41.) j for they have- the 
fame bafe BD and are between the fame parallels BD, *AL : but 
the fquare GB is double of the triangle FBCj for again, they have 

the 
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the fame bafe F6» and are between the fame parallels FB> GC ; Book i. 
but the doubles of equal magnitudes are equal to one another (by 
com. not 6.) wherefore alfo the parallelogram BL is equal to the 
fquare GB: Certainly in the fame manner it will be demonflrated, 
having joined AE, BK» that the parallelogram CL is equal to the 
fquare HC ; therefore the whole fquare DB.CE is equal to the two 
fquares GB, HC ; and BDEC is the fquare defcribed upon BC ; 
and GB, HC the fquares defcribed upon BA, AC : wherefore the 
fquare BE defcribed upon the fide BC is equal to the fquares upon 
the fides BA, AC. 

Wherefore in right angled triangles, the fquare of the fide fub- 
tending the right angle is equal to the fquares of the fides, con-* 
taining the right angle. Which was to be demonfirated. 

PROP. XLVIII. 

If the fquare of one of the fides of a triangle be equal to the 
fquares of the two remaining fides of the triangle ; the angle con- 
tained by the two remaining fides of the triangle is a right angle. 

For let the fquare of BC one fide of the triangle ABC be equal 
to the fquares of the fides BA, AC : I fay that the angle BAC is a 
right angle. 

For from the point A let the firaight line AD be drawn at right 
angles to AC; and make AD (by prop. 3.) equal toBA; and 
join DC. 

And becaufe DA is equal to AB, the B A D 

fquare of AD is equal to the fquare of AB ; 
let the common fquare of AC be added ; 
therefore (by com. not. 2.) the fquares of C 

DA and AC are equal to the fquares of BA and AC : but the 
fquares of DA and AC arc (by prop. 47.) equal to the fquare of 
DC I for DAC is (by conft.) a right angle ; and the fquare of BC 
is equal to the fquares of BA and AC, for this is fuppofed : where- 
fore (by com. not. j.) the fquare of DC is equal to the fquare of 
BC ; fo that alfo the fide DC is equal to BC ; and fince AD is 
equal to AB and AC common i certainly the two AD» AC are equal 

to 
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Book^I* to the two AB, AC, and the bafe DC is equal to the bafe BC i 
therefore the aogle DAC it equal to the angle BAC ; but DAC is 
a right angle ; therefore the 4mg/e BAC is a right angle. 

Wherefore if the iquare of one of the fides of a triangle be 
equal to the fquares of the two remaining fides of the triangle ; 
tht angle ccmtained by the two remaining fides of the triangle is a 
right aogle. Which was to be demonftrated. 
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2. Of every parallelogram fpace, let any one of the paralle* 
lograms about the diameter of it> tc^etiher with the two comple- 
ments» be called a Gnomon^ 

PROP. 1. 

■ 

If dbere be two ftraigfat linesv attd one of th«m be cnt kito any 
number of figments ; the roduiglB. contaitaed by the two (kaight 
lines is equal to the redangles contained by the undivided line and 
each of the fegments of the divided line. 

Let chere be two ftraight lines A^ BC > and kt BC be cut as it 
may happen in the points JO and E i I fay that the redanglc cou'^ 

tained 
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Book It. tained by A and BC is equal to the rectangle contained by A and 
BD, and to that contained by A and DE» and befides to that con^ 
tained by A and EC. 

For let BF be drawn from the point B at right angles to BC ; 
and let BG be made (by prop. 3. B. i.) equal to A ; and let GH 
be drawn, through the point G parallel to BC (by prop. 31. B. i.); 
and let DK, EL, CH be drawn through the points D, E, C pa- 
rallel to BG. 

Certainly the rediangle BH is equal to 
the reftangles BK, DL, EH ; and BH is 
the redtangle contained by A and BC ; for 
(by def. i. B. 2.) it is contained by GB, 
BC ; but BG is (by conft.) equal to A : 
and BK is a reSiangle contained by A and 
BD| for (by def. i.) it is contained by 
GB, BD ; and GB is equal to A : but the 

re£tangle DL is contained by A and DE ; for DK, that is BG (by 
prop. 34. B. I.) is equal to A : and alfo in like manner EH is a 
reSlangk contained by A and EC , therefore the redlangle contained 
by A and BC is equal to the reSlangles contained by A and BD i 
and A and DE and alfo A and EC. 

Wherefore if there be two (Iraight lines, and one of them be 
cut into any number of fegments ; the redangle contained by the 
two flraight lines is equal to the re<ftangles contained by the undi- 
vided line and each of the fegments of the divided line. Which 
was to be demonflrated. 

P R O P. IL 

If a ftraight line be cut as it may happen, the redangles con- 
tained by the whole and each of the fegments are equal to the 
fquare of the whole line. 

For let the (Iraight line AB be cut as it may happen in the 
point C : I fay that the rectangle contained by AB and BC; to* 
gether with the rectangle contained by BA and AC is equal to the 
fquare of AB. 

For let the fquare ADEB be defcribed upon AB (by 46. i.); 
and let CF be drawn (by 31. i.) parallel either to AD or BE. 

Certainly 
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Certainly the reBangU A£ is equal to the rec^ 
tangles AF and CE : and the reStangle AE is the 
fquare of AB ; and the reBangle AF is a reAangle 
contained by BA, AC; for (by def. i. 2.) it is 
contained by DA» AC ; * aiid AD is equal to AB 
(being fides of a fquare) : and the reAaiagle C£ 
is contained by AB^ BC ; for EB is equal to AB : 
wherefore the rectangle contained by BA, AC together with that 
contained by AB» BC is equal to the fquare of AB. 

If therefore a ftraight line be cut ds it may happen, the redan->i 
gles contained by the whole and each of the fegments are equal to 
the fquare of the whole line. 
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PROP. IIL 

If a ftraight line be cut as it may happen/ the re£tangle contai- 
ned by the whole and one of the fegments is equal to the redangle 
contained-hy the tnoo fegments i and to the fquare of the foremen- 
tioned fegment. 

For let the ftraight line AB be cut as it may happen in the point 
C : 1 fay that the redtangle contained by AB, BC is equal to the 
rcAangle contained by AC, CB ; together with the fquare of BC. 

For let CDEB the fquare of BC be defcribed (by 46. i.) ; and 
let ED be produced to F : and through the point A let AF be 
drawn (by 31. i.) parallel to either of thz Jlraight lines CD, BE. 
: Certainly the rectangle AE is equal to the 
reSatigles AD, CE ; and the reBakgh AE is 
att£tangle contained by. AB, BC ; for ( by 
def. I. B. 2.) it is contained by AB, BE 1 
but BE is equal to BC (being fides of a 
fquare) : And the reAaogle AD is contained 
by AC, CB ; for DC is equalto CB 1 but 
the reSangh DB is the fquare of CB ^ there- 
fore the reAan^ contained by AB, CB is equal to the redangli 
COBtained by AC» CB ; together with the fquare of BC. 

If therefore a ftraight line be cut. as it may happen, the reiSangle^ 
contained by . the whole and one of the fegments^ is equal to the 
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Book II. redtangle contained bj the two fegments; and to the fquare ofth^ 
'* forementioned fegment. Which was to be demonftrated. 
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P R O P. IV. 

If a ftraight line be cut as it may happen^ the fquare of the 
whole line is equal to the fquares of the two fegments^ and to the 
re£tangle^ contained by the two fegments, taken twice. 

Fo» let the flraight line AB be cut as it may happen in the point 
C : I fay that the fquare of AB is equal ta the fquares of AC>. CB 
and the redangle contained by AC, CB taken twice^ 

For let the fquare ADEB be defcribed upon AB (by 46. i.)^ 
and let BD be joined^ and through the point C let CGF be drawa 
parallel to either of the Unes AD», BE ; and through the point G 
let HK be drawn parallel to either of the Unes AB, DE. 

And becaufe CF is parallel to AD and 
BD hatb fallen upon them ; the outward 
angle BGC is equal to the inward and op-- 
pofite ADB : but the angle ADB (by 5. i.) 
is equal to ABD, becaufe the fide BA is 
equal to AD; therefore (by com. not. i.) 
the angle COB is equal to GBC ; fo that 
alfo (by 6. i.) the fide BC is equal tatbe 
fide CG : but (by 34. i.) CG is equal to 
BK and CB to GK ; wherefore alfo GK is 

equal to KB : wherefore CGKB is equilateral ; I fay alfo that tt 
is reAangular : For becaufe CG is parallel to BK and CB hath 
fallen upon them ; therefore (by 29. i.) the angles KBC, BCG are 
equal to two right angles > but KBC is a right angle ; wherefore 
alfo GCB is a right angle ; fb that alfo (by 34. x.) the oppoiite 
angles CGK, GKB are right angles : wherefore the ^gure CGKB 
is rectangular ; and it has been demonftrated to be equilateral ; 
therefore (by def. 30. i.) it is a fquare and it is defcribed upon BC ? 
Certainly for the fame reafon alfo the figure HF is a fquare ; and 
it is defcribed upon HG that is upon AC : therefore the ^^r^j HF, 
CK are the fquares of AC, CB. And becaufe AG is equal to GE 
(by 43. 1.) « ^^d ^^ ^^ ^^ reSlangle contained by AC, CB ; fbi 

GC is 
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GC is equal to CB $ and GE is therefore equal to the reBangle con^ Book il 
tained by AC, CB : wherefore AG, GE are equal to the reSlangle 
contained by AC, CB taken twice ; but alfo HF, CK are the fquares 
of AC, CB ; therefore the four figures HF, CK, AG, GE arc 
equal to the fquares of AC, CB and the reSiangle contained by AC, 
CB taken twice : but HF, CK, AG, GE are the whole fgure 
ADEB, which is the fquare of AB ; wherefore the fquare of AB 
is equal to the fquares of AC,. CB and the re&angle contained by 
AC, CB taken twice. 

Wherefore if a ftraight line be cut as it may happen, the fquare 
of the whole line is equal to the fquares of thie two fegments, and 
to the reBangle contained by the tnvo fegments taken twice. 

Another Demonftration. 

I fay that the fquare of AB is equal to the fquares of AC, CB 
and to the redangle contained by AC, CB taken twice. 

For, making ufe of the fame figure, becaufe BA is equal to AD, 
(by 5. 1.) the angle ABD is equal to the angle ADB ; and fince 
(by 32. I.) the three angles of every triangle are equal to two right 
angles;, therefore the three angles of the triangle ABD viz. ABD, 
ADB, BAD are equal to two right angles ; but BAD is a right 
angle (being an angle of a fquare) ; therefore the remaining angles 
ABD, ADB are equal to one right angle ; and they are equal : 
each, therefore, of the angles ABD, ADB is the half of a right 
angle : but BCG is a right angle (by prop. 29. i.) for it is equal 
to the inward and o^^o&XJt angle at A; therefore the remainder 
CGB is the half of a right angle : wherefore the angle CGB is 
equal to CBG ; fo that alfo (by 6. i.) the fide BC is equal to the 
fide CG5 but (by 34. i.) CB is equal to KG, and CG to BK: 
wherefore iki^ figure CK is equilateral ; but it hat a right angle, the 
angle CBK : wherefore CK is a iquare ; . and it is defcribed upon 
Cfi. Certainly for the fame teafon alfo HF is a fquare $ and is equal 
to the fquare of AC : wherefore CK, HF are fquares, and are 
equal to the fquares of AC, CB : and becaufe AG is equal to G£ 
(by 43. 1.) and AG is the reSlangle contained by AC, CB ; for CG 
is equal to CB ; and EG is equal to the re&angle contained by AC# 
CB ; t];ierefore the figures AG, GE are ipqual tQ the re&angk cpn^ 
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Book II. tained by AC^ CB ^ taken twice : but CK, HF are equal to the 
fquares of AC, CB j therefore the fgures CK, HF, AG, GE arc 
equal to the fquares of AC, CB and the reSlangle contained by AC, 
CB taken twice : But the fquarfs CK, HF and the re^angles AG, 
GE are the whole fquare AE, which is the fquare of A& 

Wherefore the fquare of AB is equal to the fquares of AC, CB ; 
and to the rectangle contained by AC, CB taken twice. Which 
was to be demonftrated. 

Cor. Certainly from thefe demonjlrations it is manifeft that ta 
fquare fpaces the par^illelograms about the diameter arc fquares. 

PROP. V. 

If a ftraight line be cut into equal and unequal fegmentsi the 
ledtangle contained by the unequal fegments of the whole hm^ to-« 
gether with the fquare. of the Une between the pittas of ile&ion ia 
equal to the fquare of half the line. . 

For let any ftraight line AB be cut into equal fegments at the 
foint C I and into unequal fegments at the feint D ; I fay: that the 
reAangle contained by AD^ DB together with th? iquare of CD is 
tqnal v> the fquare of CB. 

For let ehe fquare CEFB be defcribed upon BC ; and* let BE be 
joined ; and let DHG be drawn,, through the point D> parallel to 
either of the tines CE, BF ; and again through the point H let 
KLM be drawn parallel to, either of the Une$ CB, EF ; and: agaia 
through tht foint A let AK be drawn pairallel to either of the lines 
CL, BM. .. 

And fioce the complement CH- is 

equal to *he complement HF j let DM | ' I ^ jX ^ 

which 'U comQioA bC' added ^ therefore "^ 

the. whole CM i is eqoal to the whole 

DF : but CM is equad tq AL (by prop. 

36.1.) becaufe AC is equal-to CB: E * G F 

therefore aJfo (by com. not. i.} AL ia 

equal to DF ; let CH ncbicb is- common be added ; th^refor^ the 

whol«t AH is equal to DF and DL : but AH is the neSianglecon^ 

tained by- AD^ DB for PH is eqdal to DB Qyy cor. to 4. a.) :i but 

\ \ . 1 . : FD, 
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FDii DL or FDL Is called a Gnomon (by def. 2. ft.) j therefore BookIL 
the Gnomon FDL is equal to the rectangle contained by AD, DB : 
Let LG which is common be added ; which (by Cor. to 4. 2.) is 
equal to the fquare of CD : wherefore the Gnomon FDL and the 
Jquare LG is equal to the redtangle contained by AD, DB and the 
fquare of CD : but the Gnomon FDL and the fquare LG is the 
whole fquare tEFB, which is the fquare of CB : Wherefore the 
reftangle contained by AD, DB together with the fquare of CD 
is equal to the fquare of CB. 

^ Wherefore if a ftraight line be cut into equal and unequal feg^ 
mentsi the rectangle contained by the unequal fegments of the 
whole line^ together with the fquare of the line between the points 
of feiftion, is equal to the fquare of half the line. Which was to^ 
be demondrated. 

PROP. VL 

. If a ftraight line be cut in halves, and any ftraight line be added 
to it in a ftraight line ; the redangle contained by the whole with 
the part produced, and the part produced, together with the fquare 
of half the line ; is equal to the fquare defcribed upon the com- 
pounded tine, thai isof half the line asnd the part produced, as 
Vpon one Une. 

, For let any ftraight line AB be cut in halves at the point C, and? 
let any ftraight line BD be added to it in a ftraight line : I fay that 
the rectangle contained by AD, DB together with the fquare of 
BC is equal to the fquare of CD. 

For let the fquare CEFD be defcribed (by 46. i.) iippn; CDV 
and let DE be joined; and through the point B let (by 31. i«)^ 
BHG be drawji parallel to either of the Unes CE, DF ; and through 
the point H, let KLM be drawn parallel to either of the lines AD, 
£F ; and farther through the point A let AK be drawn parallel to 
either of the lines CL, DM. 

Therefore becaufe AC is equal to CB, A C B D 
the reBangle AL (by prop. 36.1.) is equal 
to the reSiangle CH; but CH is alfo equal 
(hy43<.i.) to HF ; wherefore AL isK 
equal to HF ; let CM "tvhicb is comnjon 
be added,, therefore the whole AM ia 
equal to CM, MG that i$ (by def. z,2.) 
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Book II, t^ ^^® Gnomon CMG : but AM is the reSl angle contained by AD, 
DB (by def. i. 2-) for DM is equal to DB (by cor. to 4. 2.) ; there- 
fore the Gnomon CMG is equal to the redlangle contained by AD, 
DB : let GL which is common be added ; which is equal (by cor* 
to 4. 2.) to the fquare of CB : therefore the rectangle contained by 
ADj DB together with the fquare of CB is equal to the Gnomon 
CMG and the fquare LG : but the Gnomon CMG and the fquare 
LG is the whole fquare CEFD, which is the fquare of CD : 
wherefore the redtangle contained by AD^ DB together with the 
fquare of CB is equal to the fquare of CD. 

Wherefore if a ilraight line be cut in halves^ and any ftraight 
Kne be added to it in a ftraight line ; the rectangle contained by 
the whole with the part produced and the part produced ; together 
with the fquare of half of the line ; is equal to the fqusg-e defcri- 
bed upon the compounded line ; that is of half the line and the 
part produced, as upon one line. Which was to be demonftrated. 



PROP. VII. 

If a ftraight line be cut as it may happen 1 t^t fquare of xht 
whole line and the fquare of one of the fegments, thefe fquares, 
taken together, are equal to the redtangle contained by the whole, 
and the faid fegments, taken twice and the fquare of the remai- 
ning fegment. 

For let any ftraight line AB be cut as it may happen in the point 
C i I fay that the fquares of AB, BC are equal to the redan gle 
contained by AB, BC taken twice and the fquare of AC. 

For let a fquare ADEB be defcribed upon AB : and let the 
figure be conftruded. 

And becaufe. AG is equal to GE (by 43. 
I.) ; let CK which is common be added : 
therefore the whole AK is equal to the 

whole CE ; therefore AK, CE are the double H| ■ ^^^ — j^ 

of AK : but AK, CE is the Gnomon AKF : 
and the fquare CK : therefore the Gnomon 
AKF and the fquare CK are double of the 
redangle AK : but the double of AK is 
alfo equal to the redangle contained by AB, D F E 
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BC taken twice i for BK Is (by cor. to 4, 2.) equal to BC : Where* Bool ll. 
fore the Gnomon AKF and the fquare CK are equal to the rec« 
tangle contained by AB, BC taken twice : Let HF which is com* 
mon be added^ which is the fquare of AC : therefore the Gno-* 
mon AKF and the fquares CK and HF are the whole fquare 
ADEB and xh^ fquare CK, which ate the fquares of AB» BC : 
wherefore the fquares of AB, BC are equal to the redangle con* 
tained by AB» BC taken twice together with the fquare of AC« 

Wherefore if a ftraight line be cut as it may happen ; the fquare 
of the whole line and the fquare of one of the fegments> thefc 
fquaresy taken together^ are equal to the reAangle contained by 
the whole and the faid fegment, taken twice ; and the fquare of 
the remaining fegment. Which was to be demonftrated^ 



PROP. VIIL 

If a ftraight line be cut as it may happen ; the rectangle con- 
tained by the whole line and one of the fegments, taken four times^ 
together with the fquare of the remaining fegment^ is equal to the 
fquare defcribed upon the whole and the faid fegment, as upon one 
line. 

For let any ftraight line AB be cut as it may happen in the point 
C : I fay that the re<ftangle contained by AB, BC 5 taken four times^ 
together with the fquare of AC is equal to the fquare defcribed 
upon AB, BC ; as upon one line. 

For let BD be produced in a ftraight line with AB ; and make 
BD equal to CB 5 and let the fquare AEFD be defcribed upon 
i^D : and let the double figure be conftruAed^ 

Therefore becaufe CB is equal to BD ^ 
but (by 34* i.) CB is equal to GK, and 
BD to KN I alfo (by com. not. i.) GK is M 
equal to KN. Certainly for the fame rea-^ ^ 
fon PR is equal to RO : and becaufe CB 
is eq(la^to BD, and GK to KN ; there- 
fore alio the figure CK is equal to BN (by 
36. I.),, and GR to RN 5 but th^ figure 
CK is equal to RN (by 43. 1.) 5 for they E H L F 

are 
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Book IL are the complements of the parallelogram CO : wherefore BN is 
alfo equal to GR (by con. not. i.) : therefore the four Jigures the 
reBangles BN, KC, GR, RN are equal to one another ; the four 
therefore are quadruple of CK : Again becaufe CB is equal to BD | 
but BD (by cor. to 4. 2.) is equal to BK, that is to CG (by 34 i.)| 
and CB to GK, that is, is equal to GP i therefore CG is equal ta 
GP : And becaufe CG is equal GP ; and PR to RO i alfo the rec^ 
tangle AG is equal (by 36. i.) to MP : and PL to RF ; but MP 
and PL are equal (by 43. i.), for they are the complements of the 
parallelogram ML : therefore alfo AG is equal to RF : wherefore 
the four figures^ the rectangles AG, MP, PL, RF are equal to one 
another : therefore the four figures are quadruple of AG : but it 
has been demonftrated that the four CK, BN, GR, RN are qua- 
druple of CK; therefore the eight which contain the Gnomoa 
AOH are quadruple of AK ; and becaufe AK is the reSiangle coti" 
tained by AB, BD ; for BK is equal to BD ; therefore the redtangle 
contained by AB^ BD taken four times is equal to the Gnomon 
AOH : let XH which is common be added, which is equal to the 
fquare of AC : wherefore the reAangle contained by AB, BD taken 
four times, together wiih the fquare of AC is equal to the Gno- 
mon AOH and the fquare XH : but the Gnomon AOH and the 
fquare XH is the whole fquare AEFD, which is the fquare of AD : 
therefore the redtangle contained by AB, BC taken four times to- 
gether with the fquare of AC is equal to the fquare of AD, that 
is to the fquare defcribed upon AB and BC as upon one line. 

Wherefore if a ftraight line be cut as it may happen ; the rec- 
tangle contained by the whole //W, and one of the fegments ; 
taken four times ; together with the fquare of the remaining feg« 
ment,. is equal to the fquare defcribed upon the whole and the faid 
fegment, as upon one line. Which was to be demondrated. 

PROP. IX, 

If a ftraight line be cut into equal .and unequal fegmenU ii the 
fquares, of the unequal fegments of the whole iinei is doutde both 
of the fquare of half the linf and lof the line between the. points of 
fedjfcion. 

For 
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For let the ftraight line AB be cut into equal fegments at the Book IL 
faint C, and into unequal ones at the point D : I fay that the 
iquares of AD» DB are double of the fquares of AC, CD. 

For from the point C, let CE be drawn at right a9gles to AB » 
and let it be made equd to either of the lines AC, CB ; and let 
EA, EB be joined ; and through the point D let DF be drawn 
parallel to EC ; and through the point F, let FG be drawn pa- 
rallel to AB, and let AF be joined. 

And becaufe AC is .equ^l to CE, the an- 
gle EAC (by 5. 1.) is equal to AEC : and 
iince the angle at C is a right angle, there* 
fwe the remaining angles AEC, EAC are 
equal to one right angle (by 32. x.) : there- 
fore each of the angles AEC, EAC is the 
half of a right angle. Certainly for the fame reafon alfo each oF 
thie angles CEB, EBC is the half of a right angle ; wherefore the 
whole angle AEB is a right angle : and becaufe GEF is half x 
right angle, and EGF a right angle (by. 29. i.) for it is equal to 
the inward and oppofite ECB ; therefore the remainder EFG is 
half a right angle (by 32. i.) ; therefore the angle GEF is equal 
to the angle EFG ; fo that alfo (by 6. i.) the fide EG is equal ta 
the fide GF : Again becaufe the angle at B is half a right angle^. 
and FDB a right angle (by 29. i.) for again it is equal to the in- 
ward and oppofite ECB ; therefore the remaining angle BFD is^ 
half a right angle : therefore the angle at B is equal to the angle 
DFB ; fo that alfo the fide DF is equal (by 6. i.) to the fide DB : 
And becaufe AC is equal to CE : the Jjuare of AC is alfo equal 
to the Jquare of CE ; therefore the fquares of AC, CE ; are dou- 
ble of the Iquare of AC : but the fquare of EA is equal to the 
fquares of AC, CE (by 47. i.) for the angle ACE is a right angle: 
wherefore the fquare of EA is double of the fquare of AC : Again 
becaufe EG is equal to GF, xht fquare of EG is equal to t\it fquare 
of GF ; therefore the fquares of EG, GF are double of the fquare 
of GF ; but the fquare of EF is equal to the fquares of EG, GF\ 
(by 47. I.) ; therefore the fquare of EF is double of the fquare of 
GF; but (by 34. i.) GF is equal to CD ; therefore the fquare of 
EF is double the fquare of CD : but the fquare of AE is alfo the; 
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Sook n. double of* the fquare Qi AC ; wherefore the fijuares of AE, EF 
are double of the fquares of AC, CD ; but the fquare of AF is 
equal (by 47. i.) to the fquares of AE, EF \ for the angle AEF 
ts 2, right angle ; therefore the fquare of AF is doubie of the fquares 
of AC, CD : but the fquares of AD, DF are equal (by 47. i.) to 
the fquare of AF, for the angle at D is a right angle ; therefore 
the fquares of AD, DF arc double of the fquares of AC, CD : but 
DF is equal to DB j wherefore the fquares of AD, DB are doublo 
of the fquares of AC, CD. 

Wherefore if a ftraight line be cut into equal and unequal feg-*. 
ments ; the fquares of the unequal fegmeiits of the whole line^ is 
double both of the fquare of half the line^ and of che lini between 
the points of fe£tion. Which was to be demonftrated. 

P R O P. X. 

If a ftraight line be cut in halves, and any ftraight line be ad«» 
ded to it Jn a ftraight line i the fquare of the whole with the part 
produced, and the fquare of the part produced, thefe fquares taken 
both together are double both of the fquare of half the line, and 
of the fquare defcribed upon the compounded line^ that is of half 
the line and the part produced, as upon one line. 

For let any ftraight line AB be cut in halves at the point C ; and 
let any ftraight line BD be added to it in a ftraight line ; I fay that 
the fquares of AD, DB are double of the iquares of AC, CD. 

For from the point C let CE be drawn at right angles to AH 
(by II. I .) and let it be made equal to either of the lines AC, CB; 
and let AE, £B be joined ; and through the point £ let EF be 
drawn (by 31. i.) parallel to AD; and through the point D let 
DF be drawn parallel to C£ : And becaufe a certain ftraight line 
EF hath fallen upon the parallel ftraight lines EC, FD ; (by 29* 
I.) the angles CEF, EFD are therefore equal to two right angles; 
therefore the angles FEB, EFD are lefs than two right angles \ 
but (by com. not. ii.) ftraight lines produced ixova angles lefs than 
two right angles meet one another \ therefore EB, FD being produ- 
ced towards the parts B, D will meet one another \ let them bo 
produced and meet at the point G ; and let AG be joined. 

And 
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And becaufe AC is equal ta CE^ 

(by 5. I.) the angle AEC is equal to 

the ortg^ EAC ; and; the angle at C is 

2L righn angle ; whesefore each of the 

angleaEACy AEC i& half a right angle. 

Certainljp for the fitme ceafon alfo^ each 

of the angles CEB, EBC is half a right 

angle ; wherefore the angle AEB is a 

right angle ; and fince EBC is half a right angle ; therefore alfo 

(by 15. I.) DBG is half a right angle ; but (by 29* i) BDG is a 

right angfo; for itc is e^al to DCE^ for t&ey are alvei^ate j where* 

fovcr the renmining angle D6B is (by 3^. i.) half a right angle; 

therefore the angle DGB is equal to the angle DBG ; fo that alfo 

(by 6u I.) the fide BO* is equal to the fide GD: Again becaufe 

£GF is: half a. rigb& angle ; and the angle at F (tiy 34^. i*.) i«-a 

right aaigle, for itr is* equal to thie oppofite angle at-C : v^herefbre 

the remaining angle FEG is half a^ right angle ; wherefore the 

angle^BGF is equal' to the angle FEG j fo that (by 6. i.) the fide 

GF is. equal to the fide EF, And' becaufe EC is equal to CA; 

alfo the fquare of EC is equalto^tHe fquare of AC ; therefore the 

f^uares of EC, CAare dtmble of the fquare of CA; but- (by 47. 

I.) the fquare of EA is cqualto the fquaresoi EG, GA ; therefbre 

the fquare of EA is double of the fquare of AG. Again, becaufe 

GF is equal to EF, aJfo the fquare of FGis^ equal to the fquare 

of EF ; therefore the ffuares of FG, FE are double of tht fquare 

of FE5 but the fquare of EG is equal to the fquarcs of EF, FG; 

wherefore the fquare of EG is- double of the fquare^ of EF ; but 

EF is {hf 34. I.) equal to CD ; therefore the fquare of EG is 

double of the fquare of CD j but the fquare of EA has been alfo 

dcraonflrated to be double of thc^«*r^of AC 5 wberefbre the 

fquares of AE, EG are douHc of the fquafrefe of A<S, CD > but 

the- fquare of AG is (by 47. i.) equal to the ffuares of AE, EG 5 

therefore the fquare of AG is double of the fqum^s of AG, CD : 

but X^^ fquare of AG is equal to the fquares of AD, DG ; wbere- 

foire the fquarcs of AD, DiG i are double of the fquares of AC, 

CD : but DG is equal to DB ; therefore the fquares of AD, DB 

ace double of the Squares of AC; CD. 

H 2 Where- 



BooItB. 



6o 



THE ELEMENTS 



Book u. Wherefore if a firaight line be cut in halves, and any ftrdght 
line be added to it in a ftraight line ; the fquare of the whole with 
the part produced, and the fquare of the part produced, thefe 
fquares taken both together are double both of the fquare of half 
the line» and of the fquare defcribcd upon the compounded line^ 
that is of half the line and the part produced, as upon one line. 
Which was to be demonflrated. 



PROP. XI. 

To cut a given ftraight line, fo that the redrangle contained by 
the whole and one of the fegments may be equal to the fquare of 
the remaining fegment. 

Let AB be the. given ftraight line ; it is required to cut the line 
AB, fo that the redangle contained by the whole and one of the 
fegments, may be equal to the fquare of the remaining fegment. 

For let the fquare ABDC be defcribed upon AB ; and let AC be 
cut in halves in the point E ; and let BE be joined ; and let CA be 
produced to F ; and let EF be made equal to BE ; and let the 
fquare HF be defcribed upon AF ; and let GH be produced to K; 
I fay that AB is cut in the point H fo that the redtangle contained 
by AB, BH is equal to the fquare of AH. 

For becaufe the ftraight line AC is cut in 
halves in the point E, and AF is added to it ; 
therefore the re£langle contained by CF, FA 
together with the fquare of A£ is equal to 
the fquare of EF i but EF is equal to EB ; 
wherefore the rectangle contained by CF, FA 
together with the fquare of AE is equal to 
the fquare of EB i but (by 47.iO tht fquares 
of BA, AB are equal to the fquare of EB ; 
for the angle at A is a right angle i therefore 
the reSlangle contained by CF, FA together 
with the fquare of AE is equal to the fquares of BA, AE ; let the 
common fquare of AE be taken away ; therefore the remainder, 
th« reSlangle contained by CF, FA is equal to the fquare of AB ; 
and the reSlangle FK is the re& angle contained by CF, FA i for FA 

is 
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18 equal to FG ; and AD is tie fquare of AB ; therefore FK is Book il 
eqaal to AD ; let AK which is common be taken away ; therefore 
the remainder FH is equal to HD i and HD is the redtangle con- 
tained by AB, BH ; for AB is equal to BD : and FH is the fquare 
of AH ; wherefore the redtangle contained by AB, BH is equal 
to the fquare of AH. 

Wherefore the given ftraight line AB hath been cut in the point 
H, fo that the rectangle contained by AB, BH is equal to the fquare 
of HA* Which was to be done. 



PROP. XII. 

In obtuie angled triangles, the fquare, of the fide fubtending 
the obtufe angle, is greater than the fquares of the fides containing 
the obtufe angle by the reSangle twice taken contained by one of 
the fries about the obtufe angle upon which produced the perpen- 
dicular falls, and the Une intercepted without, from the perpeq- 
dicular to the obtufe angle. 

Let ABC be an obtufe angled triangle, having an obtufe angle, 
the angk ACB i and let the perpendicular AD be drawn from thV 
point A, upon BC produced : I fay that the fquare of AB is greater 
than the fquares of AC, CB by the redtangle contained by BCr 
CD taken twice. 

For fince the ftraight line BD hath been A 
cut as it may happen in the point C ; where- 
fore (by 4. 2.) ^t fquare of BD is equal to 
the fquares of BC, CD and the redangle con- 
tained by BC, CD taken twice : let the com- 
mon fquare of AD be added ; therefore the ]5'"**|j . ' "]^ 
Jquaref of BD, DA are equal to the fquares of 

BC, CD, DA and to the redangle contained by BC, CD taken 
twice : but the fquare of AB is (by 47. i*) equal to the fquares of 

BD, DA $ for the angle at D is a right angle 1 and the fquare of 
AC is equal to the fquares of CD, DA ; wherefore the f^are of 
AB 18 equal to the fquares of BC^ CA and. to the redlangle con- 
tained by BC, CD taken twice j fo that the fquare of AB is greater ' 

than 
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^Book u. than .the fquarea of BC> CA hy tb^ re£^og1i^ QQi^aine^ b^ BCt CD 
faien twice^ 

Whj^cefoire in. ol^tufe ai^gled tciafig^e^ the iquj^'f of th^ fk)e £ub^ 
tendiDg the obtufe apgl|s is gre^tec than^ tkp. fqt|sif!9s ^f t^ iides. 
coijitainjng'theiobtii^p a^^leby th^^ r^^i^^gl^, twipotafiffn cqp^u^ei 
by one of tie Jides about the obtufe angle upon wbjch pr9d^pe4 
the perp^nxticulai; falls, and the. linf ii^ercepted withoi^ ^ovf^ t^e 
];ierpendicalar to tbe obtqre a^glo. Which was tobe.d/^aiQn^flirated.. 

PROP. XIII. 

In acute angled triangbes, the fquare of the fide fubtending the 
aqutf an^e is.l^rs than the fqju,^fes of the iides; conFajping t})p afiiite 
ai»g|«:< t>y Ae "aang)p /^ic^.twkje^ cpn^^ined-hy pjicoif ^J}4ff^ 
al^put ^ofi acutje angle upoi^ whic;h the pecpe^4iculaf fall^ ap^i^^Pi 
litK io^rcepted wkhin, fropx the perpendicular, to.tti^.aqofq 9f^k;.; 

Let there be aa acute apgled triangle^ thfi tr4^ngft ABQ, having;^. 
the angle at B an acute angle j and let the perpendicular, AjP be 
d,i3wafronaitJip.poipt A upon Bj? :, I lay tl?ftt tJifi;f<j^rq,o^ jgM^is 
lej"^. thafl; tihfi fquaf ef of C§, B^ Ijy, thcj ^RRgle., QJ|» B^ tnkm-. 

For, bc;caufe| t^e. ftraight Ijne CQ hath, 
been cut as it may happen in the point D ; 
therefore the fquares qf QBf;B|p ai<C;eqjfji|l tpx 
the redlangle CB^QD./^/^^twige.aodr-t^.tJifii 
fquare of DC (by .7..^.) : l?t, thq co|^n)q% 
fquare of AD b9 adjded,: therefprtfr the fqq^^^i ^T 
of CB« BD, I^A are equai^q? the r«;<SkJMigl^. .,. , . r 

coj|taincd.by^B,^p ^rf#«?.t,Vf«fl: aqc!LtfttbQ,4q«l«¥s-i«f jCBj. iE^ut 
buJ the fquare of AB^ ^i^4^^9.^^Jgmffi ^;BA[IMlX'^4«!^l•^)^ 
%.;4^ f?8le'aftD,if %.r«ht:!«gift}r;Mv4ittwi/sw»»/»fftf JftS Meqvgfa 
^^.^k9'J3i^f^ o^: CP^ DA, :. wl^ereffirc. tt»ei^^.fwv^?,ojf,!CaitiBAjar», 
CS\>«\1 to the rB<aanglc cpntajne^j.hgf (^,^,,tai^n tvfic^ mi \kP* 

%a^«^.^f?jVAft iv ffl ^fe^. the;;y§pdf:f of AC. alpp^i Jp J^.»^in»itb^ 
%«f%iPftj^.B, §|^<by ,4fe^r9(a9j||l^„c9Wlil»%fd6by fiE^B^i «#^ilf»i 

^herc- 
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W'lM^foffe in kcvkt tmgkd Vritu)||lbsy ihKfe i^dttre ^f itite Hdfe rttb-^ iook d. 

Mng tb6 Iicut6 dngk, ^y thfe rbatnghf ¥^;i iWi^, ce^'tfikied %^ 
etkt iHf lAxt JSdiev ihout thdacttte ifagk u^ Xyhidt th«'))6^|fetidiei!iU^ 
falls, and the line intereepfed withifir &di^ ttl« ,{k!'^iiidietiU^ tA 

' I r 

• :-i > • t < I* 1 ' v.« 

t- .^. c .»• «*• .l..'t I... ,. ■ ', 

PROP. XIV. 

To make a fquare equal' to a given redtilineal figure. 

Let A be the given rectilineal figure ; it is required to make a 
fquare equal to the given redtilincal ^«r^ A. 

Let the right angled parallelogram BD be made (by 45. i.) equal 
to the redilineal figure A 5 if therefore BE be equal to ED what 
was required hath been done ; for the fquare BD is made equal to 
the rectilineal figure A : but if not, one of them BE, ED is grea- 
ter : let BE be the greater, and let it be produced to F, and make 
EF equal to ED ; and let FB be cut in halves (by 10. i.) in the 
foint G ; and with the center G and at the diftance of one of the 
lines GB, GF let the femicircle BHF be defcribed, and let DE be 
produced to H, and let GH be joined. 

Therefore becaufe the 
ftraight line EF hath been 
cut into equal fegments at 
the point G, and into un- 
^Q^A fegments at E ; there- 
fore (by 5. 2.) the r eft- 
angle contained by BE, EF 
together with the fquare of 
EG is equal to the fquare 
of GF I but GF is equal 

to GH \ therefore the reSiangle contained by BE, EF together with 
the fquare of EG is equal to the fquare of GH ; but the fquares 
of HE, EG (by 47. i.) are equal to the fquare of GH ; wherefore 
the reSiangle contained by BE, EF together with the fquare of GE 
is equal to the fquare^ of HE, EG : let the common fquare of 
EG be taken away % therefore what remains^ the rectangle con- 
tained 
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taioed by BE, £F is equal to the fquare of EH : but the re^bogle 
contained by BE, EF is BD, for £F is equal to ED : therefore 
the parallelogram BD is equal to the fquare of HE ; but BD is 
equal to the redilineal ^gure A : therefore the rectilineal ^gure A 
is equal to the fquare de^ribed upon EH. 

Wherefore a fquare is made equal to the given redilineal ^gur^ 
A, the fquare defcribed upon EH. Which was to be done« 
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DEFINITIONS. 

I. TT^QJJAL circles^ arc thofc of which the diameters are^ookm. 

jlIj equal ; or of which the Jtraigbt lines from the centers 
are equal. 

z. A ftraight line is faid to touch a circle, which meeting the 
circle, and being produced does not cut the circle. 

3. Circles are faid to touch one another, which, meeting each 
other, do not cut one another. 

4.* In a circle ftraight lines are faid to be equally diftant from 
the center, when the perpendiculars drawn from the center upon 
them are equal. 5. But that line is faid to be more difta^t upon 
which the greater perpendicular falls. 

6. A fegment of a circle is the figure bounded by a ftraight line 
and the circumference of a circle. 7. But an angle of a fegment 
is that contained by a ftraight line and the circumference of a circle. 

Vol. I. I 8. But 
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Book III. 8. But an angle in a fegment is ; when any point is taken in the 
circumference of the fegmentj ai^d h^m it flraight lines are joined 
to the extremities of the ftraight line which is the bafe of the {cg^ 
ment ; the angle contained by the flraight lines fo joined. 9. But 
when the {^^ight lines cont^iping t|ie angle receive ^ny circiim- 
ference^ the angle h faid to ftand upqi) that. 10. Aod ^ ^^9^ of 
Z circle is^ when an angle flands at the center of the circle^ the 
figure bounded by the ftraight lines containing the angle, and the 
circumference intercepted by th^m. 

II. Similar fegments of a circle are fuch as receive equal angles} 
or in which the angles are equal to one another. 



P R O P. I. 

To find the center of a given circle. 

Let the given circle be the circle ABC : it is required to find the 
x:enter of the circle. 

Let any ftraight line AB be drawn in it as it may happen ; and 
let it be cut in halves at the point D, and from the point D let DC 
be drawn at right angles to AB, and let it be produced to E ; and 
let CE be cut in halves at the point F : I fay that F is the center 
of the circle ABO. 

For if not, but if poflible let it be G ; C 

and let GA, GD, GB he joined ; and be- 
caufe AD. is (by conft.) equal \o DB, and 
DG common j certainly the two AD, 
DG %r6 equal to the two GD, DB each to 
each ; and the baie GA is (by def. I5.i.) 
equal (o the bajfe GB ; foe they ace from 
the center G ; wherefore the angle ADO 
is equal to the angle GDU3 ; hut when a 
ftraight line ftanding npon a ftraight Hne mfJces the adja(:ent angles 
equal to one another, each of the equal angles is a right angle (by 
def. 10. I.) i therefore GDB is a right anglp ; but FDB is alfo a 
right apgle ; Vk^herefore FDB is equal to GDB, the gj^ealer to the 
lefs, which is impoftlble ; therefore the point G is not the center 

of 
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i^i the circle AfiC : certainly in the fame manner we ihall demon- Book lif. 
flrate that neither is any, other but the point F. 

Wherefore the point F is the center of the circle. Which was 
fo be done. 

Gor. Certainly from this it is manifeft^ that if in a circle any 
firalght line, cut any ftraight line in halves and at right angles, 
the center of the eifcle is in the cutting line. 

1> R O P. II. 

If two accidental points be taken in fhe circumference of a 
circle ; the ftraight line joimng tbefe points vt^ill fall within the 
circle. 

Let ABC be a circle, and let two accidental points be taken in 
the circumference of it, as the points A, B ; I fay that the ftraighf 
line, joining A and B, will fall within the circle. 

For if not, but if poffibld let AEB fall without ; and let the 
» center of the circle ABC be taken (by i. 3.), and let it be D; and 

let AD, DB be joined ; and let DF be produced to E. 

And fince DA is td^A to DB, therefore 
the angle DAE (by 5. i.) is equal to DBE ; 
irid becaufe one fide of tht triangle DAE is 
i^C^ produced^the fide AEB, therefore (by 16. 
P 1.) the angle DEB is greater thah DAE : 
l^t DAE 13 equal to DBfi ; therefore DEB 
i€ greitier than DBE ; but (by 19. r.) the 
greitter fide is extended uftdet' the gi^eater 
angle ; therefore DB is greater than DE i 
but DB is equal t6 DF ; therefore DF is 
gtteiter than DE ; <he lefs thaii the^ greater, 

fuppqfing E without the tircUj which is impoffible : therefore thi 
ftraight line joiriing A and B will riot fall withotit the circle : cer- 
tainly iri the fatrte manner we ftiall dcmoiiftrate that neither will it 
fall in the circumference : therefore within* the circk. 

Wherefore if two acCrdenta! points be taken in the circum-' 
ference of a circle, the ftraight line, joining thefe points, will fall 

witfaid the circle. Which was to be demonftratcd. ^ 

I 2 PROP. 
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Book III. PROP. III. 

If in a circle any ftraight line through the center cut in halves 
any flraight line not through the center^ it will alfo cut it at right 
angles ; and if it cut it at right angles it will alfo cut it in halves. 

Let ABC be a circle, and let CD any ftraight line in it through 
the center cut in halves AB any ftraight line, not through the 
center^ in the point F ; I fay that it alfo cuts it at right angles. 

For let the center of the circle ABC be taken (by 1.3.) # and 
let it be E, and let EA, EB be joined. 

And becaufe AF is equal to FB, and FE 
common ; certainly the two are equal to the 
two ; and the bafe EA is equal to the bafe 
EB ; and (by 8. i.) the angle AFE is equal 
to the angle BFE : but when a ftraight line 
ftanding upon a ftraight line makes the adja- 
cent angles equal to one another, each of the 
equal angles is a right angle ; therefore each 
of the angles AFE, BFE is a right angle : 
therefore CD through the center cutting in 
halves AB not pafting through the center, alfo cuts it at right angles^ 

But let CD cut AB at right angles ; I fay that it alfo cuts it in 
halves $ that is,, that AF is equal to FB. 

For the fame things being conftru<Aed, becaufe EA from the 
center is equal to EBj, the angle alfo EAF is equal (by 5. i.) ta 
EBF ; but the right angle AFE is equal to the right angle BFE s 
therefore there are two triangles EAF, EBF having the two angles 
equal to the two angles^ and one fide equal to one fide, viz. EF 
common to them, extended under one of the equal angles ; they 
will therefore alfo have (by 26. i.) the remaining fides equal to. 
the remaining fides ; wherefore AF is equal to BF. 

Wherefore if in a circle, any ftraight line through the center 
cut in halves any ftraight line not through the center ; it will alia 
cut it at right angleis ; and if it cut it at right angles it will alfa 
cut it in halves. Which was to be demonftrated. 

PROP. 
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P R O P. IV. 

If in a circle two Araight lines cut one another^ not pailing 
through the center j they do not cut one another in halves. 

Let ABCD be a circle, and let two ftraight lines in it AC, BD 
cut one another in the point E, not palling through the center ; I 
fay that they do not cut one another in halves. 

For if ft be poffible, let them cut one another in halves, fo that 
AE is equal to EC and BE to ED ; and let the center of the circle 
ABCD be taken (by i. 3.),. and let it be F 5 and let FE be joined. 

Wherefore fince a certain ftraight 
line FE through the center cuts in 
halves a certain ftraight line AC not 
drawn through the center, it will alfo 
cut it (by 3.3.) at right angles; there- 
fore FEA is a right angle : Again be- ^ \/_— -— -W ^ 
caufe a certain ftraight line FE cuts in. 
halves a certain ftraight line BD, not 
faffing through the center, it will alfo 
(by 3. 3.) cut it at right angles ; wherefore FEB is a right angle ; 
but FEA has been alfo demonftrated to be a right angle : where- 
fore the angle FEA is equal to the angle FEB \ the lefs to the grea- 
ter which is impoflible : wherefore the ftraight lines AC, BD do 
not cut one another in halves. 

Wherefore if in a circle two ftraight lines cut one another, not 
pafling through the center; they do not cut one another in halves. 
Which was to be demonftrated. 

PROP. V. 

If two circles cut one another, they will not have the fame center* 

For let two circles ABC, CDG cut one another in the points^ 
B, C ; I fay they will not have the fame center. 

For if it be poflible, let it be E ; and let EC be joined ; and 
let EFG be drawn as it may happen. 

And becaufe the point E is the center of the circle ABC, EC is 
equal to EF : again becaufe the point E is the center of the circle 
CDG, EC is equal to EG \ but EC has been already demonftrated 

/a 
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look lll« to be equal to EF: wherefore ER is ^ual 
to EG^ th« lefs to the greater^ which is 
impoflible: wherefore the point E is not 
the center of the circles ABC* CDG. 

Therefore if two circles cut one ano- 
ther, they will not have the fame center. 
Which was to be demonftrated. 




PROP. VI; 

If two circles touch one another within^ tbey will not have the 
fame center. ^ 

For let the two circles ABC» CDE touch one another in the 
point C ; I fay that they will not have the fame center. 

For if // be poilible, let it be F» and join FC, and let FEB bo 
drawn as it may happen. 

Wherefore iince the point F is the 
center of the circle ABC ; FC is equal 
to FB i again, because the point F is the 
center of the circle CDE j FC is equal 
to FE ; but FC has been alfo demon«- 
ftrated to be equal to FB ; therefore FE 
is equal to FB, the lefs to the greater, 
which is impofCble : wherefore the point 
P is not the center of the circles ABC, CDE. 

Wherefore if two circles touch one another within, they will 
Hot have the fame center. Which was to be demonflrated. 




PROP. VII. 

If any pdifit be taken in the dhrmeter of a circle, which is not 
the center of the circle ; and from this point let certain ftraighr 
lines fall upon the circle, that will be the greatell in which the 
center is i and the remainder of the diameter the leaft ; but of thp 
dthers, the ncaner to the line through the center is always greater 
than one ntore remote i antl two equal ftraight lines only will faff 
from the fame poiitt upon- the circle, on each fide of the Icaflr. 

Let 
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Let ABCD be ft circle^ and let AD be its diameter ; and let any Book IIL 
pqipt F be taken in AD, which is not the center of the circle i 
^d let £ be the center of the circle ; and from the point F let cer«- 
tain ftraigbt lines F3, FC, FG fall upon the circle ABCD : I fay- 
that FA ia the greateft* and FD the leaft ; but of the others FA' 
11 greater thao FC ; and FC than FG. 
For let BE, CE, GE he joined. 
And becaufe the two fides of every tri- 
angle are greater than the remaining ^^^ s 
therefore EB, EF are greater than BF ; but 
AE is equal to BE ; wherefore BE, EF ar« 
equal to AF : therefore A!p is greater than 
BF : Again, becaitie QE ik equal to CE, 
and FE cooamon i certaidy the two BE, 
£F aire equal to the two CE, £F ; bat the 
an^k BEF is a}fo gfoater than the ai^le CEF ; wherefore (by 24. 
Xk) the ha& BF is greater than the hale CF. Certainly for the 
&me rea£>a alfo CP ia greater than FG. 

Again, fince GF, FE ate (by ao. i.) greater than EG ; and EG 
is equal to ED ; therefore GF, FE are greater than ED i Let EF 
i»bkb U common be taken away ; therefore the remainder GF is 
greater than the remainder FD ^ wherefore FA is the greateft, 
and FD the leaft ; and FB is greater than FC ; and FC than FG. 
I (ay that alfo only two equal ftraigbt lines will fall from the 
{K>int F upon the circle ABCD, one on each Jide of the leaft FD : 
for let the angk FEH be made with the ftraight line EF, and at 
the point £ in it, equal to the angle GEF -, and let FM be joined 
wherefore becaufe GE is equal to EH, and EF common i cer«- 
tainly the two GE, EF are equal to the two HE, EF ; and the 
^ngle GEF ia equal to the angle HEF ; wherefore (by 4. i.) the 
bafe FG is equal to the bafe FH : I fay that another line equal to 
FG will not fall upon the circle, from the point F : for if it be 
poffibk, let FK fall; and fince FK is equal to FG, but FH is 
equal to FG ; therefore FK is >«qual FH i the nearer to the line 
through the center equal to the one more remote 3 which is impof- 
fible. 

Or 
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|k)okiii. Or thu$. Let £K be joined; and becanfe CE is equal to 
£K» and F£ common, and the bafe GF equal to the bafe FK; 
therefore (by 8. i.) the angle GEF is equal to the angle KEF ; 
but the angle GEF is equal to the angle HEF > and therefore the 
angle HEF is equal to the angle KEF ; the lefs to the greater 
which is impoffible : therefore no other line will fall from the 
point F upon the circle equal to GF : therefore one only. 

Wherefore if any point be taken in the diameter of a circle &c. 
Which was to be demonflrated. 



PROP, VIII. 

If any point be taken without a circle, and certain ftraight lines 
be drawn from the point to the circle, one of which pajfes through 
the center, but the other lines as it may happen ; of thofe ftraight 
lines falling upon the concave circumference, thtone pajing through 
the center is the greateft : but of the other lines, .the one nearer 
the Hue paffing through the center will always be greater than that 
more remote : But of the ftraight lines falling upon the convex 
circumference, the leaft is that between the point and the diame- 
ter : but of the other lines the nearer to the leaft is lefs than that 
more remote ; and two equal ftraight lines only will fall upon the 
circle from the point, one on each Jide of the leaft. 

Let ABC be a circle ; and let any point D be taken without the 
circle ABC? and let certain ftraight lines be drawn from it to the 
circle viz. DA, DE, DF, DC; and let AD be through the center; 
I fay that of the ftraight lines falling upon AEFC the concave cir- 
cumference, the greateft is DA the Une through the center : but 
the line nearer to the one through the center will be greater than 
(me more remote ; viz DE than DF and DF greater than DC ; 
but of the ftraight lines falling upon the convex circumference 
HLKG, DG is the leaft, which is between the point D and the 
diameter AG i but the nearer to the leaft DG is lefs than one 
more remote j viz. DK lefs than[DL and DL than DH. 
. For let the center of the circle ABC be taken ; and let it be M; 
and let ME, MF, MC, MK, ML, MH be joined. 

And 
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And becaufe AM is equal to EM ; let MD 
n»hicb is common be added ; therefore AD is 
equal to EM, MD : but (by 20. i.) EM, 
MD are greater than ED i and therefore AD 
16 greater than ED : Again becaufe ME is 
equal to MF ; and MD common ; therefore 
EM, MD are equal to MF, MD ; and the 
angle EMD is greater than the angle FMD ; 
wherefore (by 24. i.) the bafc ED is greater 
than the bafe FD : certainly in the fame 
manner we fhall demonftrate alfo that DF is 
greater than CD : wherefore AD is the 
greatefl ; and DE greater than DF ; and DF than DC. 

And fince MK, KD are greater than MD ; and MG equal to 
MK, therefore the remainder KD is greater than the remainder 
GD i (o that GD is lefs than KD, wherefore it is the lead. And 
becaufe upon MD one of the fides of the triangle MLD two 
ftraight lines MK, KD are joined together within the triangle ; 
therefore (by 21. i.) MK, KD are lefs than ML, LD ; of which 
MK is equal to ML ; therefore the remainder DK is lefs than the 
remainder DL : certainly in the fame manner we (hall demonftrate 
that DL is lefs than DH : wherefore DG is the leaft i and DK is 
lefs than DL i and DL than DH. 

Alfo I fay that only two equal ftraight lines will fall from the 
point D upon the circle ; one on each fide of DG the leaft : with 
the ftraight line MD, and at the point M in it, let the angle DMB 
be made equal to the angle KMD ; and let DB be joined ; and 
becaufe MK is equal to MB, and MD common i certainly the two 
KM, MD are equal to the two BM, MD, each to each ; and the 
angle KMD is equal to the angle BMD : wherefore (by 4. i.) the 
bafe DK is equal to the bafe DB : I fay that another ^r^/^i&/ //>r^ 
equal to the ftraight line DK will not fall upon the circle from the 
point D : for if it be pofilble let it fall ; and let it be DN ; becaufe 
therefore DK is equal to DN ; but DK is equal to DB ; therefore 
• alfo DB is equal to DN ; the nearer to the leaft DG equal to one 
'|XK)re remote, which has been fhewn to be impofiible. 

Or otherwise. Let MN be joined^ and becaufe KM is equal 

Voi,. L K to 
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Book HI. ^^ MN^ and MD common, alfo the bafe DK equal to iht bafe 
DN ; wherefore the angle KMD is equal to the angle DMN ; but 
the angle KMD is equal to BMD : therefore alfo BMD is equal to 
NMD ; the lefs to the greater, which is impoflible : Therefore 
more than two ftraight lines will not fall upon the circle ABC from 
the point D, one on each ^de of the baft GD. 

Wherefore if any point be taken without a circle &c. Which 
was to be demonftrated. 



PROP. IX. 

If any point be taken within a circle, and tnote than two equal 
ftraight lines fall from the point upon the circle : the point taken 
is the center of the circle. 

Let ABC be a circle, and the point D within it ; and let DA, 
DB, DC ; more than two equal ftraight lines, fall from the pt^nt 
D to the circle ABC : I fay that the point D is the center of the 
circle ABC. 

For' let AB, BC be joined, and let them be cut in halves in the 
points E, F ; ED, DF being joined ; let them be produced to the 
points G, K, H, L. 

Wherefore becaufe AE is equal to 
EB, and ED common : certainly the 
two AE, ED. are equal to the two BE, 
ED ; and the bafe DA is equal to the 
bafe DB; thercfdfe (by 8. i/) the angle 
AED is equal to the angle BED ; 
wherefore each of the angles AED, 
BED is a right angle j wherefore GK 
cutting AB in halves cuts it alfo at right 
angles j and becaufe (by cor. prop. !• 3.) 
if in a circle any ftraight line cut any 

ilrafght line in halves and at right angles, the center of the -circle 
is in the cutting line; therefore the center of the circle ABC is in 
GK : certainly for the fame reafon alfo the center of the circle 
ABC is in HL j and the ftraight lines GK, HL have no other 
f>cmt in common, but ^he point D ; therefore the poirft D is the 
center of the circle AflC. 

Where- 
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Wherefore If any point be taken within a circle; and more than Bookui* 
two eqvial ftraight lines fall from the point upon the circle; the point 
taken is the center of the circle. Which was to be demonftrated. 

Otherwise. For let there be, any point D, taken within the 
circle ABC and let more than two equal ftraight lines DA, DB, 
DC fall from the point D upon the circle ABC ; I fay that D the 
point taken is the center of the circle ABC. 

For if not ; but if poiiible let it be 
£ ; and D£ being joined, let it be pro- 
duced to the poinl;s F, G ; but FG is a 
diameter of the circle ABC : therefore 
becaufe a certain point hath been taken 
in FG the diameter of the circle ABC, 
which is not the center of the circle, 
viz. the point D ; DG will be the great- 
eft (by prop. 7.3.) and DC greater than 

DB ; and DB than DA ; but they are alfo equal ; which is impof- 
£ble : wherefore E is not the center of the circle ABC : certainly 
in the fame manner we fliall demonftrate, that neither is any other 
but the pmt D : wherefore the point D is the center of the circle 
ABC. 

PROP. X. 

A circle does not cut a circle in more poinds than two. 

For if it be poffible ; let the circlt ABC cut tV circle DEF in 
more points than two, viz. in B, G, H; and BG, BH being joined* 
let them be cut in halves in the points K, L ; and from the points 
K, L having drawn KC, LM at right angles to BG, BH let them 
be produced to the points A, E. 

Wherefore becaufe in the circle A 

-ABC a certain ftraight line AC cuts 

in halves a certain ftcaight line BH 

:and at right angles ; thetefore the 

center of the circle ABC is in the 

ftraight line AC : again, becaufe in 

the fame circle ABC a certain ftraight 

liae NX cuts in halves and at right 

angles a certain ftraight line BG ; 

K 2 there- 
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Book III. therefore the center of the circle ABC is in NX ; but it has alio 
been, demonftrated to be in AC ; and the ftraight lines AC, NX 
meet one another in no point but the point O 5 therefore the point 
O is the center of the circle ABC : certainly in the fame manner 
we (hall demonftrate that O is the center of the circle DEF ; there- 
fore two circles ABC, DEF cutting one another have the fame 
center the point O which is impoffible (by 5. J.)* 

Wherefore a circle does not cut a circle in more points than two. 
Which was to be demonftrated. 

Otherwise. For again, let the circle ABC cut the circle DEF 
in more points than two ; viz. in the points B, G, Fi and let the 
center of the circle ABC be taken the point K j and let KF,KG4 
KB be joined. 

Wherefore fince a certain point hath ^ 

been taken within the circle DEF, the 
pgint K i and from K more than two 
equal ftraight lines KB, KF, KG have 
fallen upon the circle DEF : therefore 
(by 9« 3O the point K is the center of 
the circle DEF ; but K is alfo the center 
of the circle ABC ; therefore two circles 
cutting one another have the fame cen- 
ter K 5 which (by 5. 3.) is' impofliblc. 

Wherefore a circle does not cut a circle in more points than 

two. Which was to be demonftrated. 

' • » . • .1 

PRO P. XL : ^ 

If two circles touch one another inwardly, and their centers be 
taken i the ftraight line joining the centers^ of them, being proda- 
ced, will fall upon the contadt of the circles. 

For let two circles ABC, ADE touch one another inwardly at 
the point A ; and let F the center of the circle ABC be takeo^ 
and G the center of the circle ADE : I fay that the ftraight line 
joining G and F being produced will fall upon the point A. . 

For if not, but if poffible let it fall a« the /ineFGDB i and let 
AF, AG be joined, 

Where-^ 
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Wherefore becaufe AG, GF are greater 
than FA, that is than FH ; for FA is equal 
to FH for they are both from the center j 
let FG which is common be taken away; 
therefore the remainder AG is greater than 
the remainder GH ; but AG is equal to GD 
(by def. 15. i.) ; therefore GD is greater 
than GH ; the lefs than the greater ; which 
is impofTible : wherefore the ilraight line 
joining F and G will not fall without the contact at A ; therefore 
upon it. 

Wherefore if two circles touch one another inwardly, and their 
centers be taken ; the ftraight line joining the centers of them, 
being produced, will fall upon the contadt of the circles. Which 
was to be demonftrated. 

Otherwise. But let it fall as GFC; and let GFC be pro- 
duced in a ftraight line to the point H ; and let AG, AF be joined. 

Wherefore fince AG, GF are greater (by 20. i.) than AF; but 
AF is equal to CF : that is to FH ; let FG which is common be 
taken away ; therefore the remainder AG is greater than the re- 
mainder GH i that is GD is greater than GH ; the lefs than the 
greater which is impoilible ; in the fame manner we (hall (hew the 
fame thing to be abfurd, if the center of the greater circle be 
without the lefs. 
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PROP. XII. 

If two circles touch one another outwardly, the ftraight line 
joining their centers will pafs through the contad:. 

For let two circles, A3C, ADE touch one another outwardly 
in the point A $ and let F the center of the circle ABC be taken ; 
and G the center of ADE i I fay that the ftraight line joining F 
and G will pafs through the contaft A. 

For if not, but if poilible let it pafs as FCDG ; and let AF, 
AG be joined. 



Where- 
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Book III. Wherefore becaufe the point 

F is the center of the circle / 

ABC ; FA is equal to FC : again 

becaufe the point G is the center ' 

of the circle ADE -, AG is equal 

to GD ; but FA has been de- 

monftrated to be equal to FC ; therefore FA, AG are equal to FCf 

DG ; fo that the whole FG is greater than FA, AG ; but it is alfo 

lefs (by 20. i.) ; which is impoffible : wherefore the ftraight line 

joining F and G will not not pafs through the contaA at A ; there* 

fore // will pafs through it. 

Wherefore if two circles touch one another outwardly, the 
Araight line joining their centers will pafa through the contadt : 
Which was ta be demonftrated. 



PROP. XIII. 

A circle will not touch a circle in more points than one, whe« 
ther it touch it within or without. 

For if it be poflible, let the circle ABDC firft touch the circle 
EBFD within, in more points than one ; vi'b. in the points, B, D. 

And let G, the center of the circle ABDC be taken (by !• 3O < 
and H the center of the circle EBFD. 

Wherefore the ftraight line joining 
G and H will (by ii* 3.) fall upon the 
points B, D : let It fall as BGHD ; and 
iince the point G is the center of the 
circle ABDC ; BG is equal to GD ; 
wherefore BG is greatei than HD i 
therefore BH is much greater than HD| 
Again becaufe the point H is the center 
of the circle EBFD ; BH is equal to 
HD ; but it hath alfo been demonftrated 
to be much greater than it 1 which is 
impoffible i wherefore a circle does not 
touch a circle in more points than one inwardly. 

I fay 
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I fay that neither does it outwardly. For if it be poflible ; let Book IJL 
the circle ACK touch the circle ABDC without in more points 
than one, in the points A^ C and let AC be joined. 

Wherefore ^becaufe any two points A, C have been taken in the 
circumference of each of the circles ABDC, ACK ; the flraight 
line joining thefe points will fall (by 2. 3.) within both : but it 
hath fallen within the circle ABDC, and without the circle ACK ; 
which is abfurd : wherefore a circle does not touch a circle out-- 
wardly in more points than one ; but it has been demonftrated that 
neither does it inwardly. 

Wherefore a circle does not touch a circle in more points than 
one, whether it touch it on the iniide or on the outiide. Which 
was to be demonftrated. 

» 

PROP. XIV. 

The equal ftraight lines, in a circle, are equally diftant from 
the center ; and the ftraight lines being equally diftant from the 
center are equal to one another. 

Let ABDC be a circle ^ and let AB, CD be equal ftraight lines 
in it ; I fay that they are equally diftant from the center. 

For let the center of the circle ABDC be taken (by i • 3O J ^^^ 
let it be E $ and let £F, EG be drawn perpendiculars from £ to 
AB, CD ; and let AE, EC be joined. 

Wherefore fince EF, a certain ftraight 
line through the center, cuts a certain 
ilraight line AB, not through the center, at 
right angles ; it will cut it alio in halves (by 
3. 3.) ; wherefore AF is equal to FB : 
therefore AB is the double of AF. Cer- 
tainly, for the fame reafon alfo, CD is double 
of CG ; and AB is equal to CD ; where- 
fore AF is equal to CG (by com, not. 7.) : 

and becaufe AE is equal to EC ; alfo the Jfuare of AE is equal to 
the fquare of EC : but the Jquares of AF, FE are equal (by 47. 
I .) to the fquare of AE ; for the angle at F is a right angle : and 

iYitfquares of EG, GC are equal -to the fjuare of EC j for the 

angle 
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Book III. angle at G is a right angle : wherefore the fquares of AF, FE are 
equal to the fquares of CG, GE ; of which the fquare of AF is 
equal to the fqunre of CG ; for AF is equal to CG ; therefore the 
remainder the Jquare of FE is equal to the remainder the fquare 
of EG ; wherefore FE is equal to EG : but in a circle, flraight 
lines are faid to be equally diftant from the center, when perpen- 
diculars drawn from the center upon them are equal (by def. 4. 3.) 
therefore AB, CD are equally diftant from the center 

But let the ftraight lines AB, CD be equally diftant from the 
center, that is, let FE be equal to EG : I fay that AB is a]fo equal 
to CD. 

For the fame things being conftru£ted ; certainly we (hall de- 
monftrate, in the fame manner, that AB is the double of AF y 
and CD of CG : aud becaufe AE is equal to EC ; the fquare of 
AE is alfo equal to the fquare of EC 5 but the fquares of EF, FA 
are equal to the fquare of AE ; and the fquares of EG, GC are 
equal to the fquare of CE ; therefore the fquares of EF, FA are 
equal to the fquares of EG, GC ; of which the fquare of EG is 
equal to the fquare of EF ; therefore the remaining fquare of AF 
is equal to the remaining fquare of CG ; wherefore AF is equal to 
CG ; alfo AB is the double of AF, and CD the double of CG ; 
wherefore AB is equal to CD. 

Wherefore the equal ftraight lines, in a circle, are equally dif- 
tant from the center ; and the ftraight lines, being equally diftant 
from the center, are equal to one another. Which was to be de^ 
monftrated. 

PROP. XV. 

The diameter is the greateft line in a circle ; but of the others, 
the one nearer to the center is greater than any one more remote. 

Let ABCD be a circle ; and let AD be a diameter of it ; and E 
the center ; and let BC be nearer the center E i but FG more re- 
mote ; I fay that AD is the greateft, and BC greater than FG. 

For let EH, EK be drawn perpendiculars from the center, to 
BC, FG 5 and becaufe BC is nearer to the center, but FG more 
remote ; therefore (by def. 5. 3.) EK is greater than EH ; let EL 

be 
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be made equal to EH ; and through the point L« LM being drawn Book iil 
at right angles to EK let it be produced to N ; and let EM, EN, 
EF, EG be joined. 

And becaufe EH is equal to EL ; (by 
14. 3*) BC it equal to MN : Again fince 
AE is equal to EM and ED to EN; 
therefore AD is equal to ME, EN ; but 
(by 20. I.) -ME, EN are greater than 
MN ; therefore alfo AD is greater than 
MN ; but MN is equal to BC j therefore 
AD is greater than BC : And becaufe the 
two ME, EN are equal to the two FE, 
EG and the angle MEN is greater than 

the angle FEG ; therefore (by 24. i .) the bafe MN is greater 
than the bafe FG ; but MN has been demonftrated to be equal to 
BC ; and BC is alfo greater than FG : wherefore the diameter AD 
is the greateil ; and BC greater than FG. 

Wherefore the diameter is the greateft line in a circle ; but of 
the others the one nearer to the center is greater than any one more 
remote. Which was to be demonftrated. 




PROP. XVL 

The ftrwgbt line drawn at right angles to the diameter of a 
circle, from the extremity, will fall without the circle \ and into 
the place between the ftraight line and the circumference another 
ftraight line will not fall ; and the angle of the femicircle is greater 
than every acute redilineal angle : but the remainder lefs. 

Let ABC be a circle about the center D, and AB its diameter ; I 
iay that the ftraight line drawn from its extremity, from the point 
A, at right angles to AB, will fall without the circle. 

For if not, but if poffible let it fall within, as AC and let DC 
be joined. 

And becaufe DA is equal to DC, the angle DAC (by 5. i .) is 
alfo equal to the angle ACD ; but DAC is a right angle (by conft.) 
wherefore alfo ACD is a right angle, therefore the angles DAC, 
ACD are equal to two right angles i which (by 17. i.) is impof* 

Vol. I. L fible; 
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Book III. fible ; wherefore the Jiraigbt line drawn 
from the point A, at right angles to AB 
will not fall within the circle : certainly 
in like manner we {hall dcmonftrate that 
neither will it fall upon the circumfe- 
rence ; therefore let it fall without as AE, 

I fay that another ftraight line will not 
/fall into the place, between the ftraight 
line AE and the circumference HAC, 

For if it be poflible let it fall as FA ; 
and let DG be drawn, from the point D, 
perpendicular to FA. 

And bccaufe AGD is a right angle, but DAG (by 17. 1.) Icfs 
than a right angle i therefore (by 19. !•) AD is greater than DG; 
but AD is equal to DH ; therefore DH is greater than DG j the 
lefs than the greater, fuppojing G without the circle^ which is im- 
pofTible; wherefore another ftraight line will not fall into the place 
between the ftraight line and the circumference. 
' Alfo I fay that the angle of the femicircle ; the angle contained 
by the ftraight line BA and the circumference HA ; is greater than 
every acute redtiltneal angle ; but the remainder, the angle contai- 
ned by the circumference HA and the ftraight line AE is lefs than 
every acute redtilineal angle. 

For if there be any rectilineal angle, greater than that contained 
by the ftraight line BA and the circumference HA ; but lefs than 
that contained by the circumference HA and the ftraight line AE i 
a ftraight line will fall into the place between' the circumference 
HA, and the ftraight line AE $ which will make an angle contained 
by ftraight lines greater, than that contained by the ftraight line 
BA and the circumference HA ; but lefs than that contained by 
the circumference HA and the ftraight line AE : but it does not 
fall : therefore, the acute angle contained by the ftraight lines will 
not be greater than the angle contained by the ftraight line BA and 
the circumference HA, nor lefs than the angle contained by the cir- 
cumference HA and the ftraight line AE« Which was to be de« 

mon ft rated. 

Cor* 
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Cor. From thefe demonftrations it is manifeft that the Jiratght Book IH. 
Une drawn from the extremity at right angles to the diameter of 
the circle, touches the circle : and that a flraight line touches a 
circle in one point only : becaufe (by 2. 3.) the flraight line meet* 
ing it in two points has been (hewn to fall within it. 



PROP. XVIL 

« 

From a given point to draw a flraight line touching a given circle. 

Let A be the given point, . and BCD the given circle ; it is re- 
quired from the point A to draw a flraight line touching the circle 
BCD. 

For let E the center of the circle be taken (by i- 3*) ^ ^"^ ^^^ 
AE be joined ; and with the center E and at the diflance EA let 
the circle AFG be defcribed ; and from the point D, let DF be 
drawn at right angles to AE ; and let EBF, AB be joined : I fay 
that from the point A the Jlraight line AB hath been drawn touch- 
ing the circle BCD. 

For fince E is the center of the circles A 

BCD, AFG ; therefore E A is equal to EF ; 
and ED to EB : certainly the two AE, EB 
are equal to the two FE, ED ; and they con- 
tain a common angle, the angle at E ; where- 
fore (by 4. I .) the bafe DF is equal to the 
bafe AB and the triangle DEF is equal to 
the triangle EBA ; and the remaining angles 
to the remaining angles ; therefore the angle G 

EBA is equal to EDF ; but EDF is a right 
angle ; wherefore EBA is a right angle 1 and EB is from the cen- 
ter : but the Jlraigbt line drawn from the extremity at right angles 
to the diameter of the circle touches the circle : wherefore AB 
touches the circle. 

Wherefore from a given point, the point A, a flraight line AB 
hath been drawn touching the circle BCD. Which was to be done. 
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If any ftraight line touch a circle, and any ftraight line be drawn 
from the center to the point of contadl i the line drawn will be 
perpendicular to the toMchxng Jine. 

Let any ftraight line DE touch the circle ABC, in the point Cj 
and let F the center of the circle ABC be taken ; and from F to 
C let FC be drawn ; I fay that FC k perpendicular to DE. 

For if not, let FG be drawn from the 
point F perpendicular to DE. 

Wherefore becaufc FGC is a right 
angle, therefore GCF is an acute angle ; 
but the greater fide is extended under the 
greater angle; therefore FC is greater 
than FG ; but FC // equal to FB : where- 
fore FB is greater than FG i the lefs than 
the greater which is impoflible : therefore 
FG is not perpendicular to DE : ceirtainly 
in the fame manner we.ihall demonftrate, that neither /> any other 
but FC : wherefore FC is perpendicular to DE. 

Wherefore if any ftraight line touch a circle ; and any ftraight 
line be drawn from the center to the contaft ; the line drawn is 
perpendicular to the tangent. Which was to be demonftrated. 

PROP. XIX. 

If any ftraight line touch a circle, and a ftraight line be drawn, 
from the contad^ at right angles to the touching line ; the center 
of the circle will be in the line fo drawn. 

For let any ftraight line DE touch the circle ABC in the point 
C ; and from C let CA be drawn at right angles to DE y I lay 
that the center of the circle is in AC. 

For if not, but if poflible let it be 
F : and let CF be joined. 

Wherefore becaufe a certain ftraight 
line DE touches the circlfe ABC \ and 
FC hath been drawn from the center 
to the contaft ; therefore FC is per- 
pendicular to DE (by 18.3.) ; there- 
fore FCE is a right angle ; but (by D 




O F E U C L I D. ftj 

cond.) ACE is a right angle } wherefore FCE is equal to ACE ; Book ut. 
the Icfs to the greater ; whtch is impoffiblc ; wherefore F is not '—»'*' 
the center of the circle ABC : certainly in the fame manner we 
ihall demonflrate, that neither is it any other, hut/ome point in AC. 
Wherefore if any ftrajght line touch a circle, and a fljaight line 
be drawn, from the contact, at right angles to the touching One i 
the center of the circle will be in the Ike Jb drawn. Which was 
to be deiBonftrated. 

P R O P. XX. 

In a circle, the angle at the center is double of the angle at 
the circumference ; when the angles have the fame circumference 
Jbr a bafe. 

Let ABC be a circle, and let B£C be an angle at the center of 
it ; but BAG at the circumference of it ; and let them have the 
fame circumference BC /»r a bafe ; I fay that the angle BEC la 
double of the angle BAC. 

For AE being joined let it be produced A 

to F. 

Wherefore b'ecaufe EA is equal to EB; ^ 

alio (by 5. I.) the angle EAB is equal to 
EBA i wherefore the angles EAB, EBA 
are double of EAB : but (by 32. 1.) BEF 
is equal to EAB, EBA ; wherefore BEF is 
double of EAB : Certainly for the fame 
rcafon FEC is double of EAC : . therefore 
the whole BEC is double of the whole BAC. 

Let it be bent in a different direfUon ; and let the other angle 
be BDC i and D£ being joined let it be produced to G : certainly 
in the fame manner we Ihall demonftrate that the angle GEC is 
double of the angle GDC i of which GEB is double of GDB j 
therefore the remainder BEC is double of the remainder BDC. 

Wherefore in a circle, the angle at the center is double of the 
angle at the circumference ; when the angles have the fame cir^* 
cumferencc yir a bafe. Which was to be demonftrated. 

PROP* 
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PROP. XXL 

In a circle, the angles in the fame fegment are equal to one 
another. 

Let ABCD be a circle, and let the angles BAD, BED be in the 
fegment BAED ; I fay that the angles BAD, BED are equal to 
one another. 

For let the center of the circle ABCD be 
taken ;' and let it be F ; and join BF, FD. 

And becaufe the angle BFD is at the center ; 
but BAD at the circumference, and have the, 
fame circumference BCD for a bafe ; therefore 
the angle BFD is double of the angle BAD : 
certainly for the fame reafon BFD is double of 
BED : wherefore (by com. not. 7.) the angle 
BAD is equal to BED. 

Wherefore in a circle, the angles in the fame fegment are equal 
to one another. Which was to be demonftrated. 




PROP. XXIL 

The oppofite angles, of quadrilateral figures injcribed in circles,* 
are equal to two right angles. 

Let ABCD be a circle ; and let ABCD be a quadrilateral figure 
infer ibed in it ; I fay that the oppofite angles of it are equal to two 
right angles. 

Let AC, BD be joined. 

And becaufe (by 32. i.) the three angles 
of every triangle are equal to two right 
angles i CAB, ABC, BCA the three angles 
of the triangle ABC are equal to two 
right angles : but CAB is equal to BDC 
(by 21. 3.) I for they are in the fame feg- 
ment BADC : and ACB is equal to ADB 
(by 21. 3*) : for they are in the fame feg- 
ment ADCB ; wherefore the whole angle ADC is equal to the two 
angles BAC, ACB ; let ABC 'wbicb is common be added ; there- 
fore 
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fore the three angles ABC, B AC, ACB are equal to the twe ABC, Book IIL 
ADC: but the angles ABC, BAC, ACB are equal to two right 
angles ; alfo the angles ABC, ADC are equal to two right angles ; 
Certainly in the fame manner we (hall demonflrate, that the angles 
BAD, DCB are equal to two right angles. 

Wherefore the oppofite angles, of quadrilateral figures mfcribed 
in circles, are equal to two right angles. Which was to be de* 
monftrated. 

PROP. XXIII. 

Two fimilar and unequal fegments of circles will not (land upon 
the fame flraight line, towards the fame parts. 

For if it be poflible ; let ACB, ADB two fimilar and unequal 
fegments of circles ftand upon the fame flraight line AB, towards 
the fame parts, and let ADC be drawn; and let CB, DB be Joined.. 

Wherefore becaufe the fegment ACB is ^ 

fimilar to the fegment ADB : and fimilar feg- 
ments of circles are (by dcf. 1 1 . 3.) thofe recei- 
ving equal angles i therefore the angle ACB 
is equal to the angle APB ; the outward to the 
inward; which (by 16. i.) is impofiible. 

Wherefore two fimilar and unequal fegments of circles will not 
ftand upon the fame flraight line, towards the fame parts. Which 
was to be demonflrated. 

PROP. XXIV. 

The fimilar fegments of circles, upon equal flraight lines, are 
equal to one another. 

Let AEB, CFD be fimilar fegments of circles upon the equal 
flraight lines AB, CD ; I fay that the fegment AEB is equal ta 
the fegment CFD. 

For the fegment AEB being ap- 
plied to the fegment CFD ; and 
the point A being placed upon the 
point C ; and the flraight line AB 
upon CD ; the point B will apply 

itfelf to the point D i becaufe AB is equal to CD ; but the 

flraight 
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:pook III. ftraight line AB applying itfelf to CD, the fegment AEB (by 
23. 3.) will apply itfelf to CFD : for if the ftraight line AB (hall 
apply itfelf to CD ; but the fegment AEB will not apply itfelf to 
CFD ; but (hall change its direction as CHGD : but a circle does 
not cut a circle in more points than two (by 10. 3.) 5 but the circle 
CHGD cuts CFD in more points than two ; viz. in C, G, D ; 
which is impoflible : wherefore the ftraight line AB being applied 
to CD, alfo the fegment AEB will not, not apply itfelf to CFD ; 
therefore it will apply itfelf, and will be equal to it. 

Wherefore the fimilar fegments of circles, upon equal ftraight 
lines, are equal to one another. Which was to be demonftrated. 



PROP. XXV. 

■ 

A fegment of a circle being given to defcribe the circle of which 
it is a fegment. 

Let ABC be the given fegment of the circle i it is required to 
defcribe the circle, of which ABC is a fegment. 

For let AC be cut in halves (by 10. i.) in the point D $ and 
from the point D let DB be drawn at right angles to AC i and let 
AB be Joined : therefore the angle ABD is either greater, equal 
or lefs than the angle BAD. 

Firft, let it be greater ; and let the angle BAE be made, with 
the ftraight line AB and at the point A in it, equal to the angle 
ABD ; and let DB be produced to E ; and let EC be joined. 

Wherefore becaufe the angle ABE is equal 
to BAE ; therefore (by 6. i.) the ftraight 
line BE is equal to EA : And becaufe AD is 
(by conft.) equal to DC and DE common ; 
certainly the two AD, DE are equal to the 
two CD, DE each to each ; and the angle 
ADE is equal to the angle CDE ; for each is 
a right angle ; therefore alfo (by 4. i.) the 
bafe AB is equal to the bafe EC ; but AE has 
been demonftrated to be equal to EB ; there- 
fore alfo BE n equal to CE ; wherefore the 
three firaigbt lines AE, EB, EC are equal to 
one another : therefore a circle defcribed with 
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the center E and at the diftance of one of the lines AE, EB, EC Book nL 
will alio pafs through the remaining points, and will be the circle 
to be defcribed (by 3. 3,) : Wherefore the fegment of a circle being 
given the circle has been defcribed ; and it is manifefl; that the 
fegment ABC is lefs than a femicircle ; on this account, becaufe 
£ the center of it falls without. 

In like manner, if the angle ABD is equal to the angle BAD ; 
AD becoming equal to either of the lines BD, DC ; therefore the 
three DA, DB, DC will be equal to one another ; and D will be 
the center of the circle compleated ; and certainly ABC will be a 
femicircle. 

But if the angle ABD be lefs than BAD ; alfo let us make with 
the ftraight line AB, and at the point A in it, an angle equal to 
the angle ABD ; the center will fall within the {tgmtnl ABC in 
xh^Jiraigbt line DB ; and certainly the fegment ABC will be greater 
than a femicircle. 

Wherefore a fegment of a circle being given, the circle has been 
defcribed, of which it is a fegment. Which was to be done. 

PROP. XXVI. 

In equal circles, the equal angles iland upon equal circumfe- 
rences ; whether they (land at the center, or at the circumference. 

Let ABC, DEF be equal circles 5 and let BGC, EHF be equal 
angles in them, at their centers ; and BAC, EDF at the circum<- 
ference : I fay that the circumference BKC is equal to the circum- 
ference ELF. 

For let BC, EF be joined. 

And becaufe the circles ABC, 
DEF are equal ; the ftraight 
lines from their centers are equal 
(by def. i. 3.) : the two BG, 
GC are equal to the two EH, 
HF and (by fupp.) the angle at 
G is equal to the angle at H : 

wherefore the bafc BC is equal to the bafe EF : and becaufe the 

angle at A is equal to the angle at D ; therefore the fegment BAC 

Vol. L M is 
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Book III. is fimiJar ts> the fegnient EDF (by dcf. 1 1. 3.); and th«y arc upon 
equal ftraight lines BC^ EF ; but fimilar iegments Aemg upon equal 
firaight lines are equal (by 24. 3.) ; wherefore tlue icgment BAG 
is equal to the fcgment EDF ; but alfo the whole circle ABC is 
equal to the whole circle DEF ; therefore the remaining iegmedt 
BKC is equal to the remaining fegment ELF ; wherefore the cir» 
cumference BKC is equal to the circumference ELF. 

Wherefore in equal circle59 the equal angles ftaod upon equal 
circumferences ; whether they fland at the center or at the circum.-* 
ference. Which was to be depionflrated. 

PROP. XXVIL 

In equal circles, the angles which ftand upon equal circum-» 
ferences are equal to one another ; whether they ftand at the center 
or at the circumference. 

For let the angles BGC, EHF ftand at the caters G^ H in the 
equal circles ABC, DEF ; and upon the equal circumferences BC, 
EF i and the angles BAC» EDF at the circumferences ; I fay that 
the angle BGC is equal to the angle EHF i and BAC to EDF. 

If the angle BGC be equal 
to EHF I it is plain (by 20. 
3.) that the angle BAC is equal 
to ilit angle EDF ; but if the 
angle BGC be not equal t$ the 
angle EHF ; one of them is 
greater; let BGC be the 
greater, and let the angle BGK 

(by 23. I.) be made with the ftraight line BG and at the point G 
in it, equal to the angle EHF : but (by 26. 3.) equ^ angiks ftand 
upon equal circumferences, when they are at the centers ; where^* 
fore the circumference BK is equal to the circumfereQce EF j bu^ 
EF (by fupp.) is equal to BC 5 wberefoee BK is equal to BC^ the 
lefs to the greater ; which is impoffible : wherefore the angle BGC 
is not unequal to EHF ; therefore equal i and the angle at A is 
iialf of the angle BGC ; and the angle at D is half of the angle 
EHF : wherefore the angle at A is equal to the angle at D. 

Where- 
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Wi^fefere in e^ual circles, the angles which (land upon equal cir- Book in. 
cumferences ar6 equal to one another ; whether they ftand at the 
center or at the circumference. Which was to be demonflratcd. 



and let BK, 



PROP. XX vni. 

Equal ftraight lines in equal circles cut off equal circumferences; 
the greater equal to the greater ; and the lefs equal to the lefs. 

Let ABC, DEF be equal circles ; and let BC, EP be equal 
ftfaight lines in them, cutting off the greater circumferences B AC, 
EDF ; and BGC, EHF the lefs ; I fay that the greater circum- 
ference BAC is equal to the greater circumference EDF ; and the 
leffer circumference BGC is dqual to the lefs EHF. 

For let R, L th^ centers of the circles be taken 
KC, EL, LF be joined. 

And bdcftuffe the circles are 
equal $ the lintes alio from their 
centers arc equal (by def. i.) ^ 
therefore the two BK, KC are 
equal to the two EL, LF ; and 
the bafe BC is* (by fupp.) equal 
. to the ba£i EF ; wherefore (by 
8. I.) the angle BKC is equal to 

the angle ELF ; but equal angles ftand upon equal circumferences, 
when they arc at the center (by 26. 3.) ; therefore the circum^ 
fercnce BGC is*«^ual fo the circumference EHF ; but the whole 
circle ABC is equal to the whole circle DEF ; wherefore the re- 
maining circumference BAC, is equal to the remaining circum- 
fcreficc EDF. 

IVherefore equal ftraight lines in equal circles cut oflF equal cir- 
cui^erences ; the gtfcater equal to the greater j and the lefe ejual to 
the lefs* Which was to be demondrated. 




PROP. XXIX. 

In equal circles, equal ftraight lines are extended under equal 

cifciimferences. 

M 2 Let 
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Book III. Let ABC, DEF be equal circles ; and in them let the eqoal 
circumferences BGC, EHF be taken ; and let the ftraight lines 
BC, EF be drawn 5 I fay that the ftraight line BC is equal to EF. 

For let K, L, the centers of the circles be taken ; and let BK, 
KC, EL, LF be joined. 

And becaufe the circumference 
BGC is equal to the circumference 
EHF ; alfo (by 27. 3.) the angle 
BKC is equal to the angle ELF 1 
and becaufe the circles ABC, DEF 
are equal ; the lines from their 
centers are equal (by def, i. 3*)> 
therefore the two BK, KC are 

equal to the two EL, LF *, and they contain equal angles ; there- 
fore (by 41) the bafe BC is equal to the bafc EF, 

Wherefore, in equal circles, equal ftraight lines are extended 
under equal circumferences. Which was to be demonftratedi. 




PROP. XXX. 

To cut a given circumference in halves. 

Let ABD be the given circumference s it is required to cut the- 
given circumference ADB in halves. 

Let AB be joined, and let it be cut in halves (by 10. i.) at the 
point C ; and from the point C, let CD be drawn at right angles 
to the ftraight line AB ; and let AD, DB be joined. 

And fince AC is equal to CB s and CD com- 
mon i certainly the two AC, CD are equal to 
the two BC, CD ; and the angle ACD is equal 
tQ the angle BCD ; for :each of tbefe is a right 
angle ^ and (by 4. i.) the bafe AD is equal to 
the bafe DB ; but equal ftraight lines cut ofi^ 
equal circumferences (by 28. 3.) j the greater equal to the greater^ 
and the lefs equal to the lefs : and each of the circumferences AD» 
DB is lefs than a femicircle ; wherefore the circumference AD is 
equal to the circuaoference DB« ^ 

Where- 
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Wherefore the given circumference hath been cut in halves. Book in. 
Which was to be done« 



PROP. XXXI. 

In a circle^ the angle in a femicircle is a right angle ; but the 
angle in a greater fegment is lefs than a right angle ; and the angle 
in a fegment lefs than a femicircle is greater than a right angle : and 
befides the angle of a greater fegment is greater than a right angle; 
but the angle of a fegment lefs than a femicircle is lefs than a right 
angle. 

Let ABCD be a circle ; and let BC be the diameter of it, and 
£ the center ; alfo let BA» AC, AD, DC be joined ; I fay that 
the angle in the femicircle BAC is a right angle ; but that the 
angle in the fegment ABC greater than a femicircle, viz. ih^angle 
ABC, is lefs than a right angle ; and that the angle in the fegment 
ADC lefs than a femicircle is greater than a right angle. 

Let A£ be joined ; and let BA be produced to F. 

And becaufe BE is equal to £A, the 
angle £AB (by 5. i.) is alfo equal to 
EBA : again becaufe £A is equal to 
EC, the angle EAC is alfo equal to 
ACE ; wherefore the whole angle BAC 
is equal to the two angles ABC, ACB : 
but th^ angle FAC, the outward angle g 
of the triangle ABC, is alfo equal to 
the two angles ABC, ACB, (by 32. i.) : 
wherefore the angle BAC is equal to 
the angle FAC ; therefore each of them 
is a right angle : wherefore the angle BAC, in the femicircle BAC 
is a right angle. 

And fince the two angles ABC, BAC' of the triangle ABC are 
lefs than two right angles $ and BAC is a right angle : therefore 
the angle ABC is lefs than a right angle \ and it is in the fegment 
ABC greater than a femicircle. 

And becaefe ABCD is a quadril^eral figure infcribed in a circle ; 
and the oppofite angles of quadrilateral figures in circles are (by 

22.3.) 
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Book III. 22> J.) equal to two right angles ^ wherefore thb angles ABC, 
ADC are equal to two right angles ; but ABC is Itfs than a right 
angle ; therefore the remainder ADC is greater than a right angles 
and it is in a fegment lefs than a femicircle. 

I fay alfo that the angle of a greater fegment^ the angle contai- 
ned by the circumference ABC and the ftrasght line AC» is greater 
than a right angle $ but the angle of the fegment lefs than a Jim^^ 
circky the (n^le contained by the circumference ADC and the 
ftraight line AC is lefs than a right angle : and it is manifeft frcin^ 
hence. For becatife the angle contained by the ftraight lines BA, 
AC is a right angle i therefore the angle contained by the circum-* 
fbrencc ABC and the ftraight line AC is greater than 'a right angle 
(by com. not. ^.) : Again beciiife the a^gle contamed by the ftraight. 
lines CA> AF is a right angles therefore the angle contained by the' 
Drraight liqe AC aild; the circumference ADC is lefs than;a right 
angk. 

Otherwise. A deoiofiftfation that BAC is a right angle« 
Becaufe the angle AEC (by 3a. i.) is double of the an^ BA£ i . 
for it is equal to the two inwiu-d imd oppofite angles ; and AEB is 
alfo double of the angle £AC.$' whcrdFore the angles AEB, AEC 
are double of the angle BAG ;: but the ahgks A£B> AEC are* (by* 
13. I.) equal to two right angles* s whef efore : the angle BAC is a 
right angle. Which was to b<e densonftraCed. 

Cor Froni this it is maciifeft that if one angle of a triangle be 
equal to the other ^wo it is^ a right angle : for this re^pm becauie 
the adjacent angle is equal to the fame two :. but (by def. r^. i.) 
when* the adjacent angV^s are equal, they are right angles. 

PROP. xxxn. 

» - ' 

If any flraight line touch a circle ; and if from the contafi any . 
ilraight hner be drawh to the eirde^ cutting the circle ; the angles 
wluch k n^akes widi the touching line will be equal to the angles 
in the alternate fegments of ^ circle. 

For let any ftraight line EF touch .the circle ABCD in the point 
B I and from t^e i^oint B let BD any ftraight line be drawn to the 
ciMle ABCD cMting it j I fay that the angles which BD makes 

with 
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with the touching line EF will be equal to the angles in the alter- Book nL 
Bate fegments of the circle, that is, that the angle FBD is equal 
to the angle conftituted in the fegment DAB j and the angle EBD 
is equal to the angle in the fegment DCB. 

For let BA be drawn from the point B at right angles to EF % 
and let C any accidental point be taken in the circumference BD; 
and let AD, DC, CB be joined. 
. And becaufe a certain ftraight line EF A 

touches the circle ABCD in the point B ; y/^ r^^^^SP 

and froin the contact at B the Jiraight line 
AB has been drawn at right angles to the 
touching line ; the center of the circle 
ABCD is (by 19. 3,) in ^t Jiraight line 

AB : therefore the angle ADB, being in a E B F 

femicircle, is (by 31* 3O a right angle; 

therefore BAD, ABD, the remaining angles^ are equal to one right 
angle : but ABF is alfo a right angle (by conft.) ; wherefore the 
angle ABF is equal to the angles BAD, ABD % let the common 
angle ABD be taken away ; therefore the remaining angle DBF is 
equal to the angle in the alternate fegment of the circle, viz. the 
angle BAD : And becaufe ABCD is a quadrilateral ^&r^ infcribei 
in a circle, its oppofite angles are (by 22. 3.) equal to two right 
angles ; therefore the angles DBF, DBE are equal to BAD, BCD ; 
of which BAD has been demonih^ated to be equal to DBF ; there-^ 
fore the remaining angle DBE is equal to the angle vx the alternate 
fegment DCB of the circle, viz. the angle DCB. 

Wherefore if any ftraight line touch a circle ; and if from the 
contad any ftraight line be drawn to the circle, cutting the circle i 
the angles which it makes with the touching line will be equal to 
the angles in the alternate fegment s of the circle. Which was to 
be demonftratcd. 

PROP. XXXIII. 

Upon a given ftraight line to defcribe a fegment of a circle, 
containing an angle equal to a given re^iliqeal angle. 

Let the givenJiiaight line be AB ; and the angle at C, the given 
jredilineal angle : it is required, upon the given ftraight line AB^ 

• to 
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Book m. to defcribe a fegmcnt of a circle containing an anglie equal to die 
angle at C : but the angle at C is either an acute angle or a right 
angle or an obtufe angle. 

Firfl let it be an acute angle, as in the firfl: figure ; and let the 
angle BAD be made, with the ilraight line AB and at the point A 
in it, equal to the angle at C ; wherefore alfo the angle BAD is 
acute : and let AE be drawn, from the point A, at right angles 
to AD ; and let AB be cut in halves at F ; and from the point F 
let 'FG be drawn at right angles to AB ; and let GB be joined. 

And becaufe AF is equal 
to FB and FG common; 
certainly the two AF, FG 
are equal to the two BF, FG; 
and the angle AFG is (by 
conft.) equal to BFG ; there- 
fore (by 4. I •) the bafe AQ 
is equal to the bafe GB; 
therefore the circle defcribed 
with the center G and at the 
diftance AG, will alfo pais 
through B : let it be defcri- 
bed ; and let it be ABE ; and let BE be joined. Wherefore be« 
caufe from the extremity of the diameter AE ; from the point A ; 
AD is at right angles to AE ; therefore AD touches the circle (by 
cor. to i6« 3.). And fince a certain ftraight line AD touches the 
circle ABE ; and from the contad at A a certain ftraight line AB 
hath been drawn to the circle ABE ; therefore the angle DAB is 
equal to the angle AEB in the alternate fegment of the circle ; but 
the angle DAB is equal to the angle at C ; therefore the angle at 
C is equal to the angle AEB : wherefore upon the given ftraight 
line AB, a fegment of a circle hath been defcribed viz. AEB, 
containing the angle AEB equal to the given angle at C. 

But let the angle at C be a right angle ; and again let it be re- 
quired to defcribe upon AB a fegment of a circle containing an 
angle equal to the right angle at C : Again let the angle BAD be 
made equal' to the right angle at C^ as it is in the fecond figure ; 
aAd let AB be cut in halves in F ; and with the center F, and at 

the 
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Afc diHance 6f diAer of tl^ fines AF^ FB let the circle AEB be (!c- Boik iir.* 
fcribed. The^efo^e the ftraight line AD touches the circle ABE ; 
becaufe the angle at A is a right angle ; and the angle BAD is 
equal to the angle in the fegment AEB ; for it is alfo a right angle 
(by 31 1 3.) being in a femicircle : but lEe ang/e BAD is equal to 
the angle at C : wherefore, again a fegment of a ciJ-cle viz. AEB 
has been defcribed upon AB, containing an angle eqiial tb the 
angle at C. 

But 1^ tb€ angle at G be an obtafe angle : and kt the angle BAD 
be madiei equal to it^ with the ftratght line AB and at the point A, 
as it is in the third figure ; slnd let AE be draWn at right angles to 
AD ; and again let AB be cut in hakes it F ; and let FG be 
drawn it right angles to AB ; and let GB be joined. 

And again, becaufe AF is equal to FB and FO common ; cer- 
tainly the two AF, FG arc equal to the two BF, FG 5 and the 
angle AFG is equal to the angle BFG : therefore the bafe AG is 
equal to the bafe GB ; wherefore a circle defcribed with the center 
6 I and at the diftance AG^ will alifo pafs through B ; let it pafs 
ats* AEB : And becaufe AD has^ b6tii drawn att right angles to the 
diameter AE from its cxtremJby': flverdforc AD (by cor. 16.3.) 
tbtifcheis^ the circle AEJB : and from* the contaft at- A, the Jlraight 
Snif AB hath been dt^wn t wherefore the angle JSAD is equal to 
AHB the angle contained' in th^ alternate fegment of the circle : 
But the aiiglt lAAiy is equal to the ahgk at G : therefore alfo the 
affgle ifi 13x6 li^etHf AHB k 6qn» to t¥k drf^le at- Q. ' Wherefore 
xrpoti ^t giVii^ ftht%Ht Hn« AB^ a fif^iiii^t of a" cirdk y viz. AHB, 
has been defcribed, containing an angle equai^taUl^e angle at C. 
Which WAjt tb be dbhfe. 

PRO J*, tthi. ' 

^ To cut off a fegtiiieiit from a giireii' circle, <x>Atai^^ng ari angl» 
equal to a gi^en redilHieal angle. 

Let ABC b6 the given cittlc j and tire givih ris£tiHneal angle; 
^M angle atti : it k required- to cat off aTegment' frotii the circle 
ABC, cdntJoBfing an anglf equal to'th6 ahgtc at 0. 

Vol. L ■ ■ i^ Let 
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Bfx>k m. Let EF be drawn touching the circle ABC in the |>pint B ; and 
let the angle FBC be made with the flraight line EF, and at the 
point B in it, equal to the angle at D. 

Wherefore becaufe a certain Araight line 
EF touches the circle ABC, and from the 
contaift at B, BC hath been drawn cutting 
it ; therefore (by 32. 3.) FBC is equal to 
the angle contained in the alternate fegment 
BAC : but the angU FBC is equal to the 
angle at D ; wherefore alfo the angle in the 
fegment BAC is equal to the angle at D. 

Wherefore from a given circle ABC a fegment BAC has been 
cut off, containing an angle equal to the given redilineal an^le at 

D. Which was to be dooe. 

» 

PROP. XXXV. 

If in a circle two ftraight lin^s cut one another, the redangle 
contained by the fegments of the one is equal to the redan^e con« 
tained by the fegments of the other. 

For in the circle ABCD let the two ftraight lines AC, BD cut 
one another in the point £ ; . I fay that the rectangle contained by 
AE, EC is equal to the redtangU contained by DE, £B. 

If AC, BD pafs through the center fo that 1^ be the center of 
the circle ABCD : it is manifeft, AEj EC, DE, EB being equal, 
that the re Aang^e contained by AE, EC is equal to the rectangle 
contained by DE^ EB. ., 

But let AC, DB not pafs through the center ; and let the center 
of the circle ABCD be taken (by i. 3.) ; and let it be F; and 
from the point F, let FG, FH be drawn perpendiculars to AC, DB; 
and let FD, FA, FE bi joined. 

And becaufe . GF a certain ilraight line through the center, rnts 
a certain (Iraight line AC not through the center at right angles;, 
it will alfo cut it in halves (by 3. 3.) > wherefore AG is equal to 
GC : wherefore becaufe the ftraieht line AC has been cut into 
equal fegments at the point Q ; and into unequal fegmenti at tfae^ 
point E i therefore (by 5. 2.) the rectangle contained by AE ^nc) 

EC 
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EC together with the fquare of 
GE is equal to the fquare of GA ; 
let the fquare of GF which is com- 
mon be added : wherefore the 
reEiangle contained by AE, EC to- 
gether with th^ fquares of GE, GF 
is equal to the Jquares of AG, GF : 
But t\it fquare of FE is equal to 
the fquares of EG, GF (by 47. 
I .) ; and the fquare of FA is equal 
to the fquares of AG, GF : wherefore the rectangle contained by 
AE, EC together with the fquare of FE is equal to the fquare of 
FA : but FA is equal to FD ; wherefore the reSangle contained by 
AE, EC together with the fquare of FE is equal to the fquare of 
FD. Certainly for the fame reafon alfo the reStangle contained by 
DE^ EB. together with the fquare of FE is equal to the fquare of 
FD : but it has alfo been demonftrated that the reStangle contained 
by AE, EC together with the fquare of FE is equal to the fquare 
of FD : wherefore the redangle contained by AE, EC together 
with the fquare of FE is equal to the reAangle contained by DE» 
EB together with the fquare of FE : let the fquare of FE which is 
common be taken away ; therefore the remaining rectangle con- 
tained by AE, EC is equal to the remaining re<3:angle contained by 
DE, EB. 

Wherefore if in a circle two ftraight lines cut one another, the 
re£Uogle contained by the fegments of the one is equal to the re£t- 
angle contained by the fegments of the other. Which was to be 
demonftrated. 

PROP. XXXVI. 

If any point be taken without a circle, and two ftraight lines 
fall from it upon the circle ; and one of them cuts the circle and 
the other touches it i the redangle contained by the whole cutting 
line and the fegment without, taken between the point and the 
convex circumference, will be equal to the fquare of the touching line. 

For let D, any point without the circle ABC, be taken ; and 
from the foint D, let the two ftraight lines DCA, DB fall upon 

N 2 the 
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Bpokiu. the circle ABC j and let DC A cut tiie ciirck ABC i «od, hi UB 
touch // : I fay that the reftangle contaiocd by AJE)^ DG i» oqUdl 
to the fquarc of DB : the Jiraight line DCA cithar pafliM thram^h. 
the center or not. 

Firfl: let it pafs through the center ; apd let F bo Hm coalfft q| 
the circle ABC i and let FB be joined ; therefore (by i8. 3.) FBD 
is a right angle : And becaufe the (bright lino AC hath* been, cu^ 
in halves in the point F^ and CD i& added to.it i therofpiie (by 6k 
2.) the reSiangle contained by AD, DC tQgQtbei; with tfae^M^fr^ o€ 
FC is equal to the fquare of FD : but the ffuari of FD (by 47* 
I .) is equal to the fquarea of FB^ BD ; for th^ aogte F3D is a 
right angle : wherefore the re<fiangle contained/ by ASK, DC. togiEH 
ther with the fquare of FB is equal to the fyuara of FB> BD15 lot 
the commonT^M^^r^ of FB be taken, away ; thecofore the. remaining^ 
reSangle contained by AD^ DC is.equal tOithfi rMttfV2i%^t(tfr^. 
DB the. touching line^ 

But let DA hot pafs through the 
center of the circle ABC : and: let £ 
the center of the. circle be taken ; 
and from E let EF be draw^ perpen* 
diculajr to AC ; and let £B, EC, ED 
be Joined ; whereforCiEFDns. a. right, 
angle.}, and becaufe. £F a certain 
ftraight line through the center, cuts 

at. right angles AC a. certain, ftraight line net thrbugb tbe center^ 
iuwill alfo (by 3. 3.) cut.it in halves.; therefore AF is 1 equal ito.FG: 
and becjuife. thci ilraight line. AC hath been cutiin halves^ F ^ 8^4^ 
CD is added to it 5 therefore (by 6. 2.) the reBangle ^Mtainidhf^ 
AD, DC together with the y^i/^r^ of I^C is .equal to thtfguare of 
FD : let the common fquare of FE be added ; therefore the rcd- 
aogle contained by AiD^.DC together with. the^fq«iaresrO(C CF> HE 
ace equal to the fquares of DF, BE : but the fquare ofrDE is^uol : 
to the fquares of DF, FE (by 47. i.) j for EFD is aright angle; 
and the fquare of CE is equal to the fquares of CF;, FE : Where*. . 
fore, the reSiangle coniained by. AD, DC together with the fqeaie- 
of EC is equal to the, fquare of l^D : but CE is equal to £B ; 
therefore, the r^^tf;af^/i^ contained by ADi DC together with the^ 

fqua^re 
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fqnare of EB is eqttd to the fqaiare of ED : btit the fijoiare of* Ei>'B66k JEfti 
i^ equal to tbc iquares of £B^ BD > for the angle EBD is a ii^t 
aftgle : wherefore the redtangle contained by AI>; DC togetber 
wiih the iquare of EB is equd to- the fquares of EB, BD ; fet. thte 
common fquare of EB be taken awajr'; thcrefbre tbe rentaimng 
reSkaagti contained by ADv D€ is equal to thfe remamktjg f^ate of 
DB. 

. Wherefore if any point be taken without a circle, &c« Which 
was to be demonftrated. 

PROP. XXXVII. 

If any point be taken without a circle, and two ftraight lines 
fall from the point upon the circle, and one of them cuts the circle 
and the other meets />, and ^ the reSlangk contained by the whole 
cutting line, and the fegment without, taken between the point 
and the convex circumference, be equal to the fquare of the line 
which meets it ; the meeting line will touch the circle^ 

For let D be taken any point without the circle ABC ; and let 
the two ftraight lines DCA, DB fall from the point D, upon the 
circle ABC ; and let DCA cut the circle, and DB meet // ; and 
let the reStangk contained by AD, DC be equal to the^tf^r^ of 
DB I I fay that DB touches the circle ABC. 

For let DE be drawn (by 17.3.) touching the circle ABC y and 
let F the center of the circle ABC be taken (by i. 3.) > ^^^ ^^' 
FE, FB, FD be joined : therefore the angle FED is (by 18. 3.) a 
right angle. 

And fince DE touches the circle ABC ; and 
DCA cuts it ; therefore (by 36. 3.) the reStangle 
contained by AD, DC is equal to the fquare of 
DE i but the reSlangle contained by AD, DC is 
fuppofcd equal to tjiie fquare of DB ; therefore 
the fquare^ of DE is equal to the fquare of DB y 
wherefore DE is equal to DB ; and FE is alfo 
equal to FB ; therefore the two DE, EF are equal 
to the two DB, BF # and DF is a common bafe to them ^ therefore 
(by 8. 1.) the apgle DEF is equal to the angle DBF i but DEF is^ 

a right 
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Book m. a right angle > therefore DBF is alfo a right angle ; and PB pro- 
duced 18 a diameter ; but thzjlraigbt line drawn from the extremity 
at right angles to the diameter touches the circle ABC (by con to 
1 6. 3.) ; certainly it will be demonftrated in the fame manner if 
the center happen to be in AC. 

Wherefore if any point be taken without a circle, &c. Which 
was to be demonftrated. 
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I. A ^edilineal figurp is f^iji to be infcribe^l in a redtilioQal fi> ^^^^}\' 

gure, when each of the angles of the infcribed figure touches, 
each &dt of the figure; in whigb It >$ jnfcribed^ 2. And in like 
manner a figure is f^id to be circumlcribed: about a figure, when 
each, fide of the circumfcribed ;^^^ touches each angle of the 
figure about which it is circumfcribed. 3. And a redtilineal figure 
is faid to be infcribed in a, circle when each angle of the infcribed 
figure touches the circumference of the circle. 4. And a rcftili- 
neal figure is faid to be circumfcribed abput a circle,, when qach 
fide of the circumfcribed figure {is a tangent to the circle) touches: 
the circumference of the circle, t. In like manner a circle is faid 
to be infcribed in a figure, when the circtunference of t;he circle 
touches each fide of the figure within which it is infcribed. 6. 
Buti a circle is faid to be circumfcribed ^bout a figure, when the 

cir- 
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^dok IV. circumference of the circle touches each angle of the figure about 
which it is circumfcribed. 

7. A flraight line is faid to be applied or placed in a circle^ when 
the extremities of it are in the circumference of the circle. 



PRO P. I. 

In a given circle to apply a ftraight line^ equal to a given ilraight 
line, which is not greater than the diameter. 

Let the given circle be ABC ; and D the given ftraight line, not 
greater than the diameter of the circle : it is required to apply in 
the circle ABC a ftraight line equal to the ftraight line D. 

Let BC the diameter of the circle 
ABC be drawn : if therefore BC be 
equal to D, thp thing required has 
been done : for the ftraight line BC 
has been applied » in the circle ABC, 
equal to the ftraight line D. But if 
not, BC is greater than D (by fupp.) ; 
and (by 3. i .) make C£ equal to D % 
and with the center C^ and at the 
diftance CE let the circle AEF be defcribed 5 -and letCA be joined. 

Wherefore becaufe the point C is the center of the circle AEF 
CA k equal to CE i but £) i« eqjual to CE 1 therefore alFo tk 
equ^ to CA, 

Wherefore in the given circle ABC, the ftraight line A€ bas^ 
been applied, equal to the given ftraight line D, which i^ not 
greater than the diameter of the circle. Which was to be dt^nt. 




PROP. IL * 

In- a given circle, to infqribe a triangle equiangular tb a given- 
triangle^ 

Let ABC be the given circle, and DEF the given triangle ; it* W 
required to inferibe in ther<ai?cle A'BC » triangle equiangulkr to thtt^ 
triangle DEF. ^ 



o F' :EJ;rx id; 



\Vs 



Let GAH be drawn, touching the circle ABC in the pom^ A ; Book iV. 
and let the angle HAC be made with the ftraight line AH» and at 
the point A in it, ^qaal to the angle D£F : and the a»g/e GAB, 
with the ftraight line AG, and at the j>4Mt A in it, equal to the 
angle FDE i and let BC be joined. 

Therefore becaufe a certain G AH 
ftraight line HAG touches the 
circle ABC, and a certain ^raigAt 
Ime AC hath been dnlwn. from 
the contact tutting it ; therefore 
(by 32. 3.) the angle HAC is 
equal to ^Mtgiilr ABC, the angie 
in the- ■ ^ernate fegment of the 

cihrte t but the angle 'HAC Is eqdal n> d^ a^gle I^F ; therefore the 
angle- ;ABCir equal <id the at^U FEDi C{«aiaty( Uk the iame 
rsaToQ alfiy the angle ACBii«qual to FBE4 -and tUoprefote (by 3 a; 
I .) the Teinainiiig angle BAC is eqiid Co the rensaioing angle EFD t 
wherefore i die triangle ABC is eqainigtdar tot the triangle DEF^ 
and it has been hi&tibMlctia'tiie ctfcle ABC {M^ dcE jC 4;). 
> Whotfortla^t^b^e eqiuan^tdfr- to HiA gl^do tsiaiigU hath been 
l^iib«d ia die ghttfi drde. Which was CO b6 done^ 




PROP. m. 

*t^ oiteatfferifeeatrlflii^^alMnit a.givenjoinole,> eif»2nignlar to 

Let ABC be the given circle, and DEF the given triangle ; it is 
required to circumfcribe a triadgle abotit the circle ABC equian- 
gular to the triangle DEF, • n .. , 

,I^t EF: bp :ijrpduo94 to^frarids bom pacts, to lihe jpotnts H, G 1 
and let K" the center of the circle ABC be oJten j and let the 
ftj^ghl line KB \it dr^wn a&it miay ^s^pesi^ and let the angle 
BKA be mj»de wi^h.thc fkx^^H line KB and .at the point K ia it 
^ual tp ,thc angjc DEG i and. BI^ eqaal 4o th^ aagle dFIi ; and 
through the poiiJts A, B, C let the Jiraigbt^knes LAM, MBN, 
]^^L:be'dl:awa.to^chingttl^ circle tABC.- 

Vol. L ,0 «Ml 
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Book IV. And bccaufe LM, MN, NL 
touch the' circle ABC in the . 
points, A,fi,'C:;laad frdm the 
center K,) I^A»iKB„KC have 
been drawn to the points A, 
B, C ; therefdre (by i8. 3.) 
the angles at the points A, B, 
C are right angles. And be- 
caufe the four angles of the 
quadrilateral figufe AMBK are 
equal to four right angles (by 

32. I.) ; [finc« the quadrilateral figure AMPKlit divifiUcriotd twa 
triangles] of which the angles KAM, KBM arc ttwacighit: angles i 
wherefore the remaining ;afigle8'AK^AMB;4re'^qaal*ta«ii^Q right 
angles^ but the angles DEG* DEE arf6alfp(iby 13.41.) Qqual to 
two right angles $ - w^tf fifore. ihcuMglts. ; AKBJ :AiMB! ma icqual' to 
the angles DEG, DER;; o£ iwbich.AKR ii .(by,.c»iiil.>.i;quarto 
DEG i therefore the: remaining a»^/^ AMB js .«jual jl<» tbttrtniai- 
ning angle DEF^.. Ceftaiol^. tn>dbt$ iivnfiinkMtttef'Jt mUdbo.dottibnn 
ftrated that^he;M^/tf LNM isr^ eqdal rtoi itbe tfhj^jE^ESir'iihftfl^re 
the remaining angle MLN. ill equal tQ/jti\pjr^m^u^^ ri^i^i/e:El)P. 
(by 32. 1.) ; therefore the triangle LMN is equiangular to the tri^ 
angle DEF and (by def. 4. 4.) it is cirf umfcribed about the circle 
ABC. ^ > >r X 

. Wlicr0ifore>a,.trianglc»\baB htetO: cjft^^rcriibQiialtott treble ^en 
circle, equiangular to the given triangle. Which .WfSitfJifc^doecw 
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To infcribe a .circle in a given triangle/ ••^' J.r-r : t.^.i oj "...uji 
' Lfet'ABeiietlieWen-tMnglfe^i iffs'^e^iilfedtoitifpribea-^lfcle 
in the triangle 'ABC.-' '-'■^' '''''' -•' '" ' ' ' '' '• "' '" • 

Let the angles ABC, BCA be ^ut in halves by the ftraight liixe^ 
BD, CD ; and let them meet one aiiother in the point D ;' and 
from the point D let DE, DF, DG be dra\i»rn perpeidicultih tb thd 
ftraight • lines AB, BC, CAi • •• • ' ' . , ,; 

And bccaufe the angle ABD fs'iqual to the afegle CBD^.fof 
ABC is cut in halves ; alfo the right angle BED is e^nal to the 

right 
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right angle BFD i therefore there are two 

triangles EBD, DBF having two angles bqual 

to two angles, and one fide equal to one fide ) 

viz. BD common to both extended under one 

o£ the equal angles ; alfo (by 26. 1 .) they 

will therefore have the remaining fid^s e^ual 

to the remaining fides ; therefore DE it equa} 

to DF : . Certainly for the fame reafoft' alfo 

DG is equal to DF ; wherefore the circle 

defcribed with the center D and at the dif- 

tance of any one of the lines DE, DF, DG b 

will pafs alfo through the remaining pciAfs, - ' t^' 1 : . : 

add will toiich the ftcatght lines AS, BCf'CA^ ^a a^oont of the 

angles at the points £, F, G being right angles ; for if it (hall cut 

thjcm i there will be ^Jiraigbt tine, drawn at right angles to the 

diamftter: fronpi JiE^x' extrciriityi falling witbi» the -circle; which (by 

i6. 3;) ^s.abf^ s iwhetefpre ttb'e ciitdt didfcribed with the center 

D And ;at the' diftaiiCc d any onc^cif the liMs DEy DF, DG does 

not cut. the ftraight lines. AB, BC, CA 5. therefore it will touch 

thenot ; and will be a circle infcribed In the triangle ABG. 

. Wherefore, thfi circle EFG : is infcribed in the given triangle 

ABC. .Whieh was to be done; . .i 
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V. 



. 'TQi^rtSuaiicribe a circk about a given triangle. - 

Let ABC be the given triangle : it is required to circumfcribc a 
cilrdft ab6ui? the given triangli ABCi • * 

• Let AB, AC be cut in halves in> the points D and £ } and let 
DF and EF be drawn from the points D, E at right angles to AB, 
AC $;.they:.n!ilL meet either . within the triangle ABC or iw the 
ftraight lirie' BCior virithout the triai»gle ABC- 

, Firft |et them meet within at the point F » and let BF, FC, FA 
be jt^ned : jindbe^iife AD is equal to DB ; and DF common and 
at right angles y therefore (by 4. i.)the bafe AF is equal to the 
We FB : Certainly inJike manner we ihill demonftrate that CF is 
alfo equal to FA ; fo that (by taxa. ndt^il) BFi^aUb equal to 

,'I.»;. i O2 . FC; 
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IV. FC ; therefore the three ftraigbt 
lines FA, FB, FC ars e^ual to 
one another; wherefore a circle 
defcribed with the center F and 
at the diftance of any one of the 
lines FA, Ffr, FC will alfor pafe 
through the remaining points; 
and the circle wHl he circiuBr 
fcribed about tlje triaQ|;le. ABC ;^ 
and Jet it be defcrib^d as dbc circle 
ABC. \ t 
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But let DF, EF inect ii^ 
ftraight line BC> as i^i^ lathe fecond fi^uve ; add^lit AF be^}bklecl^ 
Certainly . in. th^ f^oo^ maoner we ihall d^monflxate that ttK point 
F is the ccatec.of the circle circmn&ribed about the^trian^e ABC. 

Bat Lefr PF^EF meet .wskhout the t!ciiisglr.A3BC^ :agiaii»:in 
poiat F i. as. it i& in the third %are: ; . 4md let A9» FB^ f(^ hi 
joined J apd iagatei becaiiftsAD-ia eqtml to DB;.jaiid^4^:^«okui(y 
and at tight angles.; tfaereJQ0e.(b|r 4;/i.)^thfe tbii^ AP is)el}Ual^t» 
the bafe EB : Certaiolxin the Bime manner we QiallduiAoaftratc^ 
th«t: CF i& equal to FA.i fitithati aZfeBF isicquaii to^PG^jjt^V&^e- 
fore again the circle defcribed with tfasLcentbrFtaiidlitil^^difliali^e 
of any one of the /ines FA, FB, FC will alfo pafs through the re- 
maining points ; and will bfi circundfcribod about the triangle ABC; 
and let it be deferibed as ABC • " ^ ^ 

Wherefore a cicclo^hft^ beeiit circiftsifccibed aboiUb <fatugi«eil»'trir 

Cor. And // is manifefl: that^.wheiK.tfae: ceix^er ofiriAie^eirdb 
£alls. wkhin tbei triai^lo^. thfi angles BrAC being in a fegmeiirgirMter 
thaii a. )QsmicifcU> is left .than a ri^hi. angle:; huL vMcd it Jki/s w 
BC beings in a. femicifck,: i^ wtiUbcr a. right aii|^;: bnttwben ift^ 
center falls without tKe trianj^c Afi£»: tho angle ^BAC' bcnitg.iil'i^ 
fegment: lefs than, a femtcirclie;. is greatei tban:arsgk0dngk* So 
that alfo when the given, triangle isacute angkd the ftrad|^cliiiM' 
DF, £F will meet within the triangle ; bvrwfaen BAjC is 4ait^ghV^' 
angk.1 . /Aiy, viU^ meat in BC ; ..hat wlien it ia greater than a rigbt^ 
aoglcv witkout the. triangle. ABCu . t . *. . ci 
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To infcribe a fquare in a given circle.- 

Let ABCD be the given circle : it is i%(|tiired to inicribtf a fqoard 
in. the circle ABCD. 

Let AC, BD, diameteri of the circle ABCD, be drawn ai right 
angles to one another ; and 1st AB, BC, CD, DA he joinedh 

And becaufe BE is eqoa) to £D ; for 
E is the center ; and £ A common and 
at rigixt angles ; tfa««efbi«: (by ^. i.) the 
bafe AB is equal to the bflfe AD-: cef- 
taiisly. for tfte firnitt rctffon; alfo> eich' of , 
the- iietf BC, CD; it eqtnl- to- each of g 
tlie Mnt BAr AD ; iti»%fon iht qttsH 
deikttnd figure ABCD is* eqoiktte(«riv 
!■ %» ic ts alfo seiftfti^ttlar' t for beca»u(e ^ 
the ftcag^t^lkie^BD isa diametkref the ■ 
drde ABCD> ihoMfaw^At) is » ft^ • 
MJciitfe; ch«i«for» thv atagl«^^D is Alright angle (l}r 31. 3.): 
Ctrtaiflly foiF' i^e Amrrteaibn^alfOiftaeh of <h«e tfnr^j^Afi6,'BCD;' 
CD>A is a^ right angle i therelbt^^ the qiiad#ilat«!ifl figorb^ ^CD is ^ 
re&angular : but it has been demonftrated te^ be e^flttteirkP; there*- 
fi»c it 4s. a- Iqutfre-i and k' h» bMtl in^ribi^' ifk di^' given ctrt:le 
ABCD. 

Wherefore the fquare ABCD has been infcribed in the giveo^ 
circle ABCD. Which viras to be done. 
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To circumfcribe a fquare about a ^vetr Citdk. 

Let ABCD be the given circle^: it is" required to circumfcfibe a, 
fquare about the circle ABCp^. ' . 

Let AC, BD two diamerert of the circle^ A-fiCD bfe cfrav^^n /at* 
right angl«d to one anodier $ and tfaibugh the^poinis A, B*, C, D^ 
let' FG, GH, HK, KF be dhrwn touching, the' circle AfiCI). 

Wherefore iince FG tbuchesr the circle ABCD 1 and fr6m the 
center £ to the contaa; at' A; Ulscjtt^aight /Mif AE hadx been drawn> 
therefore the angles ^x A'are ri^^t angtes t Ctrtaiidy for the fatnfr 
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B 
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V V 



D 



H 



K 



reafon the angles at the points B, Cj D 
are Tight angles ; and becaufe the angle 
AEB is a right angle (by conft,) i as alfo 
the ftflgle EBG (by cor.to 16. 3.) is a right 
angle; therefore (by 29.1.) GH is parallel 
to AC ; Certainly foe: the fame reafon alfo 
AC is parallel toFK; $nidio the fame man- 
ner we (hall demonftrate that each of the 
/mes OF, HK is parallel to BED : where- 
fore GK,GC,AK,FB,BKare parallelograms • therefore (by 34. i.) 
GF is equal to HK; and GH to PK; and becaufe AC is equal to BDi 
but AC (by 34. i.) is equa^ td either of the lines GH, FK r and 
BD is equal to either of the fines GF, HK ^ therefore alfo each :dF 
the lines GH, FK is equal to each of the ^ines GF, HK j therefore 
the quadrilateral figure FGHK is equilateral : I fay that it is alio 
rediangular : For becaufe GBjBA i$ n parallelogram ; and AEB is a. 
right angle ; therefore (by 34! i.) AGB is alfo a, right angle; cer- 
tainly in the fame manner wet (hall ^demonilrate, that the angles at 
the points H, K, F are r right angles.; therefore . the quadrilateral 
figure FOHK is redanjg^lar ; and it has been alfo demonftrated ta 
be eq^^a^teral ; ^ ^|)erefpr^ it is a. /quare and has; been circumicribed' 
about the circle ABCD» ). . 

. Wherefore a /quare. has been ^cifcu^fcribed about the giyea 
circle* Which was to be done. 



PROP. VIIL 

To infcribe a circle in a given fquare. 

Let ABCD be the given fquare-i it i^ required to infcribe a 
circle in the fquare ABCD. 

Let each of the lines AB, AD be cut in A £ D 

halves at the points F^ E ; and through 
the, point £» let EH be drawn parallel to 
either of the Jines. AB^ CD ; and through 
the point F, let FK be drawn parallel to 
either of tlie lines AD» BC ; therefore each 
of the Jguree AK, KB i AH, HD j AG, 
GC 5 BQ, GD is a ^parallelogram ; and ^ - „ 
ccrtaiqly (by 34. i.) the oppoute fides of 
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them are equal : and becauft AD is equal to AB (by fupp.) ; and Book IV; 
AE is the half of AD ; and AF the half of AB ; therefore AE i$ 
equal to. AF ; fo that alfo the oppofite ^des are equal ; therefore 
PG is -equal to GE : Certainly in the fame manner we (ball de- 
monftrale that eadh of the lines GH, GK is equal to each of the 
lines FG, GE ; therefore the four GE, GF, GH, GK are equal to 
one another ; therefore the circle defcribed with G for a center 
and at the diftance of any one of the tines GE, GF, GH, GK will 
allQ pafs t9>roi^h the remaining points ; and will touch the ftraight 
linek ASf BC> Cl), DA| c^n account of the angles at the poikts^i 
F, H, K being right angles (by cor. to i6. 3,} ; for if the- circle 
will but the Jiraigk lines AB, BC» CD, DA ; the ftraight line 
drawn at right angles to the diameter of the circle from its extre-^ 
mity will fall within the circle; which is abfurd (by 16. 3.)^ 
wherefore the circle defcribed v^tlx the cepter G and at the diftance 
of any one of the lines GE, GF, GH, GK does not cut the ftraight 
lines AB, BC, CD, DA ; therefore it will touch th6m and will be 
infcribed in the fquare ABCD. . .... 

• I Wherefore a circle has beeh^itifcrlbed in a given iquarc. Which 
wks to be done, j • o- 
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To circumfcrlbe a circle about a given fquare. 
• ^ Let ABCD be the ^iven fquart : It is required t6 tlrdibtiFcrlbeai 
circle about the* fquare ABCD. - '— . /. : .1 

For AC and BD being joined let them cut one another in ihe 
point E. 

And becaufe DA is equal to AB^ and^ 

AC dommon i certainly the two? DA^ 

AC are equal to the two BA, ACkndf 

the bafe DC is equal to tlie bafe BC ; ; 

therefore (by 8. i.) the angle DAC is 

equal to the angle BAC i therefore the 

angle DAB has been cut in halves! by 

AC : Certainly in the fame manner we 

ihall demonftrate that each of the angles 

ABC, BCD, CDA hath been cut in 

hatvet 




Book 
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bftl^efi "by the ftrajght Iiiie$ AC, DB : «iui b^caufe the angle DAB 
M cqiia} tp ABC i «J}4 £ AB is the half of PAB ; aed EBA is the 
half )9f ABC j tbef«fofQ th^ 4;rf^ £AB is equal to the ofigU EBAs 
ib that aUo (hy 6. (•) thp^e EA Is equal to tbp fide £B : Cer« 
tainlf in the /ame mannar w9 (hall demenftrate jhat each of tbi9 
ftraight H«es EC, EP is equal to each of the ftraigbt Uaes EA* 
£B ; therefore the four Jimght tines EA, EB, EC, ED are equal 
to one another ; wherefore a oirele defcrlhed with the oenier E v»A 
at the diftftnee of f}«K one of the Un«(i EA, EB, EC, ED will f9& 
alfo ihipugb the 'remaiAing fiviats } and will be circtmijcribeit 
about Uie fquare. ABCD. 

Wherefwe a cir^ile has been oircymjlcribed about a gttfiea fqunie^ 
Which waftfo be dane< 



I • 



PROP. X. 



1 ... 

'pp ntfdce an ifoicplQf triangle, having each of the angles at tho 
bafe double of the remaining angle. 

VinfN any ftr^^gbt .Up^ : A3 i *pd let it be cut in the point C^ 
(by 1 1 . 2. ) fo that the rectangle contained by AB, BC may be 
equal to the fquare of CA ; and with the center A and at the dis- 
tance AB let the circle BD£ be deieribed : and let BD a ftraight 
line equal to the ftraight lui« ACt which is not greater than the 
4iam^t^f 9f 4ie wl^ m^^ be spjpUed in Jtbe:prcle BD^ (by ^ u 4. ) : 
and let DA, DC be joined ; and let the ciircle ACD be c;ircuiQfctt^ 

bq^ (J>y jf, 4,) about tb* triangle ACD- 

And becaufe the reSangk contained by 
ABt BC is equal to the fq^f>:e .of AC : 
and AC is equal to BD ; whfte^rQ tbfi 
reBangle (Mtafned by AB, BJQ i& equal to 
the fquare of BD i and becaufe a certain 
pAint B has. been taken withqut the circle 
ACD ; and from the point B, two ftraight 
lines BCA, BD have fall^ upon the 
circle ACD and one of them cuts it^ and 
the other falls upon // 1 . an4 the re^angle 
contained by AB/ BC is equal to ^fqmre 

of 
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of BD ; wherefore (by 37. 3O BD touches the circle ACDiBookiv, 
wherefore becaufe BD touches Jf, and from the contad at D : DC 
has been drawn cutting it ; therefore (by 32. 3.) the angle BDC is 
equal to the angle DAC in the alternate fegment of the ch-cle : 
wherefore becaufe the angle BDC is equal to DAC let the angle 
CDA which is common be added ; therefore the whole angle BDA 
is equal to the two angles CDA^ DAC : But (by 32. i.) the out- 
ward angle BCD is equal to the angles CDA, DAC ; therefore the 
angle BDA is equal to the angle BCD : But the angle BDA is equal 
to CBD (by 5. !•) » ^^^^ ^he fide AB is equal to AD ; fo that alfo 
the angle DBA is equal to the angle BCD : therefore the three 
angles BDA, DBA, BCD are equal ta one another : and fince the 
angle DBC is equal to BCD (by 6. 1 .) the fide BD is alfo equal to 
the fide DC ; but BD is put equal to CA 9 therefore alfo AC is 
equal to CD 1 fo that the angle CDA is equal to DAC ; therefore 
the angles CDA, DAC arc the double of DAC i but the angle 
BCD is equal to the angles CDA, DAC ; therefore BCD is alfo the 
double of DAC ; but BCD is equal to either of the angles BDA, 
DBA ; therefore each of the angles BDA, DBA is double of the 
angle DAB. 

Therefore an ifofceles triangle ADB.has been made, having each 
of the angles at the bafe BD double of the remaining angle. Which 
was to be done. 

P R O P. XL 

To infcribe an equilateral and equiangular pentagon in a given 
circle* 

Let ABCDE be the given circle ; it is required to infcribe an 
equilateral and equiangular pentagon in the circle ABCDE. 

Make (by 10.4.) the ifofceles triangle FGH having each of the 
angles at G and H double of the angle at F : and infcribe (by 
2. 4.) the triangle ACD in the circle ABCDE equiangular to the 
triangle FGH ; fo that the angle CAD may be equal to the angle 
at F ; and each of the angles at G and H ^nal to each of the 
angles ACD, CDA ; therefore alfo each of the angles ACD, CDA 
is double of the angle CAD : Let each of the angles ACD, CDA 
be cut in halves (by 9. 1.) by the flraight lines CE, DB ; and let 
AB, BC, DE, EA be drawn. 

Vol. L P Where- 
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Book IV. Wherefore becaufe each of the 
angles ACD, CDA is double of the 
angle CAD -, and they have been cut 
in halves by the ftraight lines CE, 
DB ; therefore the five angles DAC, 
ACE, ECD, CDB, BDA arc equal 
to one another ; but (by 26. 3.) equal 
angles ftand upon equal circumfe- 
rences i therefore the five circumfe- 
rences AB, BC» CD, DE, EA are equal to one another : but (by 
2g. 3. ) equal ftraight lines are extended under equal circumfe^ 
rences ; therefore the five ftraight lines AB, EC, CD, DE, E A arc 
equal to one another ; therefore the pentagon ABCDE is equila«- 
teral ; I fay it is alfo equiangular ; for becaufe the circumference 
AB is equal to the circumference DE ; let the common circum^ 
ference BCD be added j therefore the whole circumlerence ABCD 
is equal to the whole circumference EDCB : And the angle AED 
ftands upon the circumference ABCD ; and the angle BAE fiandt 
upon the circumference EDCB i and therefore (by 27. 3.) the 
angle BAE is equal to the angle AED : Certainly for tb^ lame 
reafon alfo each of the angles ABC, BCD, CDE are equal to 
either of the angles BAE, AED : therefore the pentagon ABCDE 
is equiangular ; but it has alfo been demonftrated to be equilateral. 
Wherefore an equilateral and equiangular pentagon has been in--* 
fcribed in a given circle. Which was to be done. 

PROP. XII. 

To circum&ribe an equilateral aqd equiangular pentagon about a 
given circle. 

Let ABCDE be the given circle ; it is required to drcumferibe 
an equilateral and equiasgular pentagon about the circle ABCDE. 

Let /\ , B, C» D» E be imderftood to be the points of the angles 
of a pentagon iniicribed (by 1 1 . 4.) ib that the circuaiferences AB, 
BC, CD, DE, EA may be equal : And throja^the pohUt A, B, C, 
D, E let GH, HK, KL, LM, MG be drsTwn touching the circle : 
and let F the center of the circle ABC?6e be taken ; and let FB, 
FK, FC, FL> FD be joined. 

And 
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And becaufe the ftraight line KL touches 
the circle ABCDE in the point C ; and 
from the center F to the contad at C 
the line FC hath been drawn ; therefore 
(by 18.3.) FC is perpendicular to KL ; 
therefore each of the angles at the point 
C is a right angle. For the faoie reafbn 
alfo the angles at the points B, D are right 
angles : and becaufe the angte FCK is a 
right angle j therefore (by 47* i.) xht fquare of FK is equal to 
the fquares of FC» CK : Certainly for the fame reafon alfo the 
fquare of FK is equal to ih^ fquares of FB, BK ; therefore (by 
com, not. I .) the fquares qf FC, CK are equal to the fquares of FB, 
BK I of which the fquare of FC is equal to the fquare of FB ; 
therefore the remaining fquare of CK is equal to the remaining 
fquare of BK > therefore BK is equal to CK : And'becaufe FB is 
equal to FC and FK common ; certainly the two BF, FK are equal 
t& the two CF, FK i and the bafe BK is equal to the bafe CK ; 
ilierefore (by 8» i .) the angle BPK is equal to the angle CFK ; and 
the angle BKF; equal to FKCi therefore the angle BFC is dDublc 
of KFC and BKC is d$ubk of FKC. Certainly for the fame reafon 
alfo CFD is double of CPL| and xhei angle CLD is double of CLF. 
And becaufe the circun^ference BC is equal to the circumference CD 
(by the conft.) > the angle BFC is alfo equal (by 27. 3.) to the 
mtgk CFD$ and BFC is the donble of KFC ; and the angle DFC 
is the double of LFC s therefore the angle KFC is equal to CFL; 
certainly FKC, FLC are two triangles having the two angles equal 
to the two angles, each to each ; and one fide equal to one fide ^ 
PC common to them both 5 therefore (by 26. i.) they will alfo 
have the ttmAtMkg fides equal to the remaining fides ; and the re* 
maining angle e^ual to the remainiog angle 1 therefore the ftraight 
Kne KC is equal to CL 5 and the angle FKC to FLC : and fince 
KC is equal to CL 1 therefore KL is the do«i&ie of KC. Certainly 
in the fame manner HK will be demonftrated to be double of BK : 
and becMle BK has been demonftrated to be equal to KC ; and 
KL is the double of KC^ and HK the double of BK ; therefore 

HK is equal to KL ; certainly in the fame manner each of the Unes 

P 2 GH, 
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Book IV. GH, GM, ML will be dcmonftrated to be equal to either of the 
lines HK, KL j therefore the pentagon GHKLM is equilateraL 
I fay that it is alfo equiangular ; for becaufe the angle FKC is equal 
to FLC ; and HKL has been demonftratcd to be double of FKC; 
and KLM to be double of FLC j therefore HKL is alfo equal to 
KLM : certainly in the fame manner each of the angles KHG, 
HGM, GML wili be demonftrated to be equal toeithorof the 
angles HKL, KLM; therefore the five angles GHK, HKL, KLM, 
LMG, MGH are equal to one another : therefore the pentagon 
GHKLM is equiangular ; but it has been alfo demonftrated to be 
equilateral ; and it has been circumfcribed about the given circle* 
ABCDE. Which was to be done. 

PRO P. XIIL 

To infcribe a circle,, in a given pentagon which is equilateral and^ 
equiangular. 

Let ABCDE be the given pentagon,, which is equilateral and 
equiangular : it is required to infcribe a circle in the pentagon 
ABCDE. 

Let each of the angles BCD, CDE be cut in halves, by each, 
of the ftraight lines CF, DF ; and from the point F, in which the 
firaight lines CF, DF meet one another, Ipt the ftraight lines FB„ 
FA, F£ be drawn. And becaufe BC, CD are equal (by fupp.) ; and 
CF common ; certainly the two BC, CF are equal to the two DC,. 
CF ;. and the angle BCF is equal to the angle DCF (by conft,) ; 
therefore (by 4. i.) the bafe BF is equal to the bafe DF i and the 
triangle BFC is equal to the triangle DCF ; and the remaining 
angles are equal tQ the remaining angles, under which the equal 
fides are extended ; therefore the angle CBF is equal to the angle 
CDF : and becaufe the angle CDE is double of CDF ; but CDE 
is equal (by fupp.) to ABC ; and the angle CDF to CBF ; there- 
fore CBA is the double of CBF ; therefore the angle ABF is equal 
to FBC : therefore the angle ABC is cut in halves by the ftraigh( 
line BF. Certainly in the fame manner it will be demonftrated, 
that each of the angles BAE, AED hath been cut in halves by 
each of the ftraight lines FA, FE« 

Let 
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' Lfet the perpendiculars IPG, FH, FK, 
FLj FM be drawn from the point F to 
the ftraight lines AB, BC, CD, DE, EA; 
and becaufe the angle HCF is equal to 
KCF ; and the right angle FHC is equal 
to the right angle FKC ; certainly there 
are two triangles FHC, FKC having two 
angles equal to two angles ; and one fide 
equal to one fide, viz. FC commoa to 
them 6otA, extended under one of the equal angles ; therefore (by 
26. I.) they will have the remaining fides equal. to the remaining, 
fides ; therefore the perpendicular FH is equal to the perpendicular 
FK : certainly in the fame manner it will be demonftrated, that 
each of the lines FL, FM, FG is equal to either of the lines FH,. 
FK ; therefore the five ftraight lines FG, FH, FK, FL, FM are 
equal to one another : wherefore the circle defcribod with the 
center F and at the diftance of any one of the lines' FG, FH, FK, 
FL, FM will alfo pafs through the remaining points and. will touch, 
the ftraight lines AB, 6C, CD, DE, EA y on account of the angles, 
at the points G, H, K, L, M being, right angles 1 for if it will not 
touch them, but will cut them ; it will happen that a ^raight Rne 
drawn at right angles to a diameter from its extremity falls withia 
the circle, which (by 16. 3.) has been demonftrated tabe abfurd : 
^eiefore the circle defcribed with the center F and at the diftance. 
of any one of the lines FG, FH, FK, FL, FM will not cut the 
ftraight lines AB, BC, CD, DE, E A i therefore it will touch them : 
let it be defcribed as GHKLM. 

Wherefore a circle has been infcribed in a. given pentagon, which 
is equilateral and equiangular. Which was to be done. 
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PROF. XIV. 

To circumfcribe a circle about a given pentagon, which is equi* 
lateral and equiangular. 

Let ABCDE be the given pentagon^ which is equilateral and 
equiangular % it is required to circumfcribe a circle about the pen-* 
tagon ABCDE. 

Let: 




Ii9 THE ELEMENTS. 

Bo6kiv. Let each of the angles BCD, ODE be cut in halves by each of 
the flraight lines CF, DF ; and from the point F in which the 
flraight lines meet, let the flraight lines FB, FA| FE be drawn to* 
the points B, A, £ ; certainly in the fame manner as in the propo^ 
Jition before this it will bejdemonftrated, that each of the angle* 
CBA, BAE, AED hath been cat in halves by each of the ftraight 
lines BF, FA, FE. 

And becaufe the angle BCD is equal to 
the angle CDE ; and the angU FCD i$ 
the half of BCD ; and the angle CDF is 
the half of CDE ; therefore alfo the angle 
FCD is equal to FDC : fo that (by 6. i .) 
the iide FC is equal to the fide FD. Cer* 
tftinly in the fame manner it will be de- 
monftratcd that each of the lines FB« FA 

FE is equal to either of the Urns FC, FD : therefore the five ftraight 
lines Fa, FB, FC, FD, FE arc equal to one another i wherefore 
the circle defcribed with the center F and at ahe diftance of My 
one of the Unes FA, FB^ PC, FD, FE will alfo pafs through the 
remaining points i and will be circumfcribed about the pentagon 
ABODE, which is equilateral and equiangular ; let it be circum^^ 
fcribed and let it be ABCDE. 

Wherefore a circle has been circumicribed about a given penta- 
gon, which is equQateral and equiangular. Which was to be done« 

P R P. XV. 

To infcribe an equilateral and equiangular hexagon in a given 
circle. 

Let ABCDEF be the given circle 5 it is required to infcribe an 
equilateral and equiangular hexagon in the circle ABCDEF. 

Let AD the diameter of the circle ABCDEF be drawn : and let 
O the center- of th^^cifclib ^ taken % and with the center D andTat 
the diftance DG let the circle EGCH be delcribed \ and EG, CG 
being joined^ let them be produced to the points B> F ; and let 
AB, BC, CI>, D&, £F, th be drawh 1 I lay that the hexagoa 
ABCDEF is equilateral and equiangular. 

For 
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For becaofe the point G is the center of the 
circle ABCDEF, the Jiraigbt Ike GE is equal 
to GD : again becaiife the point D is the center 
of the circle EGCH^ the line DE is equal to 
GD I but GE has been den\onftrated to be 
equal to GD ; therefore GE is equal to ED 1 
therefore the triangle EGD is equilateral i and 
therefore the three angles of it EGD, GDE, 
DEG are equal to one another, fince the angles 
at the bafe of ifofceles triangles are equal to one 
another ; and (by 32. i«) the three anglefi of a triangle are t;qua) 
to two right angles ; therefore the angle EGD is the third p^t of 
two right angles : Certainly in the fame manner it will be demon- 
flrated that the angle DGC is the third part of two right aagks f 
and becaufe the (Iraight line CG Handing upon £B itiaj^e# the fid- 
jacent angles EGC, CGB equal Jto two rig|»t angles ; thtfvefbre ih^ 
remaining angk CGB is the third part pf two right angled i where- 
fore the angles EGD, DOC, CGB are equal to one anothi$r ; fo 
that (by 15. i.) the vertical angles to them ; Viz. BGA, AGP> 
FGE arc equal to EGD^ DGC, CGB ^ therefore the &x angles 
EGD, DGC, CGB, BGA, AGF, FGE are equal to oae arother > 
but (by 26. 3.) equal angles (land upon equal circumferences 5. 
therefore the fix circumferences AB, BC, CD, DE, EF, FA are 
equal to one another ; but (by zx). 3^) equ^l flratgbt lines are eiC* 
tended under equal circumferences i tberefere tile fiit ftraigj^^t lkk«^ 
are equal to one another ; therefore the hexagof) ABCDEF is eqiti- 
lateral : I fay it is alfo equiangular ; £ar becaii^Te the cir^^uni^rence: 
AF is equal to the circumference ED ; let the cockiit^n circum*- 
ference ABCD be added ; therefore: the whole, circumference 
FABCD is equal to the whole circumfitren^e EDCBcAir.^nd t^ 
angle FED (lands upon the circumference FABCD i • Md tihe angles 
AFE upon EDCfiA ; therefore (by ^7. 3) the aogl^ AFE is equal 
to the angle DEF ; in like msmaer it will .be decnbfiArated that the 
remaining angles of the hexagon ABCDEF, one by one, are equal 
to either of the angles AFE^FED^. therefiMe the hpxagou ASCDEF 
is equiangular ; and it has heen demonftrated to be eq/ailateral ;. 
and it:has been in&ribedin dife circle ABCDEF^ 

Wherefore an equilateral and equiangular hexagon has been i 
fcribed in a given circle. Which, was to be done» 
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Book IV. Cor« From this // is manifeft, that the fide of a hexagon i$ 

'' ^" equal to the line from the center of the circle. 

And if we draw through the points A, B, C, D, E, FJiraigbt linet 
touching the circle, an equilateral and equiangular hexagon will be 
circumfcribed about the circle, agreeable to what has been faid 
concerning the pentagon : And farther we (hiall infcribe in a given 
hexagon and alfo circumfcribe a circle by the like Jleps as have been 
4iientioned conoerning the pentagon. 

PROP. XVI. 

To infcribe an equilateral and equiangular quindecagon in a 
given circle. 

Let ABCD be the given circle ; it is required to infcribe an 
equilateral and equiangular quindecagon in the circle ABCD. 

Let AC, be infcribed in the circle 
ABCD, the fide of an equilateral triangle 
infcribed in it $ and let AB, be infcribed^ 
the fide of an equilateral pentagon. 
Wherefore of what equal fegments the 
circle ABCD is fifteen^; of fuch the cir-* 
cumference ABC, being the third part 
of <he circle, will be five ; and the cir- 
cumference AB, being the fifth part of 
^e circle, will be three ; therefore the 

remainder BC will be two of tfaefe equal fegments ; let BC be cut 
io halves in the point E (by 30. 3.) ; therefore either of the cir- 
cumferences BE, EC is the fifteenth part of the circle ABCD ; 
therefore joining the ftraigfat lines BE, EC ; if we apply in the 
circle ABCD continually ftraight lines equal to them (by i. 4.) 
there will be infcribed in it an equilateral and equiangular qiuin- 
decagon. Which was to be done. 

And in like manner as was done concerning the pentagon ; if 
through the divifions of the circle we draw Unes touching the circle; 
an equilateral ^nd equiangular quindecagon will be circumfcribed 
about the circle ; and farther we fhall infcribe in a given quinde- 
cagon, M^hich is equilateral and equiangular, and alfo circumfcribe 
a circle by the like Jieps as have been mentioned concerning the 
pentagon. 




DISSERTATION VI. 



IN the former difTertation many things are not mentioned which 
a carelefs reader requires to be put in mind of, becaufe I 
confidered that fuch readers would ftand in need of fre(h admo-* 
nitions, to, induce them to read my obfervations ; whiqh deter- 
mined me to fteer a kind of middle courfe, by reducing my re- 
marki» to fome general heads, and illuftrating them by examples, 
which the reader is fuppofed to apply in all fimilar circumftances. 
Upon this principle it feemed needlefs to remark that the demon- 
ftrations of the twelfth, thirteenth and fourteenth propofitions of 
the fourth book, are more general than they appear to be at firft 
fight ; for if the reader obferve my general rule for the examina- 
tion of every fuppofition ; he will find no confequence drawn from 
the number of fides being five ; it being only necefiary that the 
infcribed figures be equilateral and equiangular i which (hews the 
demonftrations to be much more general than is profefied in the 
propofitions. In like manner, as it has been particularly remarked 
before, it feemed unneceflary to defire the fludept to obferve the 
ingenious contrivance for cutting the angles of the figure in halves, 
in the thirteenth propofition, having earneftly recommended an 
attention to all fuch indirect conftrudlions : for in this inftatice if 
all the angles were cut in halves direfkly, it would, be found no 
eafy matter to prove that the linea will all meet in F ; but by cut** 
ting any two of the angles in halv^es, which follow each other in 
order, the point F is fixed ; and then joining this point, and the 
other angular points, it is eafy to prove that thefe lines. will cut all 
the other angles in halves. . And whoever reads the former dififer* 
tations with this allowance^ will/eadily grant that I have been fuf- 
fictently particular. I now proceed to a fubjedt which will exer- 
Vol. i;-^ CL cife 
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cifc the reader's patience if he chufes to go along with me i for 
this diflertation will con(ift of a minute enquiry into the origin of 
our ideas of proportional magnitudes. 



CHAP. !• 
Of parts and multiples. 

IN the firfl four books Euclid cottiiders na other relacion of iBag>» 
ottudes but their equality > at leaifr when he fpeaks of anyolber^ 
it ie in a loofe and oadetermined manner, withoiil efer coofidcving 
how much greater or how much lefs the one it thai) the otben. 
And this will be obvious to any one who chu&& to totn his^ dioughtfr 
to rl^ natU(.re of his propofitions ^ the comoMMi notion of whole 
and part therefore is iufficiently accurate for has porpoie in thele 
books. Bu« the objeA which he has in view in this book, being 
to fettle other relations of magnitudes befide& tfaeif equaKty, makes 
it neceiiary to inf;ro()uce, and conlequeiicly to define, a new idee 
of whole and part under the name of a multiple and part. Take 
fwo> ftraight lines^ one of them fixt and the other tmdeterminedf jf 
by the thjird prc^ofition of the firft book two« unequal lines being 
given, you aiay cut off o part from* the greafter equal to the Itik^ 
and thus you tpay make a (i?raighe line, twice, tteee tmies, fom^ 
times> OP ivolimes &c. as long os another f the timd origmally ixff 
i^ catted- a part i and the line which you determine by this con«* 
firu^tion* is caUttd a multiple i they ara relative terms, or as Euclid 
CMprelles it, a magnitude of a magnitude. Thefirib thing therefore 
whidi the ftudont has to^ (evote in- his own mind, is, whae the 
magnitudes ape and in tH^hat eirtum^tances^ the3f^ muft be> befovo 
thife^refotion of mulliplii and^pftrtcati take place; aiid- not only' io,, 
but what the magnitudes are between which he can exhibits thele 
tektions fcientifically froni. what has been demK>n(h*4ted in the firA 
four books. And firft it ifr obvious that a ftnaight line cannot be 
a part of multiple of a triangk i nor of the circumference of x 
circle I nor indeed can we confider ope triangle as-a part oFaootfaer 
untef^ they be between the (time parallel lints; not the ctKcoml^ 
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renccs of two circles ; as part and multiple unlefs the circles be 
equal : but to fettle this more particularly let us confider.^hat 
magnitudes^ we can multiply, that is meafure exadly, and in what 
circumftances : Now we can multiply or meafure exactly, two 
ftraigfat lines by the third propoiition of the firfl book ; that is we 
can take any ftraight line five, fix &c. times ; or if the fuppofition 
be that one ftraight line is five, fix &c. times any other line ; we 
can divide this multiple into its parts. But the reader is not to 
t^ke my word for this ; and the more inftances in which he trie^ 
it, the more likely is he to underftand what follows. 

By multiplying (that is doubling, trebling &c.) the bafe of a 
triangle, yoa multiply the triangle, provided the part and multiple 
ife between the fame parallels ; and the fame may be faid of pa- 
rallelograms : &} that here we begin to make our notions of magr 
nitudes ibmewhat more complicated. It is faid in the firft book 
tbat triangles upon equal bafes and between the fame parallels are 
equal, bat now we advance a Aep farther, and fay that triangles 
upon double bafes are double, and upon treble bafes are treble &c ^ 
which tranfition the fludent who is defirous to have his ideas keep 
pace with his apparent progrefs in the fcience will do well to 
Obferve* 

Angles, circumferences and fedors of equal circles aiay be mul^ 
tiplied by the principles contained in the twenty «fixth-ieventh» 
eighth, and-ninth propofitions of the third book : becaufe by pla** 
cing or applying equal flraight lines in a circle you cut off equal 
circumferences ; you make equal angles at the center or circum«i 
fbfttice ; and it is alfo eafy to prove that the fetors are equal : all . 
this however the ftudent muft demonflrate i and 1 believe it will 
be found that thefe are all the magnitddes which can be muldt 
plied according to Euclid's idea in his two firft definitions ; for it 
does not appear to me that it would be fufficient to have one tri- 
angle three times as large as another Uhlefs they be between the 
fame parallel lines^ to fay that the one U a multiple of the other i 
becaufe the definitions fuppofe that the multiple may be divided 
into its ports, which is what I underilahd by the word nuafBtes. 
But, all tbefe^ the ftudent ihould examine by a particular conftruc'V* 
tioa^ if he means to underftand any part of this bufinds ; and I 
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. am perfaaded he will find, that ilraight lines ; triangles and pa- 
rallelograms between the fame parallel lines ; angles^ circumfe- 
rences and fedtors of equal circles are all the magnitudes which 
can hav^ the relation of multiple and part to one> who has no other 
principles to go upon but thofe contained in the firft four books. 

It may be thought that particular inftances explaining each of 
thefe circumdances would have been ufeful ; but the coadrudion 
of fuch figures is extremely obvious^ and it will be much more 
improving for the learner to defcribe the figures for himfelf, be- 
caufe he may look at figures already defcribed, without compre- 
hending what they are intended to illuftrate, which can never be 
the cafe if the figures are properly defcribed.by himfelf. Now this 
being perfedly underftood^ and the proper meaning of the two 
iirft definitions determined i the ftudent is next to endeavour to 
acquire a ready ufe of them ; by reafoning upon fuch confequences 
as follow moil diredly from them : let him iuppofe one magnitude 
to be a part of another and try what confequences will follow;, 
and the only diredt confequence is that the part will meafure the 
multiple ; but what is the meaning of this ? Let the reader fuppofe 
two jftraight lines which we fhall call AB and C ; and let C be a 
part of AB ; then if we begin at the point A and (by 3. i.) take 
of a part equal to C and from the remainder a part equal to *€ ; 
we muft at laft fall in with the point B 5 becaufe^ if this did not 
happen, C could not be a part of A By contrary to the fuppofition ^r 
becaufe this is what I underftand by meafuring it : and the fame 
confequence follows if we fuppofe AB a multiple of C. 

But it will be necefilary to reafon in the.fame manner upon each 
of the magnitudes, which have been mentioned as coming undev 
thefe definitions of a part and mjultiple. 

* ■ 

C H A p. IL 

Of equimultiples* 

THE word equimultiple , one might imagine has its meaning 
fully afcertained, by the common deception of the two words of 
which it is made up ; and yet I cannot tell how it happens, that 
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it hardly ever conveys a diflindt idea to the mind of a learner, as 
it is applied in this fcience ; furely nothing feems more obvious 
than that it is to be underftood of magnitudes taken an equal num- 
ber of times ; but I have generally found that there is fome confu- 
fed notion of equality of magnitude that accompanies the concep- 
tion of equimultiples ; than which nothing can poilibly be more 
abfurd ; for it means only that the magnitudes are taken the fame 
number of times ; thus if any flraight line, which you may call' 
A be taken three times ; and call this BC : and fuppofe any angle 
.to.be trebled; we fay that BC and this angle, are equimultiples of 
the line A and of the angle which was taken three times ; or to 
be more particular ( turn to the figure for the firft propofition of 
the fixth book) the flraight line HC and the triangle AHC, though 
they can have no connexion with each other as to magnitude, are 
neverthelefs equimultiples of the ilraight line BC and of the iri^ 
angle ABC : and again (fee the figure. to the thirty third propofi- 
tion of the fixth book) the circumference EN and the angle EHN, 
though magnitudes of quite different kinds, are equimultiples of 
the circumference £F and of the angle £HF ; or in fhort this ex- 
preffioA means no more, but that when the multiples are divided 
into their parts, the number of divifions in each is the fame ; as 
in the inAances above, HC is divided into three parts each equal 
to BC ; and the triangle AHC into three parts alfo each equal to 
the triangle ABC ; thefe equimultiples therefore agree in. nothing 
but that they can be divided into the fame number of parts ; and 
this is the moft diredt confequence which will fbUow from the fup-^ 
pofition of their being equimultiples. But ia order to underftand 
the meaning of this term, and the two firfl definitions it will be 
proper for the reader to examine the three firft propofitions toge-» 
ther with the fifth and fixth of this book*. 



CHAP. HI. 

Containing further illuftratiens of the frji and fiomd de/initions^^ 

THE reader will perceive, if he has gone through the diffi:rent 
fteps of the conftruAions which I have recommended^* that all 
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tfaofe magnitudes which we can multiply ; are doubled^ treUed 
&c. by the afliAance of a ftraight line; fo that whatever can be 
fliewn to be^ a property of, a multiple, equimultiples or parts of a 
ilraight line the ikmc may be readily transferred to triangles or pa- 
rallelograms, between the fame parallel lines ; to angles; circumfe* 
fences and iedtors of equal circles ; which I contend are all the 
magnitudes which we can multiply, agreeable to Euclid's two firft 
definitions ; and probably for this reafon the con(lru£lions and de- 
monArations in this fifth book are confined to (Iraight lines only; 
although the enunciations are exprefifed of magnitudes in general. 
Let us fuppofe that the reader has examined the three firfl propo«- 
filions and the fifth and fixth; only obferving, that Euclid is here 
demonilrating properties of ftraight lines, I (hall now proceed to 
make fome remarks upon them in order. And firft it is faid that 
Afi 18 a multiple of E ; equimultiple you rn^n ; no, not fo faft let us 
examine one thing at a time ; I fay that the fuppofition is; AB is a 
multiple of £; well let us fee what confequence follows from this; 
cut off from AB the line AG equal to E ; and by proceeding thus 
you muft fall in with the point B ; that is I thus divide AB into 
parts equal to E ; or I meafure AB ; take care to diftingui(h be« 
tween this, and the fuppojing it divided y for if the reader be given 
to fiippofitions of this kind, he had better fuppofe the whole book 
demonftrated. In like manner CD by the fuppofition is a multiple 
of F ; and the fame confeqoences follow ; namely that in the fame 
manner I divide CD into parts equal to F: ^\xx farther by the fup- 
pofition AB and CD are equimultiples of £ and F; let us fee what 
confequence follows from this part of the fuppofition ; nothing 
more than this, that after I have divided the multiples into mag« 
nitudea equal to the parts, the number of divifions in both is the 
fame ; for certainly if AB be the double of £ and CD the doable 
of F ; AB contains E twice and CD contains F twice ; and the 
fame may be faid of any other equimultiples ; and the ufe made of 
it in this propofition is, that if you take away the parts one by one> 
wlxen you .have done with one multiple all the other equimultiples 
mufl be exhaufted at the fame time. 

. fitit farther, this propofition ihould be examined ftill more par- 
ticularly ; bocau&r^ although this may feem needlefs for thofe to 
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t»Aibm Euclid writes^ i know it to be efleivfiaUy neceflkiy for tbofef 
tD; wbom this dificrtation is addrefled. The ilmdcnt xs therefore u> 
iMJng this conclafion more dare^y to the dcfii^kion>s, at leaft to 
take fuch fleps asi feem moft likely to carry his attention up to the 
defioitioYis* Foe this: pwrpore let him draw two indefinite ftraight 
lines ;r aad cutting oS from one of them a line equal fo B and P 
tdgeiher ; he h then to proceed in the fame manner and cut off 
from the otfcer a line eqcual tQ AG and CH together ; and from 
tlic remaindier a Une eq^ial fio GB and HD together; and lb- oH 
nntfl ke has made a lime equal to^ AB and CD together : He' is^ next 
to. (bmonftrate that the line, made equal to E and P together^ will 
meaiiire tlve Htir made eqoaal to AB snd CD together 5 and when 
t&is is done he can* fa^y^ that the <$ne line k a part or rrralriple of 
the other i But aft^r all ir remains to. be proved- that the one line 
is. contamttd int the other, jufii as ofteqias^E is conrainetlin' AB; 
and the* he may fay t4iat AB^; a«^ AB^ CD together ate equimut^ 
tiples of E ;. and of £, '& togtiher. Let ham, after thid point H 
fbttled to hiis full conA;^i£tioiH pr^^ceed in the* fame manner witfei three 
multiples &c« «ntil' he can^ &y upon good^ grounds if there be an/ 
Aumber of magnitudes dcc^' * • ' 

The fecond and third proportions muft be perfed^Iy intefRgil^Ie 
to any one who has gone the progrefs which I have recommended 
upon the firft. But before entering upon, the fifth it will be pro* 
per for thS reader to obferve that we are not as yet taught bow 
to take even a third part of a ftraight lincj, much lefs hoV^ ta 
take any part : indeed we can cut a itraight line in halves ; by 
which conftrudion we may take a half> a fourth part^ and an^ eighth 
part &c. but nothing more :. the conftrudtioa therelbte in the fiftb 
propofitioa is impradicable ; for if AB^ be three times CD*;. I can^ 
tiot take a third part of BE but upoa the j(appofitidn that EB is a 
nmltiple of FD ; whick is taking 6ot granted the very tbing^ tto be 
pnoved : if a line be amAihipleof anothei^ I can dinde it into its* 
parts ; but not otherwife ; which makes a different conftrudtioo: 
seceffiiry here, fmm that given in the text $ but fbfiiciently obvious 
from the.conftruftion in the next propofition : (or producing BA 
dinedly forward, we may cut off lines equal to FDi^ until! we have 
the iiame multiple of i^D, thac AB is of CS>-; 9nd call thi^ AG ^ 
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then by the firft; prtipofition EG is the fame multiple of CD that 
AB is of CD, therefore (by com. not 6.) AB and EG are equal ; 
take away AE which is common, and EB is equal to AG ; there-* 
fore EB is the fame multiple pf FD that AB is of CD. 

It is not eafy to conjedure how this blunder could have crept in, 
unlefs by the deception of a particular figure : for if AB be the 
double of CD, the conftruftion is pradicable, becaufe then I di- 
vide EB in halves ; and take CG equal to the half of it ; and then 
indeed AB \s.tbe fame multiple of GF as of CD, therefore GF 
apd CD are equal &c. And it is obvious that if AB be taken four 
times CD th^ f^nfie confl:ru<ftion will hold ; but it fails, if AB be 
taken three times, for then I have no principle upon which I could 
pretend to divide EB ; unlefs I (hould meafure it by FD, which is 
taking the jvery thing for granted which we want to demonftrate^ 
namely that EB if a multiple of FO ; and not only a multiple of 
it, 6ut the fame multiple of it^ that AB is of CD ; that is, I fet out 
with a fuppofition that CG is equal to FD in order to prove them 
to be equal i which is . certainly very bad reafoning if it deferve 
the n^ame. \ have been the niore particular in explaining this, be« 
caufe it feems well calculated to illuftrate this dodtrine of parts 
and. multiples. 

. .CHAP. IV. 

Containing a comparifon of the mtdtiples of four magnitudes • 

LJET ABC, ACD be two triangles between the fame parallel 
lines J let equimultiples of the bafc BC and of the triangle ABC 
be taken i and alfo any equimultiples whatever of the bafe CD 
and of the triangle ACD i I fay that if the multiple of BC exceed 
the multiple of CD ; the multiple of the triangle ABC will exceed 
the multiple of the triangle ACD ; if equal, equal ; and if lefs, 
lefs. 

Here the reader is to fix his attention upon four magnitudes, 
which. he may.diftcinguilh thus, by calling BC the firfl, CD the 
fecon^, the triangle ABC the third, and the triangle ACD the 
fourth i according to ouc fuppoiitipn then# we are to take equi* 
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fflultiples of the firft and third at a venture 1 and alfo any equi<- 
multiples whatever of the fecond and fourth. But obferve we do 
not compare the equtmuUipUs with one another ; only the multiple 
of the firft, with the multiple of the fecond, which are both 
ftraight lines \ and the multiples of the third and fourth, which 
are both triangles. And firft let us exhibit any multiple of BC the 
firft at a venture 1 produce CB indefinitely and cut ofiF as many 
lines as you pleafe eaph equal to CB ; as BG, GH &c ; and let 
CH be a multiple of BC taken at a venture, which it is if wc 
draw no confcquence from CH's containing CB any particular 
number of times. Now we are to take the triangle ABC the fame 
number of times j and this is performed by joining AH, for the 
triangle AHC contains the triangle ABC 
juft as often as CH contains CB ; which 
may be proved by joining AG ^ for as 
many : lines CB, BG, GH as there are, 
juft fo many triangles are there \ and be- 
caufe thefe ftraight lines are* equal ; (by 
38. I.) the triangles are equal of which 
thefe lines are the bafes ; and the num- 
ber of triangles, and the number of 

ftraight lines being the fame ; CH contains CB juft as often aa 
the triangle AHC contains the triangle ABC ; therefore CH and 
the triangle AHC are equimultiples of CB and of the triangle 
ABC. Again we are to take equimultiples any whatever of the 
fecond and fourth, of CD and of the triangle ACD : produce CD 
diredly forward, and take DK, KL each equal to CD % and in the 
fame manner CL is any multiple of CD ; and the triangle ACL 
the fame multiple of the triangle ACD. The conftru&ion being 
thus finiftied let us proceed to the demonftration.. 
* Now I fay that whenever CH is lefs than CL; the triangle 
AHC ia lefs than the triangle ACL ; becaufe I may cut off from 
CL a part equal to CH ; and then joining the extremity of that 
line to the point A \ there will be a triangle, equal to ACH within 
the triangle ACL % therefore when CH is lefs than CL, the tri- 
angle AHC will always be lefs than the triangle ACL; and if 
GH be equal to CL, then (by 38. j.) the triangle AHC is equal 
' Vol* !•> R to 
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to ACL : and laflly if CH be greater than CL, it may in like 
manner be proved that the triangle AHC is greater than the tri* 
angle ACL : and all thh will be true according to any multiplica- 
tion whatfoever.. And if for the fake of diftin£tne(6 we call BC 
the firft ; CD the fecond ; the triangle ABC the third ; and the 
triangle ACD the fourth ; we have this general conclufion ; if two 
fuch triangles be between the fame parallel lines ; and if you take 
any equimultiples whatever of the firft and third ; and alfo any 
equimultiples whatever of the fecond and fourth ; whenever the. 
multiple of the firft exceeds the multiple of the fecond the mul- 
tiple of the third will always exceed the multiple of the fourth : 
and when equals equal : and when lefs^ lefs. Which was to be 
demonftrated.. 

The reader is now to proceed by himfelf and prove the fame 
thing of the equimultiples of BC and of the parallelogram CE i 
and the equimultiples of CD and of the parallelogram CF ; that 
isy that whenever the multiple of BC exceeds the multiple of CD| 
then the multiple of the paralldogram EC will exceed the multi- 
ple of the parallelogram CF : and when equals equal : and whea 
lefSy lefs. 

Here our reafoning feems to become ibmewhat more complica-*.* 
ted than in the firft four books : but if we attend carefully to the 
meaning of the terms^ we (hall find very little di£[erence : for the 
multiple i$ compofed by a repetitioaof the fame magnitude ; which ^ 
may therefore be confidered only as a comparifon of two di(Ua<^. 
things : the term equimultiples implies only a divifioa of the xa^'^, 
Aitudes into the fame number of equal parts : and even in this hSt 
coraparifoA> we have onfy twa magnitudes to compare with one 
another^ as to their being greater ^ equal ; or lefs. So that if the 
ftudent but chufes. to prepare himfelf properly^ he ftands upon the 
iame firm ground here, as in the firil four books : foe the magni- 
tudes are the fame> only the mode of comparifon is new ; Whicll 
muft be made familiar by particular inftances. Therefore let ua 
Aippofe two equal circles ABC> DEP; and BGC, £HF angles at 
their centers^ (landing upon the circumferences BC,. EF : I fay^ 
if you take equimultiples of the circumference BC and of the 
angle BGC at a venture ; aad alfo any equimultiples of the cir* 
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cumference £F and of the angle EHF : if the multiple of BC 
exceed the naultiple of £F ; I lay the multiple of the angle 6GC 
will always exceed the multiple of the angle EHF $ and if equals 
equal : and if lefs, lefs. 

For take any multiple of the ckcumference BC, by placing or 
applying in the circle ftraight lines^ equal to a ftraight line joining 
B and C ; and thus making the circumfereaces CK» KL equal to 
the circumference BC (by 28. 3.) : and thus BL may reprefent 
any multiple of the circumference BC : but becaufe the circum-* 
ferences BC^ CK, KL are equal to one another^ (by 27. 3.) the 
angles BGC, CGK» KGL are 
equal to one another; there- 
fore the angle BGL is a mul-^ 
tiple of the angle BGC ; but 
ixioreover it is the fame multi- 
ple of this angle, that the cir- 
cumference BL is of BC; there- 
fore the circumference BL and 

the angle BGL are equimultiples of the circumference BC and of 
the angle BGC : And in the fame manner we may (hew that the 
circumference £N and the angle EHN are equimultiples of the 
circumference £F and of the angle EHF : now fuppofing as in 
the lad inftance^ the circumference BC to be the firfl; ; the cir- 
cumference EF the fecond ; the angle BGC the third ; the angle 
EHF the fourth ; I fay that whenerer the circumference BL, thte 
multiple of the firft, exceeds the circumference EN, the multiple 
of the fecond ; then the angle BGL the multiple of the third, 
will exceed the angle EHN the multiple of tibe fourth 1 for, be- 
caule BL exceeds EN, I may take of from BL a part equal to EN^ 
by placing in the circle a ftraight line equal to the ftraight line 
joining the points E and N; and can thus prove that a part of the 
angle BGL is equal to EHN : and alfo if BL be equal to EN the 
angle BGL is equal to the angle EHN ; and in the fame manner 
it' may be proired that if the multiple BL be lefs than EN, then 
the angle pGL is lefs than the angle EHN ; and that all this witl 
t^appen according to any multiplication whatever 6cc. 
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But here a difficulty feems to occur^ becaufe the multiple may 
l>e (o taken that BG and GL will become one ftraight line. Alfo 
in taking a multiple of a ftraight line ; there is obviouily no bounds 
fet to the operation ; which there feems to be in taking a multiple 
of a circumference ; though this may be rendered indefinite by 
defcribing as many equal circles as we pleafe. Now what I take 
to be Euclid's meaning, as being moft confiftent with the common 
notion of an angle, is this, that in comparing the multiples of the 
circumferences, all the femicircumferences are to be neglected ; 
and in comparing the multiples of the angles at the center ; we 
are only to confider, that part of the angle which exceeds two right 
angles ; which makes the conftrudtion and figure here given ge^ 
Beral. I would recommend it to the ftudent, to demonftrate the 
fame thing, of the multiples of the circumferences and fe£tors of 
e^ual circles compared together $ as alfo, of the multiples of the 
angles at the center and feAors^ 



C H A P. V. 

TJba fame fubjeS continued. 

LET there be four magnitudes A, B, C, D ; and let E,'F be 
any equimultiples of A and C the firft and third : and G and If 
any other equimultiples of B and D the fecond and fourth : And 
let any equimultiples of A and C ; and any equimultiples of B an4 
D be fo particularly connected with one another ; that whenevei: 
the multiple of A exceeds the multiple of B ; the multiple of Q 
will always exceed the multiple of D^ and when equal, equal; 
and when lefs, lefs : I fay, that if any equimultiples of £ and F 
be t^ken % and any whatever of G and H ; it will always happen 
that when the multiple of E exceeds the multiple of G ; the mul- 
tiple of F will exceed the multiple of H ; and when equal, equal; 
and when lefs» lefs. That is take K and L any equimultiples what- 
ever of E and F ; and alfo M and N any equimultiples whatever 
of G and H ; I fay that when K exceeds M ; L will always ex« 
ceed N ; and when equal, equal ; and when lefs, lefs. 
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The demonsration. fiecauie E and F 
are equimultiples of A and C ; and K and L 
equimultiples of E and F ; therefore, by the 
third propofition of the fifth book, K and L 
are equimultiples of A and C : Again becauie 
,G and H are equimultiples of B and D; and 
M and N of G and H ; therefore (by 3. 5.) 
M and N are equimultiples of /B and D : but 
tie fuppofition is^ that if there be any equimul^ 
tiplea of A and C % and any whatever of B 
and D ; if (he multiple of A exceed the mul- 
tiple of B I than the multiple of C will always 
exceed the multiple of D ; and \^hen equal, 
equal: and when lefs, lefss therefore becaufe 
it has been demonftrated that K and L are 
equimultiples of A and C and M and N of £ 
and D; it follows that when K exceeds M; 
L will exceed N \ and when equal, equal : and when lefs ; leis. 
Which was to be demonflrated. 

Let AB^ C and D be three fuch ftraight lines ; that any equi* 
multiples whatever of AB and C compared with any multiple of 
D I may be thus related ; that whenever the multiple of AB ex« 
ceeds the multiple of D ; the multiple of C (hall alfo exceed the 
multiple of D ; and when equal, equal : and when lefs, lefs : I 
fay if this be the cafe AB is equal to C. For if not, one of them 
muft be greater, which fuppofe to be AB. Cut off a part from 
AB equal to C ; and let this be BE : multiply 
A£ their difference until it exceed D : and 
let this multiple be FG; therefore FG is 
greater than D : make GH the fame multiple 
of £B; that FG is of AE; therefore (by i. 
5*) FH is alfo the fame multiple of AB: make 
K the fame multiple of C ;. therefore FH and 
K zxf equimultiples of AB and C. Make L 
the double of D, and fo on, until we come to 
the multiple which is the next greater than K : 
kt this be N ; M. therefore is pot greater thatt. K H c D L m N 
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K : but K is equal to GHj becauie £B is equal to C ; therefore 
M is not greater than GH ; but FG is greater than D (by conft.) 
wherefore FH is greater than M and D together, that is N ; there-^ 
fore FH is greater than N ; and K is not greater than N : and FH 
and K are equimultiples of AB and C and N is a multiple of D t 
but by the fuppofition any equimultiples of AB and C were fo re- 
lated to any multiple of D ; that whenever the multiple of AB 
exceeds the multiple of D; the multiple of C alfo exceeds the 
multiple of D i but the contrary has been proved when we fuppofe 
AB unequal to C ; therefore the multiples being according to the 
ifuppoiition AB cannot be unequal to C. Which was to be de« 
cinonftrated. 

Let there be fix magnitudes^ or rather ftraigfat lines A, B, C, D, 
E,, F whole multiples are thus related : fuppofe any equimultiples 
of A and C to be taken, and alio any equimultiples whatever of 
B and D ; and farther whenever the multiple of A exceeds the mul*^ 
tiple of B ; let the multiple of C always exceed the multiple of 
X) : and again let there be fame equimultiples of C and E and 
^Ifo of D and F fuch that the multiple of C exceeds the multiple 
of D ;• but the multiple of £ does not exceed the multiple of F r 
I iay that there are fome equimultiples of A and E; and Ibme 
'Of B and F fuch that the multiple of A exceeds the multiple of 
fi J when the multiple of E does not exceed the multiple of F. ' 

Suppofe G and H to be fuch equimultiples of C and E ; and R 
jmd JL fuch equiniultiples of D and F ; that G exceeds K but H 
docs Dot exceed L : now becaufe by the fiippofition G and K are 
^iven^ I can find what number of times C and D are contained in 
them by meafuring them, that is by cutting off pacts equal to C 
iind D. Take M the £unc multiple of A that G is of C ; that ia^ 
which H is of E : again take N the fame multiple of B v^hich K 
is of D ; that is, which L is of F. . 

Demonstration. Now by the fuppc^tion A« B« C, D are 
fo related to one another that any equimultiples of A and C ; and 
alfo any equimultiples of Band D being taken ; if the multiple of 
A exceed the multiple of B the multiple of C«exceeds the mul^ 
<tiple of'D : but M and G are (by conft.) equimultiples of A and 
C i as alfo a and K of B and I>i therefore if M exceed N ; G 

exceeds 



DISSERTATION VI. 



HS 



• I- -r 



illl 11 Li L 

MABH GCDK HX F L 



exceeds K : but G does exceed K (by 
fupp^;^ therefore M exceeds N: but H 
does not exceed L (by fupp. ) ; wherefore 
M exceeds N but H does not exceed L ; 
and M and H are equimultiples of A and 
£ ; and N and L of B and F. Wherefore 
&c* Which was to be decnonftrated. 

If D and E (fee the next figure) be fuch. 
equimultiples of A and B ; and F fuch a; 
multiple of C, that D exceeds F but £ does- 
not exceed F J. thenl faythat Ais greater. 

For becaufe D exceeds^ W and E'does not exceed F ; therefore 
of confequence D exceeda^E : but becaufe D and £ are equimul^ 
tiplet of A and fi and^ D' exceeds E^ therefore any 
part of I> will exceed the fame part of £ ; that is 
if <Hie of the magnitudes be greater than, another, 
the third&c. part of the one will exceed the third 
&c. part of the ocher ^. therefore A. is greatec 
thanB» 

Again if F be fuch a multi^e of C;. and D and 
£ fiich. equimultiples of A and B, that F exceeds 
£ but F does not exceed D ^ then, I fay that B is^ 
lefs than A. 

Fbtf becaufe F exceeds £ but F does not exceed 
D ; therefore £ is lefs than D ; therefore any part; 
of £ will be lefs than the fame part of D; but A;, and Bare the. 
fame parts of D and £ therefore B ia left tliaB A. Which- was to 
be deraonftrated. 
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Containing an explanation of the remaining definitions^. 

IF what. has been faid, in this difiertation, be properly. attended 
to, there will be little difficulty in underftanding the. meaning of 
the third definition; which has been the occafioa of fo much 
trouble to the ooomientators % and whidb they have been fo very. 

uniuccefsfuLi 
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unfuccefsful in their attempts to explain. For by prcxreeding ac«- 
cording to the fpecimen here given, it is very obvious that all the 
properties of magnitudes, which are mentioned in the fifth book, 
may be demonftrated from the two firft definitions, without any 
mention of the term ratio. But to fave the trouble of fuch cir- 
cumlocutions ; our author gives particular names to the different 
fuppofitions ; and this is the true origin of the following defini* 
tions, from the fecond. Now fays he, in the third, any certain 
mutual habitude of magnitudes of the fame kind, confidered ac- 
cording to this quantupticity or multiplicity ; or according to thit 
relation of parts and multiples, I call ratio. And I believe I may 
fay that this definition has never been rightly underftood fince the 
greek became a dead language. Barrow calls it a metaphyfical de« 
finition ; but it appears from this, that it is a mathematical one. 
He fays that fuch definition was equally neceflary in the feventh 
book, when fpeaking of the ratio of numbers, but it appears from 
this explanation, that fuch a definition could have no phce there. 

When any equimultiples of the firft and third, and any equi« 
multiples whatever of the fecond and fourth, have this relation to 
one another, that when the multiple of the firft exceeds the muU 
tiple of the fecond i the multiple of the third always exceeds the 
multiple of the fourth ; or when equal, cfqual ; or when lefs, lefs s 
then he fays the firft has tUe fame ratio to the fecond which the 
third has to the fourth : But if the multiple of the firft exceed 
the multiple of the fecond, when the multiple of the third does 
not exceed the multiple" of the fourth i he then fays that the firft 
has a greater ratio to the fecond than the third has to the fourth* 
The fixth, eighth, and ninth definitions are fufiiciently obvious. 
When three magnitudes are proportionals ; the firft is faid to have 
to the third the duplicate ratio, of that which it has to the fecond. 
But this definition and the next I (hall have occafion to explain 
afterwards. 

When we fay that the firft has the fame ratio to the fecond which 
the third has to the fourth ; the firft and third are the antecedents ; 
and the fecond and fourth are called the confequents. Now the 
antecedents are called homologous terms, or terms of like ratio ; 
and fo are the confequents alfo. This diftin<^ion is necefiary for 
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Ksveral reafons; in the followiog definitions^ and in fixing the 
equal angles of fimilar triangles 6cc» and therefore ought to be par-* 
ticularly attended to. 

The following definitions will be fufficiently underflood, when 
the particular propofitions are read^ wherein it is proved that the 
magnitudes will have the fame ratio^ the firft to the fecond and the 
third to the fourth^ after they have undergone the changes, men* 
tioned in thefe definitions. I know there is a way of explaining 
thefe definitions by numbers, which is nothing to the purpofe; 
foe EucHd is not fpeaking of numbers at prefent but of magni* 
tudes. However as this fupplies the place of all the knowledge 
"which this book contains to many, who are not fo fcrupulous as 
to require ademonftration ; nor fo attentive as to confider whether 
they are talking about fomething or nothing, to gratify fuch indo* 
lent readers, 1 have prefented them with the following icheme, 
ferved up in the true French tafte. 

• 

Alt. i5:3o::5:io Bycqual.j3. 6.18 

L Is, 
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Inv. 5 ; 15 :: ID : 30 ord* 1 5 • xo . 30 

I Conv. 15:15— 5:: 30: 30— 10 "^ *- ^ 

i, 15: 10:: 30: 20 7:4z::8:48 



I hope, from what has been iaid, the reader underflands the 
meaning of thefe definitions. The triangle, re^Ungle and circle 
liave been confidered as inftruments of inveftigation i but this doc- 
trine of ratm is to be regarded as a new mode of comparifon, 
veiy extenfive» in its confequences, giving us a wonderful com* 
mand over the magnitudes, which we have already confidered, by 
difcovering a great many pr9perties far beyond the reach of the 
former njiethod of comparifpn. And although a great deal of pains 
thas been taken to render our ideas upon this fubjed, confufed, in*- 
4liftind and nothing ; yet it is wonderful, when properly examined^ 
what a fimplicity there is in the principles upon which this me- 
thod of comparLfon is founded^ the cpnftr unions are sdl perfor- 
med ^hy 3« i«) VBkd requires nb fuch apparatus as is neceifary eyefi 
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to prove one line to be equal txy, or ihorttr than another^ irhea wt 
cannot make uie of the circle. 



CHAP. VII. 
Of the orrMfigement of the fnfafitioui. 

• 

THE reader who has been accaftomed to have his head filled 
with numerical ideas as explanatory, of the propofitioM cobtakied 
in this book» will perhaps be furprized to hear mo afiiini thtt he 
has taken a great deal of pains to fill his head with abfurdittes^ 
For I am perfuaded that if a fcheme were to be thought of^ for 
depriving a man of his reafon^ (till keqiiag up an knpiefiiofi upoo 
his mind that he was a rational creature^ there couU not be at OHtfe 
efiedual method, than to fet him upon Mconciling . the doaiNH* 
ftrations of this book to numerical ideas. Indeed the twiftiog rapes 
of fand would be a rational employment when compared with this. 

All tiutnet'ical r^aibning proceeds upon the fappofition, that the 
unit is the iatne. But Euclid is not yet prepared for this confine- 
mem, which I (hall prove particularly, upofe the feventh boo&u 
He does not carry on his demonftratiOAs in the firi: four bobks^ 
upon tlie fuppofition that the fides of his irianglesit or parallelo- 
grams or libe radius of his circle, are three or four i^et long ; or 
as having a reference to any kind of meafure. Nor is his reafoning 
in this book lefs general. His rMk is a mutual h^hitude of 'oiag- 
initudes according to <quantuplicrty, or according to the ^d^ne «f 
"patts and multiples^ The queftion is not ; is ^e "part^^ % ihut is 
^ a firt magnitude \ and farther, if you mean i!b ^reafon upon it 
according to this dodlrine of. ratios*, is it a txiagnitude that yeu etA 
multiply? that is, that you -can double j for the vAidle ^operation 
confifts only of doubling. It would not be more ahfiiMi, to iuppofe 
'lihat the naiture of things, or human imagioation does hot ^low of 
^ny triangle but an equilateral one, and never thelefs to try to prove 
that the fquare of one fide of a triangle might be equal to the 
iquarcs of the other twoj than to attempt the proof of fi)d[ie of 
the fimpleft properties of triangles, parallelograms and circles upoA 
^the fuppofition that all magnitudes ean be expreft hy numbers. 

It 
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y it 2s to be ho|i6d Mdiat ]ias'beea Uid wMl be fiifficient to induce 
the reader to pay a proper attention to the ftru6kure of the demon* 
ftrations made ufe of in this book, which have a wonderful ele- 
gancy and force even whefi takea ^gly ; but more particularly 
when the arrangement of the whole is confidered : for the better 
underftanding mf which I woiild adlviie the reader to divide the 
book into four portions. The nature of ratios fhews the propriety 
and heceffity of mtrookicifig ^ properties of equimultiples iirfl: of 
2il^ and sAthoogh the fourth pirof>oihton is not abfoluoeiy confined 
to its place 1 yet as it depends 'opon die third, it would he difficult 
to gave .it a. moie advantageoits pc£tion. The firft fix propofitions 
tfaeec£are wdtt;niake ^e fifft poniion. Again* we may have a very 
diilinA notion of this ratia cf ^magnitiides ^without knowing* what 
the magnicades diemfelves aane diredly : Here therefore fome rule 
or teft is neceflary for enabling us to get at the common relations 
of greater^ equal and leis, when we have only this ratio to guide 
U8. iTiieiftudeatis theosfore to ocmfideritbe feventh^.eighth^ ninth 
and tenth propofitions^ as snaking a diflinA fedlion^ aiid as intro* 
daceddiyr tlie>v«y porpofe of fettling this point. 

It might appear to a fuporficial obferver> who had juft come 
from provhig that if four magoitades are proportionals^ they will 
he proportionals by inverfion ^ that a fimilar method of reafbniog 
mi^t be ap[^d to fhew diac they will be proportionals by alter* 
mttion. But it. happens here^ that the equimttleiples, of the firft 
and thirds of the magnitudes which we want to prove to be pro- 
portionals j jure not equimultiples vf the iecand and fourth of thofe 
magnitudes which are propoirtioaats by the fuppofition ; but of the 
firft.aiid fecottd; idiidi tdeftroys all profpeA of iucceeding according 
to.tfaat pAam And indeed this ^iponfbation is no-eafy matter, for 
all die pfopofitions from the eendi to the lihrenteenth may be con- 
fideced as iaCroduced to demonftrate ; that magnijtikles will be pro« 
poMionals by: alternation. Anduhis will make up the third portion 
acoacding to llie divifion above ffnentioiied. And the remaining 
part 4^ the book may be confidered under one head» in which is 
proved that magnitudes will be proportionals ; by con>pofition diyi* 
fion, ^con;p&efion, and by ibt two methods of reafoning by eqiud 
ii/Umcis. And thus I thiok a very diJlinA and cqmprehenfive view 
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of the fubjeffc of this book may be takei^ and fiich an one as ieems 
likely to fix it in the memory. 

CHAP. VIU. 

* 

Containing fome remarks on the demonfiratwnr. 

AGREEABLE to the rule already laid down, inftead of 
remarks upon particular demonftrations, I (hall reduce what I have 
to fay under diftin£k heads, which the reader may apply as he goes, 
along ; but firft it feems neceflary to be a little particular, as to 
the conftruAion of the thirteenth propofition« Indeed there is 
nothing which feems to be fo prevailing an error, with regard to 
this book, as a negled of the conftrudions. And yet this is a 
thing which Euclid is, every where, more particularly attentive 
to. He fometimes leaves his reader to draw the confequence from 
a conftrudbion, when it is fufficiently obvious, and cannot be done 
fhortly and elegantly ; an inftance of which we have in the firft 
propofition of the third book ; where there are two conftrudions, 
but he reafons diredtly, only from one of them, and then joins 
both their confequences in his conclufion : for the demonftration 
only proves that the center muft be in the perpendicnlar ; for no 
abfurdity will follow from the reafoning, by fuppofing the point G 
to be any where in the line CD $ not even if we foppofe it to be 
at the circumference ; for it will not then be abfurd to fuppofe the 
angle GDB equal to CDB ; we have therefore Euclid's authority 
for drawing confequences in this manner ; and I have not the leaft 
doubt of this demonftration being the genuine one given by Eu- 
clid ; becaufe to have made it quite regular the two conftru^ons 
muft have been feparated i and then it would not have been one, 
but two diftind propofitioas ; in the firft of which it was to be 
proved that the center moft be io the perpendicular i and. in the 
fecbrid, that this perpendicular cut in halves would find the center; 
which is a much greater formality than the nature of the problem 
requires, although the ftudent ought to examine it in this manner. 
But in this thirteenth propofition the cafe feems to be very difie* 
rent, and confequences are drawn from a conftru&ion which I 

believe 
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bcliftve it will be found very difficult to perform. Sim/on in his 
note upon this proportion fays; ^< In Commandine's^ Brigg's and 
*< Gregory's tranflations, at the beginning of this demonftration^, 
*' it is faid, anJ^ the multiple of C is greater than tie multiple of D i 
•* but the multiple of E is not greater than the multiple ofF*, which 
words are* a literal tranflation from the greek : But the fenfe evi- 
dently requires that it be read^ fo that the multiple of C be 
greater than the multiple of !>;. but the multiple of £ be not 
^' greater than the multiple of F.*' Now I am fo much of a con- 
trary opinion, that it appears tor me that this change deftroys every 
▼eftige of the true conilrudion of this proportion:* My notion is- 
that the proper equimultif^esare given me by the hypothecs ;, and 
the multiples and magnitudes being given, I can meafure the one 
by the other ; and confequently kilow how many times the mag- 
nitudes aire taken ^ from which the conftrudion is obvipus : but if 
I have nothing to dired me but the magnitudes themfelves ^ coq- 
cemio^ which alfo there is no. f^ppofition of greater or lefs, I- 
ihould be glad to know in fuch circumftances, how this contrac- 
tion is to be performed ; I know it is faid let them be taken^ whicb 
if I were to add my conjed:ures after the manner of fome com-, 
mentatorSj I would fufpeA to be the correction of fome hafty editpc 
who did not underjOband the demoaftiation. 

In pro^ng four magnitudes to have the fam^ r^io, the iirfl to- 
the £econd which the third has to the fourth ; it is neceflary that 
the equimultiples of the firft and third .be any whatever i and alfov 
that the equimultiples of the fecond and fourth bf taken .M>^ ven?; 
ture. Now it is obvious that if they.be takeia-^s Qften as ope de-* 
terminate magnitude contains another^ they canjpot be any what^- 
ever i neither is the fum of two mukipleSy egph of .whiqh has been^ 
taken at a venture, to be confidered as any multiple whatever ; be^ 
caofe if in one cafe it ihould happen to be takeo three times, and. 
in the other five times i tbefe multiples added together, would nor 
happen to be eight times that maga^ude, but muft really be eight; 
times the magnitude, not accidentally but confequentially : again 
^hen a multiple of a magnitude is taken, and then a multiple of 
that m^tiple as in the thicd propofitions. ,this laA is not at^ muh 
tiple whatever of the firft magnitude ; X^t in^n^^^tli^ i^rf^ happens, 

to. 



142 O 1 S 5 E R T A T I O N VL 

to ht t^ktfi three timts, and this miiltiple i^ain five tknes 3 ftow 
iht lift multiple does nu hJt^iri to be £fceea times the £rft> mag^i 
nttCNiej lyot thofl: be really fo. And this will be fuffident Co direA 
die ftodem t6 the p^o^er ufe of the phriife any whatever. 

Sifnjon^s r^inarke trpoh the eighteenth prop6(itt<m are very inge«-' 
xrkyas'j f&r thi |)k>i!ib¥Kty trf* tbe fourth proportional iisiet to be 
ffekenf fbr gi^tit«4% iSfbcMfk this Js a very tiiflerdntnotion from that 
i^hidi fop^rficitfl pec^pte dre apt ko confound vrith at : fbr wfaeA 
two magffif fades aff^ made the fubjed of cpntem[:4ation, their exip- 
ttnte is a part c^ liie fup^fition ^ and if they do eidft, it <miift be 
under onet>r ottier of thefe ferms; A 'muft be eqtial to B^ or 
gtHsater> or feTv; and if I prove that A; cannot t>e greater tbaa fi 
nor left, f certainly demonftrat^ that A is eqaal to B. Bat it is 
very di#erent virhefe the exijience of the magnitude may be called 
in qaeftioti, v^hich is very reafonably done in the prefent inflmiicef 
for it may be faidto Eodid you have confined yourfelf ib^ much by 
your defhiition of. the fame ratio^ that a fourth proportioni^ noy 
be'rdally impoffible according to your definition ; but .when lyoii 
have once (hewn the pofiibility of it, I Will, then admit your na^ 
ibning. It is Very certain, that w.e have fufficient principles, btfbre 
this propofitibn, for finding a fourth proportional to aayitbreeggfea 
ftraight lines, which would make the demonftmtion onexc6p(fio«« 
nable as we have it at prefent ; by proceeding thus ; to AB, BE 
and CD find a fourth proportional, which muft be greater, equal 
or lefs than FD'^ \ but this would be mixing things together, 
whieh our atithoT ceHn^nly intended *to keep feps^rate. But td<:im* 
dude this chapter,, whoever 'has a proper notion of a paM and mul** 
tiple; and 'knows what is required to prove that four magMtode* 
have the fame ratio the firft to the fecond which the third has^ to 
the fourth, can never be qiiftaken in formiog a judgement of tte 
demoni^rations cotftainedlivthls book. Budtd^onftantly^fttppo^ 
his magnitudes to be ftrtiight lines as is obviouasfnom his coaftiiao* 
dons aniddemohftratkMis; fo that there is no oiocafion to fuppoie 
the magnittides in any propoOtion to be of the (ame kind f and in^ 
deed tfaofe critics who liave made fuch alterations, if they had 
onderAood their bufiiieTs^ ought -at leail to have changed ,the enan^ 

clatioos of half the |»ro]^fttik)As in the bopk* « ^ ^ 
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; Of the fvijeSt 0nd ifrrangmfnt of thf fiiith boo^. 

• • » * 

017R author having laid down this general doflrine of parts 
ftnd wuUiples ptfoeeeds to apply it to the inveftigatipn of ilicfa pro^ 
parties of the triangle^ reftaogle and circle as could not be obtained 
l>y the former method of comparifon. For what ia deiiv^red in 
Hm 6fth book itfelf cannot, ftridly fpeaking^ be confidered aa poot- 
perticis of triaoglee, parallelograms &c. bat oply as properties of 
parts and multiples of fuch magnitudes as come under the two firft 
^ififinitions. Bat in this book he treats of the triangle, as ^ty^ and 
018^: whdn triangles have the fame altitude, they Isaw the iakiie 
f Atio t^ Mi^ another, as their bafes. hs^ here die thoughclefe 
itgdcNT will jdo well to obfenre^ th^t et^esy triangle may havo iia 
-ateitiMb teproft by tihree ditferent Araigbtiines, as each fiie can be 
the hiklfe : for the altitude of a triangle is a relative term, and has 
410 iiManing until ^the baie is fixt. £rom this he demonftrates that 
j/ Host twoj ik6xA of a triangle be. cut by a ftraight line pac^Udi to 
4}ie third fide, they will be cut in the fame propoistion ; ^his is the 
fiusfdaniieotal principle which runs through tlie whole of this bqpk; 
aftd. ought for this reafon to be eoc^mined in every point of view^ 
'F(Or .after the reader has confideced this property according to 4ts 
oiioft obvious acceptation, he will (find it .more general than he iuf^ 
•piaOied^ hy imaking it a property of two indefiniftd ftraight lines in^- 
-tcrfe.i6ting one another, and cut in any .qiannerly^-two-pgraUel dines. 

Jt has been mentioned already that she. triangle is ,tbe gr^tin«> 
•flrumf nt of geometrical inveftigation, and Eqclid's «iirft objedk in 
(this book is to lay down thofe pcinciples^upon whioti 4he iiki^iarity 
iof triangles depends ; and by tiiis acquifiiion tfae^poweir^f tbf feU 
^CQce becomes aftoniihipgly great, as it is'diikultto fay whttt can<* 
Jiot :be done by it that is really pradicable ; the judicious reader 
therelbre will examine the firft eight propoiitions with l;hat atteur 
ttion which the importance of the .fubje6k requires. The fiveibU 
lowing propofitions teaqh hpw to divide.^ A^-aight line into ^ny^ 
ifiamJber of ^lal parts ; to cut a giveo'Jine in the £une proportion,, 
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as another has been cut ; to find a third, fourth and mean propor« 
tional ; which being practical principles, (hoiild be made habitual. 
The next four proportions are all upon the fame fubjedt, and that 
a very curious one, namely to fix the equality of the parallelograms 
and triangles from the ratio of the fides and converfly. And here 
the indolent Teader, fhould be required to (hew what ufe is made 
of the equality of the angles, or where the demonftration would 
fail if that circumftance were omitted. The nineteenth and twen- 
ftieth . propbfilions are of great importance and (hould be carefully 
iludied : it will affift a beginner very much to confider them as 
fvoblems, omitting the term duplicate ratio entirely: Thus the 
jiinteenth. may be expreft in this manner ; two fimilar triangles 
,being given, to find two ftraight lines which (hall have the fame 
ratio Co one another which the triangles have. And BC and BG 
will be the. two ftraight lines required. The reader may* know 
iwhether he uoderftands the propofition, by taking a third propor* 
•tibhal to £F and BC» and compleating the conftrudion and demon* 
-ftration. The twentieth may be worded thus ; to find two ftraight 
lines which (haU have the fame ratio to one another which two fi« 
•milar polygons have ; and then to prove that the fame two ftraight 
lines, will have :the fame ratio to one another which the fimilar tri- 
angles, into which the polygons are divided, have to one another* 
And it will alfo be convenient, according to the fame plan, to con- 
£der the twenty third as a problem ; which may be expreft in this 
inanner ; to find two ftraight lines which fhall have the fame ratio 
to one another ^hich two equiangular parallelograms, have > with- 
out making mvf u&iof the phrafe ratio compounded of ratios} and for 
^ proper expUnation of this term the reader may confult SimforCs 
edition. I would propo^^ it to the reader to examine thefe propo- 
rtions firft as problems^ becaufe this will fix his attention more to 
•the particular fteps of the copftruftion and the confequences «drawn 
irom them* And alfo the expeqt and uhportance of thefe very 
beautiful theorems is more to be feen by confidering them in this 
pradical point of view. For by the twentieth propofition, figures 
iliay be increafed or diminifiied in any proportion. For inftancfc 
if I watit to make a figure the fifth part of a given figure ; I take 
the fifth part of one of the fides of the given figure^- and find a 

mean 



DISSERTATION VL 145^ 

mtaft proportional between the line and its fifth part,, upon which 
if a fimilar and fimUarly fituated figure be defcribed, it will bo the 
fifth part of the given figure. Likewife by ^is propofition the 
forty ieventh of the firft book, may be extended ta any fimilac rec«» 
tiUneal figuret. 

The twenty third k often quoted to prove^ that^ if there be 
£>ur lines which have the fame ratio f and alfo other four, the reft* 
angles contained by the antecedents and confequents^ will have the 
&mc ratio» the firft to the iecond which the third has to the fi3urth«. 
Hiis the reader ihould examine, which he may eafily do by the 
afiiftance of the note below. * 

The fubjeft and arrangement of what remains is fb obvious, that 
it would be paying the reader but a poor complement to fuppofe 
that he ftood in need of any fsirther information^ eipecially if he 
read what Sim/bn has £ud upon the z8, and 29 propofitions«. 

I have (aid nothing of corollaries ; and it is doubtful in what 
fi:nie Euclid would have them be underftood; In the firft four 
books, they are all fome circumftances which are in faft demon- 
ftrated in the propofition, but which, not being expreft in words, 
die reader might without this notice have overlooked 1 but he feems 
afterwards not to confine himfelf to this ienie,, as will be obvious- 
to the reader*. 

* See prop. i6« B; i« Ham. Gon^ SeA. 

£P. ?D. PF. PH ( K. L. M. 
BM. MA. BM. MC 
Theji {by cq^ak) K : 
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DEFINITIONS- 

I. A Part is a magnitade of a magnitude^ the lefs of the greater» ^^^^* 

"V^ when it meafures the greater. 2. But a multiple> the greater 
of the Ief8> when it is meafared by the lefs. 

3* Ratio is a certain habitude of magnitudes of the fame kind 
to one another^ which is only as to quantity. 

4. Magnitudes are faid to have a ratio to one another^ which 
may be multiplied fo as to exceed one another. 

5* Magnitudes are faid to be in the fame ratio ; the firft to the 
fecond and' the third to the fourth 1 when the equimultiples' of the 
firftand thirds according to any nkultiplication/ are at the fame time 
lefs/ or at the fame time equal, or are at the fame time greater than 
each of th& equimultiples of the fccorMl and fourth, compared with 
oneaaotber. '6; And'let magnitudes, having the fame ratio, be called 
propprtiobals. 7.. But when pf equimultiples $ the* multiple of* 
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Book V. the firft exceeds the multiple of the fecond^ but the multiple of 
the third does not exceed the multiple of the fourth ; then the 
firft is faid to have to the fccond a greater ratio than the third to 
the fourth. 8. And proportion is a fimilitude of ratios. 9. But 
proportion confifls in three terms at leaft. 10. And when three 
magqitudes are proportionals ; the firft is faid to have to the third 
a duplicate ratio of that which it has to the fecond. ii. And 
when four magnitudes are proportionals ; the firft is faid to have to 
the fourth a triplicate ratio of that which it has to the fecond » and 
always in order one more* as long as the proportion continues. 

12* The leading magnitudes are faid to be of like ratio with the 
leading magnitudes ; and thofe that follow art Jaid to he of tiJu 
ratio with thofe that follow. Or. The antecedents are faid to be 
homologous magnitudes to the antecedents ; and the confequents 
to the confequents. 

13. Alternate ratio is the taking of the antecedent to the ante- 
cedent s and of the confequent to the confequent. 

14. Inverfe ratio is the taking of the confequent as an antece-> 
dent to the antecedent as a confequent. 

15. The compofition of a ratio is the taking of the antecedent 
together with the confequent^ as one^ to the confequent. i6. fiut 
the divifion of a raiio^ is the taking of the excefsy by which the 
antecedent exceeds the confequent, to the confequent itfelf. 

If. Tbe converfion of a ratio is tbc tiktiig: of tbet aoteeedAnt^ 
H) ihA escefjb by wliicb the antecedent exceeds the oonftquent. 

1 8, A ratio of equality is» tbcsre being fevenil miignitiides^ ancb 
<]ChfQts 4q{Ki2d 10 then u multitude^ and in die fame proportion 
taken two by two, wheo it is» as in the firft inagoitudct ; the firft: 
t0 the. \9Ski i^ )t> the fecoad magoitudes the firft to die laft. or 
otherwife. The takisig q^ th^ extremes by a fubftnidion of tl^ 
middLe ttrmtj. 

19^ Ordinate proportion is» when it is as the antecedent to tbe 
cionfeq^nty fo is the antiecedent (9 the confequent \ and it is aa 
the confequent to fome other* ib ia the confequent to fome cttber. 
Tfi. But perturbate pnoporticn ist when there being three magni* 
tftdps and others equal to them in numbers it is as in the firft mag« 
oitudea tbe antecedent to the coniequentt fo in the fecond magnit* 

todcs 



i 



O F E U C L I D. 3 

tirdes the MtecedeBt to the coniequent ; but as in the firft tnagoi- go«k v. 
tu4ec the coafiNjocat is lo tome other» £6 ta the fecond magnitudes 
is fome other to the antecedent. 
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PROP. I. 

If there be any fttimber of magnitudesj equimultiples of an 
equd number of magnitudes^ eaeh of eacb ; wbatfbever multiple 
one of the magnitudes is of one^ the fame multiple will all be 
of all. 

Let AB» CD be any number of magnitudes, equimultiples of 
an equal number of magnitudes £, F ; each of each : I fay that 
whatfoever multiple AB is of £, the (ame nlultiple will AB, CD 
together be of E, F together. 

For becaufe AB is the fame multiple of E that CD 
is of F ; as many magnitudes as there are in AB 
equal to E» fo many are there in CD equal to F ; let 
AB be divided (by 3. i.) into the magnitudes AG^ 
GB equal to E i afid CD into the magnitudes CH, 
HD equal to F : certainly the number of farts CH, 
HD will be equal to the number of parts AG, GB : 
and becaufe AG is equal to E, and CH equal to F, 
thtf efore AG, CH together are equal to E and F to^ 
g^her I for the fame reafon GB is equal to E, and 
HD to F I therefore alfo GB, HD together are equal 
to £, F together : therefore as many magnitudes as 
there are in AB equal to E 1 fo many are there m 
AB, CD together equal to E, F together : wherefore whatfoevcr muU 
tiple AB is of E, the fame multiple will AB, CD together be of 
E, F together. 

Wherefore if there be any number of magnitudes, equimulti- 
ples of an equal number of magnitudes, each of each 1 whatfocver 
raultipleone of the magnitudes is of one, the fame multiple will 
all be of all. Which was to be demondrated. 

PROP. II. 

If the firft be the fame mtrkrple of the fitcond as the third is of 
the fourth j and if the fifth be the fame multiple of the fecond as 
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Sook y. the Gxth is of the fotirth : a}£^ the^firftdnd fifth together wilf be 
the fame multiple of the fecond, as the third and fixth together rs 
of the fourth. 

For let the firft AB be the fame multiple of the fecond C as the 
third DE is of the fourtli F V Md-ict the fifth BG 6e the fame 
c^uhiple of the fecond C ;is the fixth RH'u of the fout*th F'; ITay 
that AG the firfi: togetbser with the fifth will be the fame multiple 
of thefecond C as DH the third and fyct\i is of F the fourth* 

For becaufe AB is the fame multiple of C that 
DE is of F i as rnany magnicqdes as there are in .'^'^ 
AB equal to C, fo cna,ay will there be in DE eqotal 
to F : certainly * fpr the fame reafon alib^ . as 
many magnitudes as there are in BG equal tp .B-- 
Cy fo many are there alfoin £H. equal to F; 
therefore as many as there are in the whole AG 
equal to C fo many ure tiere.^in the whole DH * 
equal to F : wherefore wb^^foey^r multiple AG , ; 
is of C, the faine multiple will DH bp :of P ; . . 
therefore AG the firft together with the fifth will . " - ■ ^ fjj[ 
be the fame oiuhiple of C the fecond^ that PA ^p third afid fixtb. 
is of F the fourth. * ' i ; 

Wherefore if the firft be the fame multiple of -the fecon^i as the 
thircl is of the fourth ; and^ if the. fifth be the fame inultipk.of 
the fecood as the fixth is of the fourth ; . alfo the firft and i|fth fto- 
gether wrill be the fame multiple of the fecond* as. the thir4 and: 
fixth together is of Ae fourth. Which was to be detponftrated^ 
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.If the fif ft be the fame multiple of the fecond ; as ;tI)9thir4/»^ 'of 
the fourth ; and eqi^iq^ltiples be taken of the firft and thicdi alib: 
by equality* eacl> of thofe taken will be an equimultiple of e9ch»j 
the one of the iecond* and the other of the fourth.. 

For let the firft A be the fame multiple of the fecond B, as the 
third Cis of the fourth D ; and let EF, GH be taken equimul- 
tiples of A and C : I fay that £F is the fame multipte of B, wh«:h 
GHwof D. , 

For 
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For becaufe EF is the fame multiple of 
A (by conft.) which GH is of G : - therefore p ^ 
as iliany magnitudes as there are in £F equal 
to A, fo many are tbisre in GH equal to C •: 
let EF be divided into magnitudes equal fo 
A, viz. EK, KF ; and GH into magnitudes K - 
equial to C, viz. GL, LH ; the number of 
parts £K> KF vt^ill be equal to the number 
oi parts GL, LH : And becaufe A is the 1 

fame multiple of B, as C is of D; aod EK E A B D G G. 
is equal to A, and GL equal to C; there- - ' /i 

fore EK is the fame multiple of B, whith GL is of D. Certainly 
for the fame reafon alfo KiF is the fame liiultiple of B, which LH 
is of D : wherefore becaufe the firft ElC is the fame n^ultiple of 
the fecond B, as the third GL /V of the fourth D i and alfo the 
fif^h KJP is the fame -multiple of the fecond B) which' the fixth LH 
is of the fourth D; therefore (by 2. 5.} ^P t^^ ^^ft together with 
the fifth is the fame multiple of the fetond B, which GH the third 
and fixth is of the fourth D. . 

: .Wherefore if che. firil be the fame multiple of the fecond^ ai 
the third' is of the fourth ; and equimultiples be taken^of the firft 
and third : . alfo by equality; 'each cf thofii taken^ will be an equi-- 
multiple of each, the one of the fecond^ and the other of the 
fourth. Which was to be demonftrated. 
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- If the firft liave the fam6 ratio t^' the fecond as the third to the 
iburth ; alfo the equimultiples of the 6rft and third, will have the* 
fame ratio to the equimultiples of the fecond and fourth^, aCcopding* 
to any multiplication whatfoevcr.; {taken fo as to anfwer each other. 
For let the firft A have the fame ratio to the fecond B, whichi 
the ihird C has to thtf foiiflh. D ; and let- B W F be taken- equi- 
multiples of Pi and C ; but let G and H be taken any equimultiples 
of B and D which m^ay accidentally happen i- I iay that as E is ta 
G ib is F to H. 

• For let Ki cndX^ be taken equimultiplea of £ and F$ and M,. 
N x^ny otbets equimiultiples of' G and H wkicb^may happen.. 

And 



4 



THE ELEMENTS 



BookV, 



> 

ill Hi 

C £ A B G 



M 



ill -. 
L F C D H N 



And becaufe E is the fajne multiple of A 
which F is of C ; and K anJ L have bcea 
taken equimultiples of £ ami F i therefore (by 
3.5.) K is the fame multiple of A which L 
is of C ; Certainly for t;he fame reaibn M is 
the fame multiple of B which N tr of D : 
and becaufe (by fupp.) A is to B as C h to 
D ; and K anJ L have been taken cquimul* 
tiples of A and C ; and M am/ N [any other] 
cquimvikiples of B and P [which may acci* 
dentally happen] ; therefot« (by 5 def. 5.) ^ 
K cixcecd M alfo L exoecsdi N > and i£ equals 
cqjul ; and if lefs, lefa : tod K anJ L are 
equimultiples of E and F 1 and M and N any 
other equimultiples, which may accidentally 
liappen j of Q and H 1 therefore (by 5 def. 
5.) £ is to G as F is to H. 

Wherefore if th« firfl have the fame ratio to the fecond as the 
third to the fourth ; alfo the equimultiples of the firft and thirds 
will hwjd the hxnc ratio to the equimultiples of the fecond and 
fourth i according to any multiplication wbatfoever ; takfin fo as 
to anfwer each o^er. Which was to be demonftrated. 

Cor^ Wherefore becauie it has been demonitrated, that if K 
exceed M ; L exceeds N ^ and if equals equal : and if lefs^ lefs* 
Certainly alfo if. M exceed K» N. exceeds L : and if equal, equal; 
and if lefs^ lefs : and onr this account it will be ; as G is to £, fo 
if, H to F. Certai&ly (rojgt this it is inaoifeft.tliat if four magni-* 
tudes be. propcctional^i tht^ will be inverily proportionals ; (by 
def, 14. 5.)« 

P R O P. V. 

If a magnitude be. the fame multiple, of a magnitude^ which a 
magnitMdt^ taken from tiie one \% of a magmiude taken from the otAery 
whatfoever multiply the whole i$ of the whole, alfo the remainder 
will be the fame multiple of the remainder. 

For let th^ magnitude AB be the fame multiple of the magni'* 
tude CDf which A£i \\^.mtigtiiiude taken from the ^/irls.of the 

magnitude 
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magnitude CF taken from the other : J fay that whfttfoever multiple Book "Vi 
the whole AB is of the whole CDj alfo EB the remainder will be 
the fame multiple of FD the remainder. 

For whatfoever multiple AE is of CF ; let EB be the fame tool-' 
tiple of CG. 

And becaufc AE is the fame multiple of CF (by 
the conft. and 1.5.) which AB is of OF ; and AE is ^T 
fuppofed to be the fame multiple of CF whkh AB is of 
CD : therefore AB is the fame multiple of either of £l^ 
tlie Bnei GF^ CD ; thcfrfefpre (by com, not, 7.) GF is 
<iqaat to CD; kt CP ns)bich it common be taken away % 
therefbre the remainder GC is equal to the remainder T 

DF % and beeaufe AB is the iame multiple of CF g 
which EB is of GC 1 and GC is equal tb DF ; there* 
fbre A6 n the fame multiple of CF which EB is of FD ; but AE 
is fiip^ofed to he ffte fame multiple of CF, which AB is of CD r 
therefore EB is the fsfne multiple of FP which AB is of CD ; 
th^efore whfatfoever malttple the whole AB is of the whole CD % 
alfo the remainder EB is the fame multiple of the remainder FD. 

Wherefore if a magnifmie be the fame multiple of a magnitude^' 
which a magnitude taken from the one is of a magnitude taken from 
the other ; whatfoever miuhiple the wh(^ is of the whole^ alfo the 
remainder will be the fame multiple of the remainder. Which 
was to be demonilrated. 

1^ R P. VI. 

If two magnitiBks be equiouiltiples of two magnitudes ; and 
fome magnitudes equimultiples of the faiHe he taken away ; alfb the 
remainders are either equd to tlioie raagmtiuleS). 0$ equimultiples 
of them. 

For let the two magnitujdes AB» CD be equimultiples of the 
two magnitudes £» F \ and let AG^ CH the magnitudes taken away 
be equimultiples of the iame E» F : I £iy that the remainders Ofi> 
HD are either, equal to E» F or equimultiples of them. 

For firft let GB be equal to £ s I fay th^ HD is alie eqiial to 
F : Sor put CK equal fio F. 

And 
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^k V. Aod becaufe AG is the fame multiple 
. of £ as CH w of F ; and GB is equal to 
E ; and CK equal to F ; therefore (by ' 
2. 5*) A6 is the. fame multiple of £ wbkh 
KH is of F ; but AB is fuppofed to be 
the fame multiple of E, 'which CD is ^ 
of F i therefore KH is the fame mul- 
tiple of F, which CD is of F j where- 
fore becaufe each of jthe linej KH, CD /V . 

the fame multiple of F j tKcrefore (by Qom. not. 6.) KH is equal; 

to CD ; let.CH which i> como^pn^be tak^n away ^ therefore the» 

remainder KC is equal to -the remainder HD : but KC is eqitalto^ 

F ; therefore HD is alfo equal to F i fo that when GB i$ equal ta 

E, HD will alfo be equal to F. . . . ^ ■; 

Certainly in ^ the fame ipanner we (ball demon(lrate»: that wheii( 

GB is a multipl^'of E, that HD will be the fame multiple of F. v 

Wherefore; if two magnitudes be (equimultiples of, two inagni*\ 

tudes I and fome magnitudes equimultiples of the fame be taken 

away ; alfo the remainders are either equal to thofe magnitudes^ OC; 

equimultiples of them. Which was to be demonftrated. 
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PROP. VII. 

Equal magnitudes have the fame ratio to the fame magnitude; and 
the fame magnitude has the fame ratio to equal magnitudes. 

Let A and B be equal magnitudes ; and C any other magnitude 
which may accidentally happen ; I fay that each of the magnitudes 
h, B has the fame ratio to C ; and that C has the fame ratio to 
each of the magnitudes A, B« . 

c^Fpr Jet :Dy E> be. taken equimultiples of A^B ; and let F be: 
taken any other multiple of C which may accidentally happen; 

And becaiulib D is the' fame multiple of AiWhich^R' irof B ; and 
A /i .(by'fopp.) equal to B ; thetefore D is equal to £ ; but'F />. 
any other multiple of C which may accidoitally happen ; where--, 
fore if D exceed iF, .£ alfo exceeds F ; . and if equal,, equal v and 
if; teiS|. lefs : .and^D^E are lequinwltiples of A, B;; and. F<any 
other multiple of C which may accidentaUy*.h^ppea^; tjieieforel 
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(by 5 def, 5.) it ia as A at to C £0 is B to C. 

I fay alio that C has the fame ratio to each of 1 T 

the magnitudes A, B» 

For the fame things being conftruded ; in the 
fame manner we (hall demonftrate that D is equal 
to £ ; and that F is any other magnitude ; there- 
fore if F exceed D ; it alfo exceeds E : and if 
equaU equal : and if lefs, lefs : and F is a mul- 
tiple of C ; and D, E any other equimultiples of 
A and B which may accidentally happen ; there- 
fore (by 5. def. 5.) it is, as C to A fo is C to B. 

Therefore equal magnitudes have the fame ratio 
to the fame magnitude ; and the fame magnitude bas the fame ratio 
to equal magnitudes^ Which was to be demonftrated. 
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PROP. VIII. 

Of. pnequa) magnitudes ; the greater has a greater ratio to the 
fame magjnitude^ than the lefs bas : and the fame magnitude has a 
greater ratio to the lefs^ than it has to the greater. 

Let AB and C be unequal magnitudes ; and let AB be greater 
than C ; and let D be any other magnitude which may accidentally 
happen : I fay that AB has a greater ratio to D than C has to D : 
And D has a greater ratio to C, than it bas to AB. 

For becaufe AB is greater than C ; make BE equal to C : cer* 
tainly (by 4. def. 5. ) the leiTer of the two AE, EB being multi- 
plied will at length be greater than D. Firft let AE be lefs than 
£B ; and let, AE be multiplied until what is produced fhall be 
greater than D : and let FG be the multiple of it, which is greater 
dian D : and whatfoever multiple FG is of AE, let GH be the 
fiuqe multiple* of 1^ % and K tke fame multiple of C : and let L be 
t^en the dou|>le qf Dj, . and .M trijple ; and more by one in order, 
until the multiple of; P taken becomes the firll greater than K : 
let it be taken :. and Ij^t it be N four times D, the iirft greater 
than k« . 

Wherefore because K is the; firft lefs than N or \N is the Jirfi 

multifile of D greater than iC] ; thcreiFore K is not lefs than M ; 
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Book V. and becaufe FG is the &me iMultiple of AB 
which GH is of EB; therefore (by k 5O FG il 
the fame multiple of AE which FH is of AB j 
Itnd FG is the fattie mukiple 4)£ AB whkh K is . 
of C ; thcrefoire FH fs the fame »ultiple of AB^ 
which K is of d therefore FH and K a*el'j|f 
equimultiples of AB and G : Again becaule GH 
is the fame multipte f>{ EB which K is of C ; 
and EB is equal to Ci therefore GH is equal Jo 
K : but K is not left than M ;. therefore neither 
is GH lefs than M ; but (by conft.) FG is gfeater S .» ^ D t M N 
than D ; therefore the whole FH is greater tfian 
both D and M together 1 but D and M together are* equ^ to N ; 
therefore FH exceeds N, but K does not exceed H i a»d FH and 
K are equimultiples of AB and C ; and N is any other multiple of 
D wliich may accidentally happen i^ therefore (by 7. def. 5*) AJB 
has a greater ratio to D, than C has to D. 

I &j ulCo, that D has a greater ratio to C, thaft D i»i to AB. ^ 
For the fame things being conAruAed ; in like nMtmer we fliail 
demonftrate, that N exceeds K; but does not iixceed PH 1 and N: 
is a mdtiple of D t and FH 4md K ^aqy of her J ^quittiakiplta of 
AB and C [whkh niby afceidemaity hfilpf en} ; therein (liy« 7^ (Nif; 
5^ ) l> has a greater ratio to C, «han D ias to AB. . • 

But let AE be greater than EB ; • eertamfy BB^ 
the lefs being mukiplted will at length (by 4J 
def. 5:) he greater than I> : let it be multiplied i 
and let GH be the muitiple of EB> greater thaft 
E> ; and whatfoever multiple OH is of EB j kt 
FG be made the lame mtMple of AB 1 and R 
of C : Certamly in the fame ttiamter we ilMdi db^ j 
mon^rate, that FH anJ K ^Btt equiinttltiples ^ , 
AB and C : and in Tike manner let N be tafeen, 
a multiple of D^ the firft greater tbafi FG 
ti>at again FG be liot lefs than M ; but GH » k H ^ it L Km 
greater than D; therefore the whole FH exceeds - • 

D and M together, that is N ; but K does notemeed N j finocFG 
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being greater dMi GH a thtt h K» does nH exceed N ^ and in like 
manner following die Jieps above we hm(h the demonftration. 

Wherefore of unequal oaagnitudett the greater has a greater 
ratio to the fame magnitude, than the lefs has : and the fame mag^ 
nitude has: a greater radp to the le&» than it has to the greater. 
Which was to be demonftrated* 

PROP. IX. 

Magnitudes having the fame ratio to the fame magnitude are 
equal to one another ; and thofe are alfo equal to one another, to 
which the iame magnitude has the fame ratio. 

For let each of the magnitudes A, B have the fame ratio to the 
fame magnitude C : I fay that A is equal to B. 

For if not, (by 8. 5.) each of the magnitudes A, B 
could not have the fame ratio to C : but it lias (by fupp.) ; 
therefore \ is equal to B. 

Again let C have the fame ratio to each of the magni^ ^ 
tudes A, B ; I fay that A is equal to B* 

For if not ;, C could not (by 8« 5.) have the fame ratio A 
to each of the magnitudes A, B } but it has (by fupp.) ; 
therefore A is equal to B. 

Wherefore, magnitudes having the fame ratio to the 
famie magnitude are equal to one another ; and thofe are equal to 
one another to which the fame magnitude has the fame ratio. Which 
was to l)e demonftrated. 

PROP. X. 

Of magnitudes having ratio to the ianae wt^gokltiem dua^ is tb4 
greater which has the grtadier tOm x and Aat is the Ic^Cs to which 
the fame fizs a greater ratio. 

For let A have a greater* ratio to C ithat B Juti to C : I fay that 
A is greater than B. 

For if not ; either A is equal to B, or \ch ,; but A is not equal 
to B ; for then each of the magnitudes A, B (by j. 5.) has the fame 
ratio to C s but (by (upp.) eacA of tbem has not : therefore A is 
not equal to B ; neither is A \q& than B ; for (by 8. 5.) A would 

♦ B 2 have 
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Book V. ^^^ ^ ^^^^ ^^^^^ ^^ ^ '^^^ B would ikPiie to C ; but (by 
fupp.) it has not ; therefore A is not lefs than B ; but it 
has been demonftrated that neither is it eqiial : therefore ^ 
A is greater than B. 

Again let C have a greater ratio to B than C has to A : 
I fay that B is lefs than A. 

For if not i it is either equal, or greater : but B is not 
equal to A, for (by j. 5,) C would have the fame ratio 
to each of the magnitudes A, B : but (by fupp.) it ha; not; 
therefore A is not equal to B : Neither is B greater than A ; for 
(by 8. 5.) C would have a lefs ratio to B than to A ; but (by fupp.) 
it has not ; therefore B is not greater than A ; but it has been de- 
monftrated that neither is it equal ; therefore B is lefs than A. 

Wherefore of magnitudes having ratio to the fame magnitude^ 
that is the greater, which has the greater ratia : and that is the 
lefs to which the fame has a greater ratio. Which was to be de^^ 



monflrated. 
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Ratios which are the fame to the fame ratio, are the. fame to one 

• .. ,■ .»«.« •, 

another. . . 

Por let the ratios be ; as A to B fo is C to D i and as C to D 
fo is E to F ; I fay that it is/ as A is to B fo is E to F. 

For let G, H, K be taken equimultiples of A> C^ £ ; and let 
L, M, N be taken any other equimultiples of B^^D, j^ which may 
accidentally happen. 

And becaufe it is (by fupp.) as .A is to 
B fo /> C to D 3 and G and H have been T 
taken equinMiltiple^ of A and C ; and L, i 
M any equioraltiples of B, D which may 
accidentally happen ; wherefore if G ex- 
ceed L > H alfo exceeds M (by 5. def« 5.) ; 
and if equal, equal 1 and if lefs, lefs : 
Again, becaufe it is (l^ fopp-)^ as C ix to D fo is E to F; and H, 
K have been taken Equimultiples of C, E ; and M, N dny other 
equimultiples of P, F which may accidentally happen; wherefore 
(by 5. def. 5. ) if H exceed M ; K alfo exceeds N j; aud if equals 

equal s 
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equal ; and if lefs* lefs ; but if H exceed M; G alfo exceeds L j Book V. 
and if equal, equal ; and if lefs, lefs : and G, K are equimultiples """"^^ 
of A, E i and L, N any other equimultiples of B. F which may 
accidentally happen ; wherefore (by 5. dcf. 5.) it is, as A w to B 
fo M E to F. 

Wherefore ratios which are the fame to the fame ratio ; are the 
iame to one another. Which was to be demonftrated. 



PROP. XII. 

If any number of magnitudes be proportionals j it will be, as 
one of the antecedents is to one of the confequents, fo are all the 
antecedents to all the confequents. 

Let A, B, C i D, E, F be any number of magnitudes, propor- 
tionals ; viz. as A f J to B fo /^/ C ^ to D i and E to F : I fay that 
ifc is as A w to B fo is A, C, E to B, D, F. 

For let G, H, K equimultiples of A, C, E be taken ; and L, M, 
N any other which may accidentally happen of B, D, F. 

And becaufe it is, as A u to B fo is C 
to D i and E to F (by fupp.) ; and G, 
H, K have been taken equimultiples of 
A, C, E J and L, M, N any other equi- 
multiples of B, D, F which may acci- 
dentally happen ; wherefore (by 5. def. 
5.) if G exceed L j H alio exceeds M 
and K exceeds N ; and if equal, equal j 
and if lef$» lefs : fo that alfo if G exceed ■ 
Lj G, H, K fwien together alfo exceeds ' 
L, M, N taken together j and if it be equal j they are equal ; and 
if it be lefs, they are lefs ; and G ; and G, H, K are equimultiples 
of A, and of A, O, E ; fince (by i. 5.) if there be any nnmber of 
magnitudes equimultiples of an equal number of magnitudes, each 
of each % whatfoever multiple any one magnitude is of one ; the 
fame multiple will, all be of all : Certainly for the fame reafon 
alfo I L, and L, M, N are equimultiples of B, and of B, D, F : 
theref(M-e (by 5. def. 5.) it is, as A ir to B fo if A, C, E to B, D, F. 

Wherefore if any number of magnitudes be proportionals j it 
will be as one of the antecedents is to one of the confequents, fo 

ace 
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^ock V. fcr* 9M the aniece^entft to all the ^ohftquentt. Which was to bt 
d^son^lrated. 

PROP. XIII. 

If the firfl: have the fame ratio to the fccond which the third has 
to thi^ faureh : bat if the thif d hate a greater ratio to the fourth 
than the fifth bai to the fixth ; the firft alfo win have a greater 
ratio to the fecond than the fifth has to the fixth. 

For let the firft A have the fame ratio to the fecond B, wBicb 
the thir4 C has to the fourth D : but let the third C haw a greater 
r»tio to the fourth D, than the fifth. E, has to the fixth F ; I % 
that the firft A wilt have a greater ratio to the iecond B> than the 
lifth E has to the fixth F. 

For becaufe C has a greater ratio to D (by ^ 
fupp.), than E has tp F ; (bgr 7* def. 5.) there 
are fome equimvltiples of C and E ; and other 
equimultiples {which may accidentally hap<- . 
pen] of D and F : and the multiple of C ex^ 
ceeds the multiple of D : but the multiple of 
£ does not exceed the multiple of P : let -r j j T Irs 
them be taken ; and let G* H be the equi- IT' { 

nuikiples of C9 £ ; and K^ L other equimuU 
tiples [which may accidentally happen] of D> ^ ask ocdk hef l 
F i fo that G exceeds K $ but H does not 
exceed L : and whatfoever multiple G is of C» let M be the ftme 
multiple of A : and whatfoever multiple K is of P« let N be the 
fama tnultiple of B. o 

And becaufe it is^ as A at to B fo /> C to D 1 and M and G have 
beea taken equimultiples of A9 C ] and N» K other equimultiples 
[which ms^y accidentally happen] of B^ D : wherefore (by 5, def* 
5^) if M exceed N, G alfo exceeds K ; and if equal, equal : and 
if lefs^ le^s.; But G exceeds K (by fupp*) therefore alfo M exceeds 
N : but H does not exceed L ; and M, H are equimultiples of At 
£ ; and N> L other equimultiples [which may accidentally happen] 
of ^ F i therefore (by 7. def. 5.) A has g greater ratio to Bt than 
£ iasta F, 

Where- 
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Wherefore if the firft h^vt the famtf ratio to the focond which oiek v« 
the third has to the fourth $. but if the third have a greater ratio 
to the fourth than the fifth hoj to the fixth ; the firft alfi> will have 
a greater ratio to the fecond than the fifth iras to the fiKth. Which 
was do be demonftrated. 



PROP. XIV. 

If the firft haw the iame ratio to the fecond» wAicJ^ Ac third 
bartxy the fourth ; and if the firil be greater than the thii^d ;. aifo 
the iecond will be gnsater than: the fourth ^ and if equal, equal ; 
2qA if leiis» lefs* 

Foe 1st the firil A have the fame ralso to the iecond 6» vAkJ^ 
the third C bas to. the fourth D ^ and let A be greater thaa ,C : I 
ify that B is greater than D* 

For becaufe (by fupp.) A ii greater than C ; and B 
ia aoy other magoitude which maay bappea^ : therefiMre 
(by 8. 1^) A haa a greater ratio to fi^ thaa C i&^ to B f 
but as K is to B (by fupp.) fo // C to D ; therefore (by 
13. 5.) C has a greater ratio to P^ than C has to B : 
but (by 10. 5.) that magnitude is the lefs; to which the 
iame hasr a greater ratio ; . therefore P is leA itum Bi _ 
fo that B is greater than D. 

Certainly io^ the &me manner we ihaU demooiUate» than when 
A is equal to Ct B will alio be equal: t9 D : and if A be kfs thaa 
C, B will be lefs thaa D. 

^ Wherefore^ if the firft have the ianve ratio tp thefecondj} which 
the third ^ to d^ iourth; aad if the firft be greater than the 
third ; alfo the fecoiid wiU be greater thaj|t the fourth \ and if eqvjaU 
ecjual i and if lefs, k&. Which was to be deinpAftiated, ; , ' 

• ; 1 * ■ . . • f • 

4 ' • .1'* iM..>..' 

PROP. XV. 

The parts, compated witb oae aaodkr* have the ksstt ratio 
Hohlich t^eir equimultiiplBS iumt^ . ' 

For l«t AB be the £ime andtiple of C <9Akh D£ is o£ Fi l£ij^ 
that ifis, as C M to.FJa w^AB «o DE. 

i For 
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Book V. For becaufe (by fupp.) AB is the fame multiple of 
C which DE ij of F ; therefore as many magnitudes 
as there are in AB equal to C, fo many is there alfo 
in DE equal to F; let AB be divided into magni-Q^^ 
tudes equal to C^ viz. AG, GH» HB ; and DE into 
magnitudes equal to F» viz. DKj KL, LE : certainly 
the number of parts AQ, OH, HB will be equal to" ' 
the number of parts DK, KLt LE : and becaufe AGj 
GH, HB are equal to one another ; alfo DK, KL, 
LE are equal to one another i therefore it is» (by j. 
5.) as AG is. to DK fo is GH to KL, and HB to LE ; wherefore 
(by 12. 5«) it ^*^^ .be ^^ c)ne of the antecedents is to one of the 
confequents, fb are all the antecedents to all the confequents ; 
wherefore it is, as AG is to DK fo // AB to DE ; but AG is equal 
to C, and DK // equal to F ^ therefore it is, as C tr to F fo £f AB 
to DE. 

Wherefore the parts, compared with one another, have the fame 
ratio which their equimultiples have. Which was to be demon- 
ftrated. 

PROP. XVL 

If four magnitudes be proportionals ; they will alfo be alter- 
nately proportionals. 

' Let the four magnitudes. A, B, C, D be proportionals j viz. as 
his to B fo lit C be to a I I fay that they will be alternately pro- 
portionals : viz. as A is to C fo will B ^^ to D. ' 

For let E^ F be taken equimultiples of A, B ; and G, H any 
othtr equimultiples of C, D which may accidentally happen. 

And becaufe E is the fame multiple of A which 
F is of B; and (by 15. 5.) parts, compared with 
one another have the fame ratio which their equi- 
multiples have : therefore it is, as his to B (o is 
E to F ; but (by fupp.) as A /V to B fo is C to 
D ; and therefore as C tr to D fo (by 1 1. 5.) is | ^ 
£ to F : Again, becaufe G and H are equimul* 
tiples ofiC^d D i therefore (by ^S^ S*) C tr ^. 
to D as O /r to H i but as C istoDibisEto 

F, 




BABF GCDH 



OF EUCLID. 



17- 



F ; therefore (by 1 1. 5.) as E is to F fo is G to H ; but if four Book v. 
magnitudes be proportionals^ and the firft; be greater than the third s 
the fecond (by 14. 5.) will be greater than the fourth : and if equals 
equal : and if lefs, lefs : wherefore if E exceed G, F alfo exceeds 
H : and if equal, equal : and if lefs, lefs : and E and F are equi^ 
multiples of A and B, and G and H any other equimultiples of C 
and D which may accidentally happen ; therefore (by 5. def« 5.) 
aa A /j to C fo /> B to D. 

Wherefore if four magnitudes be proportionals they will be (by 
13. def. 5.) alternately proportionals. Which was to be demon- 
ftrated.: 

PROP. XVII; 

If compounded magnitudes be jproportlonals ; they will alfo be 
proportionals when divided. 

Let the compounded magnitudes, AB,. BE, CD, DF be propor- 
tionals ; viz. as AB Is to BE fo let CD be to DF : I fay that they 
will be proportionals wheA divided; that is (by 16. def. 5.) as AE 
li to EB fo wi//.CF ^^ to FD. 

For let GH, HK, LM, MN be taken equimultiples of AE, EB, 
CF, FD : and let KX, NP ^^ taken any other equimultiples of EB, 
FD which may accidentally happen. 

And becaufe GH is the fanje multiple of AE 
nbicb HK is of EB i therefore GH is the fame 
multiple of AE nvbicb GK is of AB (by i. 5.^ ; 
but GH is the fame multiple of AE wbicb LM 
is of CF : therefore GK is the fame multiple 
of AB lobicb LM is of CF. Again becaufe LM 
is the fame multiple of CF wbicb MN is of FD : 
therefore (by i. 5.) LM is the fame multiple of 
CF suiicb LN is of CD : but LM was the fame 
multiple of CF which GK is of AB : therefore 
GK is the fame multiple of AB w&icb LN is of 
CD : therefore GK, LN arc equimultiples of AB, 
CD. Again becaufe HK is the fame multiple of 
EB which MN is of FD ; and KX is alfo the 
fame multiple of EB which NP is of FD : alfo r a r 1 
<by.b- 5.) HX is the fame multiple of EB which ^ A c J^ ■ 

Vol. I. * C MP 
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BookV. MP t^ of! FD : aittl hecaufb it is {byi fijp^;). aa ASI £r toi BE. To is 
CP to DP ; and GK, LN have beeat^fctn^equifnultiplet. 06 AB» 
CP ; zndUXi MP [any other]. eqaimnliipks of £B;,FD [which* 
mayf accidentaliy/happen] ; therefore (by ^..dt£. 5.) if GK exoeecjb 
HX«. LN aljb exceeds MP : and i£ equal, equal v and if Ibfi, kfs : 
Lee G&. exceed HX, aod^. the. cots men part HiC being- t^kiea 
away» therefore alfo GH ejcceeda KX : But if GK exceed HX^ 
LN alfo exceeds MP ; therefore alfo LN exceedis MP; and M3^ 
wi^icb is commonheiiig taken away ^ LM alfo exceeds. NP: fo that 
if GH exceed KX 1 LM alfo exceeds NP; Certainly in the iamitt 
manner we (hall demonftrate that if GH be equal to KX y LM- 
will alfo be equal to NP :. andlif lefs, lefs: But vHj LM are equi* 
multiplea of AE» CF ; and KX> NP any otbc^ eqtiixxudtiple^. ef 
£B» FD which may accidentally happen j therefoxe (by/5« def^.j^) 
it is, as AE is to EB fo is CF to FD. 

Wherefore if compoiinded magnitudes be pro^ortionaU ji thejr 
will alfo be proportionals wjben divided. Which w^ ta be. demon* 
firated. 



PROP; XVHK 

If magnitudes wi/en divided are pcoponionaU J. tbey^^ virillbepro^ 
portionals w6en comppunde^.. ' . 

Let» AE» EB^CF, VJ) tlie divided. ma^iHtudes ^.sra{>5rtio&a]|i^» 
yiz.,as AE $s to EB {oJeiXJS b«^ to FP : I fajr allp tbAVthtg?. will, 
be proportioMb wi6«i' compounded,, 'i&6<rf «. (by- 1 ji, drf. 5>)^ a? AB- 
M to BE fo wi^CD ^^to Df. . ' ,'...' 

For if it is not, a« AB i^o BP. i9.k Cprty IXF j "U. l^iU be. *» A3. 
is t<» BE fo « CDi eitlip^ to. fp^r. «f<7^1»wft[i<^ lei^;thjux tOg, <tftct 
0ff^ greater. \, •. - 

• Let it be firft toT)G.ti kfsX.swdib^pftufc it'is(^3it 

thisfupp.) as AjQ /Vto- ^E ,(b is,Cp^tp'^9» 't^<^Qfl*- 

pouid^ magnitude acerpiipi(0fti9«wf* h /cjrtjwt alio. 

(**y J7r 5-)^'*»«y wiTi WgfQpQrti.pn^tf.>yhfiiiTdivid«fti. 

therefore it is, as AE i^ tp ^B io ^ CO to GP : hut 

it is| alfo fiippofed that as AE>i» tp EB.ibis CF tor 

FD 1 \Jlherefore (by i i'..j^) as,<j:Q »Vte G0 fowC^; 

to FD :• but CG the firft » g^raatei' thaiii CF !thc thirds 

t^^fore alfo (by 14. 5.) .the. fecond GDi is greater ^^ c 
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than'^e fotxrth FD 4 but it is alfo Icfs : which is impoflible : Bookie. 
\rbereforc it is not, w AB is to BE fo is CD to a magnitude Ids 
than DF : Certainly in the fame manner we (hall demonftrate, 
that neither is it to ^;7^. |^reater. . Thefefore^ it is to iiat one itfelf* 
Wherefore if magnitudes when divided are proportionals ; they 
•win be propoftionals ^"whm compounded* Which was to be de-* 
monftrated. 

PROP. XIX, ♦ 

If tt 1)e, isrs the vrhcAt ynugnitude xs to 1^ Whole, io is zmagni^ 
tude tzk^n away to zmiagnitude tdken afway ; tire remainder alfo wi!l 
"be to the Temaindef as the whole is to the whole. 

For let it be, as ^hse whole AB is to the whde CD, fo let AE a 
magnitude t^ken away ^^*toGF a:w^»Ste&taken away; I fay that 
£B the remainder will lilib h€ to FD the remainder, as the whole 
ABJ> to the whi>kJCD. 

' For fiHOC it ts, 'as ft« whde f^is to ifac whole CD 
To ^ AIB to GFr ^Ifo alternately (by 16. 5.') as AB /> 
to AE ifo irx CD toC9^ ; atid becaafe the compqonded 
teagnitudes arc propetiitinats; they will trlfo be pro- 
portionals when diriAed (by j^. 5;) i therefore as HE 
4s to fiA fo is DF to PC-; and therefore alternately (by 
^6. 5.),*as BE tx to DF«> » EA to FC: tmt ts EA is 
«o FC lb is the whole AB fqppofed 4o he to the whole 
C© I thwcifore aHb (by t i ; 5.) the remarmder lEB will 
be to the remainder FD as the whole AB is to -the 
^hiole 
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Wherefore \i it be, as the whofe «^33^/W<^ w to thie Whdt, & 
is a magnituie taken away to a magnitude taken away ^ the remainder 
4UlSb wiH be to the ^enmnder as the whole rj to tfaeSvhoIe. Which 
was to be demonftrated. 

Con And becaufe it has been demonftrated (In this prop.) as 
AB is to CD fo is EB t^ &D : and alteniately (by 16. 5.) as AB 
is to EB fo is CD to FD : therefore the compounded magnitudes 
-sffc "pfoportions^ls t Wtit has bech^ demon ftntted (m this and prop* 
i6.« . ) «s ABis *to AE fe ts CD to CF j and fbis ns the conyerfion ^ 
4he pMfo/ttiowals. Certairily from, this -it is manifcft, that ff com- 
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Bookv. pounded magnitudes be proportionals, they willbe proportionajs 
by converfion (by 17, def. 5.), Which was to be demonftrated. 



PROP. XX, 

If there bp three magnitudes and others, equal to them in trmU 
titude, in the faoie ratio, taken two and two ; and by equality, if 
.the firfl be greater than the third ; alfo the fourth will be greater 
than the fixth : and if equal, equal : and if lefs, lefs. 

Let A, B, C be three magnitudes, and D, E, F others equal to 

them in multitude, in the fame ratio, taken two and two ; viz. as 

A is to B fo let D 6e to E, and as B is to C ib Jet £ ^^ to F : and 

. by equality, let A be greater than C ; I fay alfo that D will be 

greater than F : and if equal, equal : and if lefs, lefs. 

For becaufe A is greater than C, and B is any 
magnitude which may accidentally happen : but (by 
8. 5.) the greater has a greater ratio to the fame than 
the lefs has : therefore A has a greater ratio to B 
than C ias to B : but (by fupp.) as A is to B fo is 
D to E : but by inverfion (by cor. to 4. 5.) C is to B 
as F is to E : therefore (by 11. et 13. of 5.) D has 
a greater ratio to E than F has to £ : but of magnitudes having 
ratio to the fame; that is the greater which has the greater r^tio 
(by 10. 5.) : therefore D is greater than F : Certainly in the fame 
manner we ihall demonftrate, that if A be equal to C, D will alio 
be equal to F : and if lefs, lefs. 

Wherefore if there be three niagnitudes, and others equal to 
them in multitude, in the fame ratio, taken two and two i and by 
equality, if the firfl be greater than the third; alfo the fourth wiU 
be greater than the fixth ; and if equal, equal : and if* lefs, l^U,. 
Which was to be demonftrated. 
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PROP. XXI. 



■ If there :be tJiiree magnitude^, and others equal to them in ou)]- 
titude; an4 in the fame ratio, taken two and two, and their pro- 
portion be perturbate ; and if bj equality the firft be greater than 

the 
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tlie third, the fourth will alfo be greater than the fixth : and if Book V* 
equal, equal : and if lefs, lefs. 

Let A, B, C be three magnitudes, and D, E, F 
others equal to them in multitude, and in the fame 
ratio, taken two and two ; and let their proportion 
be perturbate, viz. as A is to B fo let 'EAetoF; and 
as B /> to C fo let D ^^ to E : and by equality let A 
be greater than C : I fay alfo that D will be greater 
than F : and if equal, equal : and if lefs, lefs. 

For becaufe A is greater than C, and B is fome other magnitude i 
therefore (by 8. 5.) A has a greater ratio to B than C has to B : 
but as A /r to B fo (by fupp.) is E to F : and as C is to B fo by 
inverfion is E to D : therefore (by 1 1 . and 1 3. 5.) E has a greater 
ratio to F than E has to D : but (by 10. 5.) that is the lefs mag^ 
nitude to which the fame has a greater ratio ; therefore F is lefs 
than D : wherefore D is greater than F : Certainly we :fhall de- 
.monftrate in the fame manner, that if equal, equal ; certainly if 
,A be equal to C, D alfo will be equal to F : and if lefs, kfs. 

Wherefore if there be three magnitudes and others equal to them 
in multitude ; and in the fame ratio, taken two and two, and their 
proportion be perturbate ; and if by equality the firft be greater 
than the third, the fourth will alfo be greater than the fixth : and 
if equal, equal :and if lefs, lefs. Which was to be demonftrated. 



PROP. XXIL 

If there be any number of magnitudes % ^nd others equal to 
them in multitude ; in the fame ratio, takien two and two % . alio 
by equality they will be in the fame ratio. , ... 

Let there be any number of magnitudes A, B, C ; ami D, E, F 
others equal to them in multitude ; tn the fame ratio, taken two 
and two ; viz. as A /> to B iolet D be to E and as B. /r to C ib let 
E ^^ to F : I fay alfo, that by equality they will be in the fame 
ratio ; viz. (by 18. def. 5.) as A w to C fo will D be to F. 

For let G, H be taken equimultiples of A, D ; and K, L any 
other equimultiples of B, E which may accidentally happen i and 

befide& 
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.•ook V.Hbefides, : Iff, K dny crfher eqtmmilttpks o£ 
Cj F which may accidentally happen. 

And becaufe itds'^^bgr fupp.) as A tr to 
B -fo /J D to E ; and G, H have been taken 
equimultiples of jA, D ; andJK^ L any other 
equimultiples of Q, E which may acci^ 
dentally happen.: theirefore (by 4. 5.) it is, 
as G £r to K fo uMito L. Certainly ifbr 
the fame reafon alfo as K £r :to JVI & tr Lto 
*N : wbere£bre j»ecaufe! theic^arc three mag-> 

autudes .G,K,Jff ; v«id others equdi to them in multitude H, L, N 
^ond in the iame catio, itaken two and two ; therefore by equality^ 
T(hf 12D. 5^) if O exceed M, alio H exceeds N : and if equal, 
«gual : mnd if ile&,;leis : and G and H are equimukiples of A,I>; 
and JM, N any other cqoimnltiples of C, F which may accfdentally 
4iappen^ therefore (by ^..def. 5.:) itjss, as AJs to C fo is D to F. 

'^hecdbre if thew iie any Aumber of magnitudesy and ol^em 
equal to them in inultitude ; in tbeifaaae ratio, taken two and two^i 
adfo rby equality, tthey will be in tile iaiiie ratio. Which was to be 
ilrated* 
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p n o p. xxm. 

If there ht thme aognitiides, and others equal to than in mul« 
titude ; in the fame ratio> taken two and two ; and if their pro- 
portion be perturbate; they will aUb he in the fame ratio by equality. 

Let A, B, C be three magnitudes, and D, E, F others equal to 
«hem in anhitude;* in the^^une ratio, taken two and two $ and let 
c&eir pfODptttioQ be perturbme, viz. as A £r to B fo /#/ £ ^ Co P $ 
and as B ^ to C fo let DietpE : I iay that it is, as A iV to C fo 

Far Jet O, H> Kiu taloen equimultiples df A, B, D| and L, M^ 
t^ any olber eq(iiB9alt^)le8 ipf C, E, F which may accidentally 
inppea« 

And •beeauie GyKaBrrecqoimiidtiplev of A, B; imd parts, (by 154 
f «^ liabe diefame Miq^O'm^^smtJber.m their equimultiples ; there^ 
ioK it:is,,i|S A.Jv4o Jliib«r 'G to tt^ Oertainiy for the fame reaibn 
4Uo«8 E £r to F fo i> M to N : and becaufe it is, as B £r to C (o 

if 

I 
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it T> to Ei. and H> K lU^ been takta Be 

equimultiples of B, D ; and- L, M- any ** 

other equimultiples of C, B. vrliich mzj 

accidentally happen; ^erefore it is, (by 4. 

5.) as H if to L fo «> K to Ml : but it has 

be^ demonftrated as G m to H ib »M to 

N: wherefore becaufe there arethree-mag^ 

nitades G, H> L and otfaera K, M, N equal 

to them in midtitude j in' the fame ratio . 

taken, two. and two ; and riwir proportion I T 

is perturbatej therefore by equality (byai. ['J^ ^ 

5i) if G exceed L j K alfo exceeds N: ^^ &Mit»(i 

and- if equals equal: and if lefs^ lefs : and 

G, K are equimultiples of A, D ; and L, N any other equimulti- 
ples, «f C* F wkicb. nu^ /ucidentally happen % therefore (by 5. .def. 5.) 
A M to C as D /> to F. 

Wherefore if there ba three magnitudes, and. others, equal t(» 
them in multitude ; in tbe< fame ratio taken two and two ; and if. 
their proportion be perturhate.; they will alfo beinrthe fame. ratio 
by. equality. Which was to be demonstrated, 

- . P R Oi P. XXIV. 

If the jjrft have the fame ratio to the fecond vskicb the thinL^dx 
to the fourth i and if the iifth have alfbthe fame ratio to thefceond- 
•whi^ the fixth boi to the-fojirjb ; alfc^.the firftand 6itb togctbor. 
will' have the fame r^tio to the ^pnd wi/V^.the third. aipd.fixtlk. 
/eg?W^ A?j tothe fburthi 

For let the firft AB have die fame ratio to 'the-iecond) C, vtbkb;' 
the third D£ has to the fourth F : aadral&.lct thcfifth BG have^ 
the fame ratio tp. the fecond C. •mkicb. the fixtb EH has to diei 
fourth F : I fay that alio AG the 6rft together witb^the.fifth.wiU, 
Have the fame ratio to C the fecond wbicb I?H tib: third. A^/iier 
with the fixth <6tfj. to F the fourth. 

For becaufe it is, asBG m to Cfbi&£H.to.F:. Aerefocoby iBf 
yerfion (by cor. to 4. 5.) C w to BG.as-F « toBH> Wherefore 
becaufe it is as AB « taC foir DEto F j and.a^C.»> taBG foi*. 

Ft* 
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Book V. F to EH: therefore by equality (by 22. 5.) it is, as q^ 
' AB is to BG fo is DE to EH : and bccaufe the divi- 
dcd magnitudes are proportionals, they will alfo (by 
18.; 5) be proportionals when compounded: where- 
fore as AG is to GB fo is DH to HE : but it is, as B 
GB is to C fo is HE to F : therefore by equality (by j.£ 

22. 5.) it is, as AG is to C fo is DH to F. 

Wherefore if the firft have the fame ratio to the 
fecond which the third has to the fourth ; and if the 
fifth have alfo the fame ratio to the fecond which A C D ^ 
the iixth has to the fourth ; alfo the firft and fifth 
together will have the fame ratio to the fecond .which the third and 
iixth together has to the fourth. Which was to be demonftrated. 

P R O P. XXV. 

If four magnitudes be proportionals ; the greatefl: and the leafl: 
of them are greater than the other two. 

Let the four magnitudes AB, CD, E, F be proportionals 5 viz. 
as AB is to CD fo let E be to ¥ : and let AB be the greateft of 
them and F tht leafl: ; I fay that AB and F are greater than CD and E. 

For let AG be made equal to E and let CH B 
he made equal to F. 

Wherefore becaufe it. is, as AB/r to CD fo is 
E to F 5 and AG is equal to E and CH to F i 
therefore it is as AB is to CD fo is AG to CH : 
and becaufe it is as the whole AB is to the 
whole CD fo is AG taken away to CH taken 
away; therefore (by 19. 5.) the remainder GB 
will be to the remainder HD as the whole AB 
is to the whole CD : but (by fupp.) AB is greater than CD ; there- 
fore GB is greater than HD : and becaufe AG is equal to E and 
CH to F : therefore AG and F together are equal to CH and E to^ 
gether ; and becaufe if equals be added to unequals, the wholes are 
unequal : wherefore GB and HD being unequal : and AG and F 
be added to the greater GB : and CH and E be added to the lefs 
HD : AB and F together are greater than CD and E. 

Wherefore if four magnitudes be proportionals, the greatefl: and 
the leafl: of them are greater than the other two. Which was to 
be demonftratedt 
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DEFINITIONS. 

:X, CIMILAR rectilineal figures are thofe which have their Book VL 
angles eqaal each to each ; . and the fides about the equal ^'^"^'^ 
angles proportionals. 2. But thofe are reciprocal figures ; when 
the antecedent and confequent terms are in each of the figures. 

3. A ftraight line is faid to have been cut in extreme and mean 
^ratiOf when it is, as the whole /m^ is to the greater fegment^ fo is 
.the greater figment to the lefs. 

4. The altitude of any figure is the perpendicular drawn from 
the vertex to the l)afe. 

5« A ratio is faid to be compounded of ratios, when the quan- 
tities of the ratios being multiplied into one another do make fome 
ratio. 

Vol. I. *D PROP. 
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The triangles and parallelograms which are under the fame altU 
tude are to one another as tbeir bafes. 

Let ABC> ACD be triangles; and EC> CF parallelograms, which 
are under the fame altitude^ Wz. the perpendicular lirawn fcom tbe 
point A to 6D : I fay that it is, as the bafe BC is to the bafe CD 
fo is the triangle ABC to the triangle ACD : alfo fo is the paralle- 
lograni EC to the parallelogram CF. 

For let BD be produced towards both parts to the points H, L: 
and let any number of lines BG, GH be made equal to the bafe BC: 
and any number of lines DK, KL equal to the bafe CD : and let 
AG, AH, AK, AL be joined. 

And becaufe CB, BG, CH are equal 
to one another; alfo (by 38. i.) the tri- 
angles AGH, AGB, ABC are equal to 
one another : therefore whatfoever mul- 
tiple the bafe HC is of the bafe BC ; the 
fame multiple alfo is the triangle AHC 
of the triangle ABC. Certainly for the 
iame reafon alfo, wfifatfoever multiple the 

bafe CL is of the bafe CD the &me multiple is the triangle ACL 
of the triangle ACD. And if the bafe HC be equal to the bafe 
CL (by 38. I.) the triangle AHC is alfo equal to the triangle 
ACL : and if the bafe HC exceed the bafe CL 5 the triangle AHC 
alfo exceeds the triangle ACL : and if Icfs, Icfs. There being four 
magnitudes, the two bafes BC, CD ; and the two triangles ABO^ 
ACD : and equimultiples of the bafe BC and of the triangle ABC 
have been taken viz. the bafe HC and the triangle AHC : - and of 
tlie bafe CD and of th^ triangle ACD any other ^equimukipleft 
which may accidentally happen viz. the bafe CL and the triangle 
ACL : and it has been dcmonftratcd that if the bafe HC exceed 
the base CL; the triangle AHC alfo exceeds the triangle ACLt 
and if equal, equal : and If lefs, Icfs : therefore (by 5. def. 5.) it 
is, as, the bafe BC /Vtp the bafe CD fo is die triangle ABC to thfc 
triacgle ACD. 
' ^ ^ And 
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And becaufe the paraUdogram EC is double of the triangle ABC Book vl 
(by 41. I.) : and the parallelogram FC is double of the triangle 
ACD ; and parts {by 15. 5.) have the fame ratio ta one another zs 
Aeir equimidtiples ; therefore it i%, as the triangle ABC is to th<; 
triangle ACD fo is the parallelogram EC to the parallelograiii FC : 
wherefore becaufe it has been dexnonftrated that as the ha(e BC is 
to the bafe CD fo is the trtai^le ABC to the triangle ACP : an4 
as the triangle ABC is to the triangle ACD io is the parallelogram 
EC to the parallelogram FC ; therefore alfo (by i (• 5.) the bafe 
BC is to the ba£b CD as the parallelogram EC is to the parallelo* 
gramFC. 

Wherefore the triangles and parallelograms^ which are under 
the fame altitude^ are to one another as their bafes. Which was to 
be demonftrated. 

PROP. IL 

• if any ftraight line be drawn parallel to one of the (ides of a 
triangle, it will cut the fides of the triangle proportionally : and if 
the fides of the trian^ be cut propoitionally* the Araig^t line 
joining the fe&ions will be parallel to the remaining fide of the 
triangle. 

For let D£ be drawn parallel to BC one of the fides of the tri- 
angle ABC : I fay that it is, as BD is to DA fo is CE to EA. 

For let BE, CD be joined. 

Therefore die triai^ BD£ is equal to the tritmgle CDE i. for 
they are upon the fame. ba(fe D£ aad between the fame parallel 
lines DE, BC : but ADE is fome other tciang^i a«d (by j. 5.) 
equal magmtudts have the fame ratio to the fiirae sMgnk^de : there**- 
tict it^, as the triangle BDE £r to the trM^gk ADE £> is the tri- 
angle CDE to the triangle ADE :. but as dlie trimgk BPE is to 
the triangle ADE fo is (by i . 6.) BD to DA : for bciog under the 
fiun& altitude, the perpendicular drawn {torn the poi^ £ to A^y 
they are to one another as their bafes. Certainly for the fame rea«» 
ion alfo, as the triangle CDE is tolthe trino^ ADE ib ii pE to 
EA : Therefore (by 1 1. 5*) as ^ is Jto DA £9 is C£ to EA- 

Bitt let AB, AC, the .fides of the triangle ABC h» cut piropor- 
tionally in the pqiats J), £ fiz. as BD ir to DAid kt C^ te to EA: 

* D 2 and 
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Book VI. and let DE be joined : I fay that DE is parallel 
toBC. 

For the fame things being conftruded ; be« 
caufe it is, as BD is to DA fo is CE to EA : 
but as BD is to DA fo (by i. 6.) is the tri- 
angle BDE to the triangle ADE : and as CE 
is to EA fo is the triangle CDE to the triangle 
ADE : therefore alfo (by 11.5.) as the tri- 
angle BDE is to the triangle ADE fo is the 
triangle CDE to the triangle ADE : therefore each of the tri« 
angles BDE» CDE has the fame ratio to the triangle ADE ; there-* 
fore (by 9. 5.) the triangle BDE is equal to the triangle CDE : 
and they are upon the fame bafe DE : but equal triangles being 
upon the fame bafe are alfo (by 39. i.) between the fame parallels : 
therefore DE is parallel to BC. 

Wherefore if any ftraight line be drawn parallel to one of the 
fides of a triangle^ it will cut the fides of the triangle proportio- 
nally ; and if the fides of the triangle be cut proportionallyt the 
flraight line joining the fed:ions will be parallel to the remaining 
fide of the triangle. Which was to be demonflrated. 



PROP. III. 

r 

If an angle of a triangle be cut in halves, and the ftraight line 
cutting the angle sdfo cut the biafe ; the fegments of the bafe will 
have the fame ratio wbicb the remaining fides of the triangle have 
to one another : and if the fegments of the bafe have the fiaue ratio 
nvbicb the remaining fides of the triangle bave ta one anotber; the 
flraight line joining the vertex and tbe point of fedion cyts the 
angle of the triangle in halves. 

Let ABC be a triangle^ and let tha angle BAC be cut in halves 
by the ftraight line AD : I fay that it is as BD is to DC fo is BA 
to AC. 

For let CE be drawn throii|;h the point C parallel to DA : and 
BA being produced let it meet CE in E. 

" And becaufe the ftraight line AC hath fallen upon the. parallels 
AD, EC I therefore the angle ACE. (by 29* 1.) is equal to the 

angle 
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angle CAD : but the angle CAD is . £ Book vr; 

fuppofed equal to BAD : therefore the 

angle BAD is equal to the angle ACE. 

Again becaufe the ftraight line BAE 

hath fallen upon the parallels AD» EC ; 

the outward single BAD is equal (by 

29. I*) to the inward angle AEC : but 

the angle ACE hath. been alfo demonftrated to be equal to BAD; 

therefore (by com. not. \C) the angle ACE is equal to AEC : fo 

that alfo (by 6. i.) the fide AE is equal to the fide AC : and be-* 

caufe AD has been drawn parallel to CE one of the fides of the 

triangle BCE ? there is this proportion therefore (by %. 6.) as BD 

i& to' DC fo i> BA to AE : But AE is equal to AC : therefore it is 

(by 7. 5.) as BD £f to DC fo w BA to AC. ,. 

- But Jet BD he to DC as BA to AC ; and let AD be joined : I 

fay that the angle BAC hath been cut in :halves by the ftraight 

line AD. 

For the fame things b6ing conftruded ; becaufe it is. (by foppO> ^^ 
BD is to DC fo is BA to AC : but alfo (by a. 6.) as BD is to DC fa 
ts B A to AE ; for AD hath been drawn parallel to CE one of the 
fides of the triangle BCE : and therefore (by.ii.. 5.) as BA fr to 
AC fo is BA to AE ; therefore (by 9. 5-) AC is equal to AE ; fo 
that alfo (by 5. i.) the angle AEC is equal to the angle ACE : but 
the angle AEC is equal to the outward angle BAD (by 29. i.) ; and 
alfo the angle ACE is equal to the alto-nate angle. CAD ; thcrefpre 
the angle BAD is equal to CAD : wherefore, the angle BAC hath 
been cut in halves by the ftraight line AD. 

Wherefore if an angle of a triangle be cut in halves ; and the 
ftraight line cutting the angle alfo cut the bafe ; the fegments of 
the bafe will have the lame ratio wiicJb the remaining fides of the 
triangle iiave to one another : ahd if . the (egments of the bafe have 
the fame ratio whici the remaining fides of the: triangle Aave io one 
another i the ftraight line, joining the vertex and the point of fee- 
tion, cuts the angle of the triangle in halvM. Which was to bo 
demonftrated. 

> • 
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SbflcVL PROP. IV. 

The fides about the equal ' angles of equiangular triangles are 
proportionals ; and thofe fides are of like i^tio wAicA are extended 
uhder the equal angles. 

Let ABCy DCE be equiai>g;ular triangles, having the angle ABC 
equal to the angle DCE ; and the angle ACB t^l to the angle 
DEC ^ and befidbs the angle BAG equal to the angle CD£ : I fay 
that tKe fides alexnit the ^ual angles of the triangles ABC> DC£ 
are prc^ortibnais $ and that thofe fidet are of like ratio 'wbicb are 
extended isnder the eqsisd angks. 

For let BC be placed in a ilndgbt line with C£ : and becaufe 
Ae angles ABC, ACB are lefs than two right angles ; and ACB is 
equal to the angle DECi therefore the at^^kt ABC, DEC are lefs 
Aiasn two right angles i therefore (by ccm. not. 1 1.) BA, ED pro- 
duced will tueet ; let tbem be produced and meet in F. 

And becaufe the angle DCE is equal to 
the a$igk ABC ; therefore (by aS. i.) BF ^ 

is parallel to CD : Again, becaufe the angle 
ACB is equal to DEC, AC is pwallei to 
FE s therefore FACD is a parallelogram ; 
therefore {by 54* t.) FA is equal to CD$ 
and AC to ¥Xy : and becaufe AC hath been 
drawn paittHd to F£ one of the &d« di 
ida^ ^riskigke FB£ ^ therefere it is, {by 2« 
frO^s^AiitoAFfoiVBCcoCE: Imt AF i> equal to CD ; therc^ 
fore as BA is CD (by 7. 5.) fp is BC to CE ; and alternate^ (by 
16. 5.) as AB is to 9C fe is DC to CE : Again^ becajufe CD is 
parallel to BF ^ therefom (by ^. 6.) it is, as BC if to CE fo is FD 
to Dl£ : but FD \% equal to AC : iherefomas BCi^ to CS fb is AC 
to D£ ; therefbrt aleemateiy, as BC is 10 CA fo is C£ to ED : 
wherefore becauls it has been detnonftrated that as AB is to BC ib 
is DC to CE ; and as SC V^ to CA fo is C£ to ED ; fherefbre by 
•qu«ility (by fi^a. v^.yitis^ as BA is to AC fo is CD to DE, 

Wherefore the fides about the equal angles of equiangular tri-- 
angles are proportionals ; and the fides of like ratio are extended 
tihe equal angles. Which was to be demonflrated. 

PROP. 
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P R O P. V. ITpok VI, 

If two trjaogles have their fides proportionals, the triangles will 
be equiaognlar ; and will have thofe angles equal vnder which the 
fides of like i^tio are extended. 

Let ABC, DEF be two triangles having their fid«f proportion^dsL 
viz, as AB ir to BC ib ,/<?/ DE ^ to EF i and as BC is to CA fo /</ 
EF ke to FD I and befides as BA is to AC fojet ED ie to DF : I 
fay, that the triangle ABC is equiangolar to the triangle DEF» 
and will have thofe angles equal, under which the fides of like 
ratio are extended viz. ABC equal to BEF i and BCA equal tCK 
EFDi and hefidcs BlAC e<jual to EDF, 

For with the flxaight line EF and at the points E, F in it, let 
the «^le FEO he ras^e equal to ABC ; and let ^FG be made 
equal to BCAi therefore (by 32. i.) the remaining anglp BAC \$ 
csquaj to ^e remaining angle EGF^ . 

Wherefoce the triangJie 
ABC h e^ui^Migular to the 
triangle EGF j therefore the 
fides ahout di& equal aa^gles 
of the triangles ABC, EGJ? 
are proportionals (by 4. 6.) ; 
and the fides of like ratio are 
extended under the equal an- 
gles ; therefore it is, as AB is 
to BC fo is G£ to EF : but 

a$ AB is to j^C fo is D£ fuppo&d to i^lo EF; ^yherefQre (by ii» 
5.) as DE is to EF fo is. G£ to EF : therefore each pf the linet 
DE^ GE has the fame ratio to EF ; therefoiie (by 9. 5.) DE i» 
equal to GE» Certainly for the fame reafo9 alfQ DF is equal ta 
OF : wherefore becaufe D£ is equal to EG and £F commoin,. cev^ 
tainly the two DE» EF are equal to the two .GE?^ EF ; andthebafe 
DF is equal to the bafe GF ; therefore (by 8. i.) the angle DEF 
is equal to the angle GEF ; and ^e triangle DEF is e<^«ial to jthe 
triangle GEF ; and the remaining angles are equal t& the remaiolng: 
angles, under which the equal iides are extended (by 4. x.) : there* 
fore the ajigle DFE is equal to the angle GFE ^ a^d EDF to 

EGF : 
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«ook VI. EGF : and becaufc DEF is equal to GEF : but GEF (by conft.) 
i^. equal to ABC $ therefore alfo the angle ABC is equal to DEF : 
Certainly for the fame reafon alfo ACB is equal to DFE ; and be- 
JBdes (by 32. i.) the angle at A is equal to the angle at D : There- 
fore the triangle ABC is equiangular to the triangle DEF. 
' Wherefore if two triangles have their fides proportionals, the 
triangles will be equiangular : and will have the angles equal, 
tinder which the fides of like ratio are extended. Which was to 
be demonfirated. 



V. 



PROP. VI. 



If two triangles have one angle equal to t>ne angle, and iht fides 
about the equal angles proportionals : the triangles will be equi- 
angular, and will have the angles equal, «nder which the fides of 
like ratio are extended. 

Let ABC, DEF be two triangles^ having one angle BAC equal 
to' one angle EDF ; and the fides about the equal angles propor- 
tionals viz. as BA is to AC fo /et ED ife to DF : I fay that the tri- 
angle ABC is equiangular to the triangle DEF ; and will have the 
angle ABC equal to the angk DEF ; and ACB equal t6 DFE. 

For with the ftraight line DF and at the points, D, F in it; let 
the angle FDG be made equal to either of the angles BAC, EDF; 
and let DFG ie made equal to ACB. 

Therefore the remaining 
angle at B is equal (by 32. i.) 
to the remaining angle at G : 
therefore the triangle ABC is 
equiangular to the triangle 
DGF ; therefore there is this 
proportion (by 4. 6.) as BA // 
to AC fo is GD to DF ; but 

it is alfo fuppofed that as BA is to AC fo is ED to DF ; therefore 
alfo (by 1 1. 5.) as ED // to DF fo is GD to DF; thercforfe (by 9. 
5.) ED is equal to DG ; and DF is common : certainly the two 
ED, DF are equal to the two GD, DF ; and (by conft.) the angle 
EDF is equal to the angle GDF : therefore (by 4. i.) the bafe EF 
is equal to the* bafe FG 5 and the triangle DEF is equal to the tri- 
angle 
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ttgle DGF ; and the remainiag angles will be equ»I to die re^ 9d#k vi, 
nainittg aaglei, each to each» under which the equal fides are ex** 
tended ; therefore the angle DFG is equal to the angle DFE i and 
the migle at G to the angle at £ ; but the angle DFG is equal {by 
conft.) to the aogle ACB j therefore alfio ACB is equal to DFE : 
but BAG is al^ iuppofed equal to EDF ; therefore the renoainkig 
angle at fi is e^al to the rexnaioing angle at E : wherefore the 
triangle ABC is equiangular to the triangle D£F« 

Wherefore if two triangles hat^ ooe angle equal to om angle^ 
and the fides about the equal anglca ffoportionaU : the triangles 
will be equiangular, aad will have the angks equal» under which 
the fildes of like ratio are extea^cL Whkh was to be demon (Irated* 

PROP, Vlf. 

I£ two triangles haye* one angle e<|ui&l to one ai^le ; and the fide* 
about two other angles proportionals ; and if each of the remaining 
angles be at the fame tioie lefs or eot lefs ihan a righjt an^e': the 
Uiaogles wiU be equianguljar ; and wttt laave thofe angles equaU 
about which the fides are; wbkh are jprofMvrtiondla* 

Let ABC, DEF bo two traangles having one angle e^ifal to one 
tngk viz. the angle B AC equal toxhe^an^ EDF; and the fidies abovtf 
t'm other aisles peopoi tionals, the oj^s ABCt DEF ^ fo that AB 
ma^ fc tiD BC aa DE to £F ; and Aoft let each iof the remaining 
angles at C and F be.ai: the fame tinwleft thai) a right dagle : I 
faj* that the triangle ABC is oqui^gular to the triai^le DEF i and 
thai the angle ABC will be equal t^ the angk DEF i an4 th« re* 
fluttning angle Viz. tiacangU at C equal to the nmainii]^ angle at F^ 

For if the angle ABC be 
ainequal to the txbgle DEF^ 
one of them is greater : let 
ABC be the greater : and .\dith 
the ftraigfat line AB^ and at 
i^e poiAt .B ia it, let sk^Mfgk 
ASG ht toad< lequal t^ithe angle D£F. 

And AMcanfo ahi^ ad^e, A is equal fo D j and jthe. angle ABG to 

DEF ; therefore the remaining angU AiGfiis equal io the.remaintng 

Vox* I. * E angle 
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Book VI. angle DFE : therefore the triangle ABG is equiangular to the tri* 
angle DEF j therefore it is (by 4. 6,) as AB is to BG fo is DE to 
EF ; but as DE is to EF fo*is AB fuppofed to be to BC ; and there- 
for|| (by 1 1. 5/) as AB is to BC fo is AB to BG : wherefore AB 
has the fame ratio to each of the lines BC, BG ; therefore (by 9. 
5.) BC is equal to BG ; fo that alfo (by 5. i.) the angle BGC is 
equal to the angle BCG : but the angle at C is fuppofed to be lefg 
than a right angle ; therefore BGC is alfo lefs than a right angle % 
(6 that the angle adjacent to it viz. AGB is (by 13. u) greater than 
a right angle ; and it has been demonflrated to be equal to the angle 
at F ; therefore the angle at F is greater than a right angle; but 
it is fuppofed to be lefs than a right angle; which is abfurd : where-* 
fore the angle ABC is not unequal to the ahgie DEF» therefore it 
is equal : and alfo (by fupp.) the angle at A is equal to the angle 
at D ; therefore (by 32. i«) the remaining angle at C is equal to 
the remaining angle at F : Therefore the triangle ABC is equian« 
gular to the triangle DEF. 

But again^ let each of the angles at C and F be fuppofed not 
to be lefs than a right angle : I fay again that alfo thus the triangle 
ABC is equiangular to the triangle DEF. 

For the fame things being conftruded, we (hall demonftrate in 
Uke manner that BC is equal to BG; fo that alfo (by 5. t.) the 
angle at C is equal to the angle BGC : but the angle at C is not 
lefs than a right angle ; therefore neither is the angle BGC lefs 
thin a right angle ; therefore the two angles of the triangle BGC 
are not lefs than two right angles, which (by 17. i.) is impoflible: 
Therefore again the angle ABC is not unequal to the angle DEF ; 
therefore it is equal : but alio (by fupp.) the angle at A is equal to 
the angle at D ; therefore (by 32. i.) the remaining angk at C is 
equal to the remaining angle at F : wherefore the triangle ABC is 
equiangular to the triangle DEF. i \ 

Wherefore if two triangles have one angle equal to one angle; 
but the iides about two other angles proportionals ; and each of 
the remaining angles^ at the fame tithe,, either lefs or not lefs than 
a right angle : the triangles will be equiangular and will have the 
angles^ equal about which the fides are, wAicb are proportionals. 
Which was tO' be dtmonftratcd. 

PROP. 
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PROP. VIIL ^^ ^^- 

. If in a right angled triangle^ a perpendicular be drawn from the 
right angle to the bafe ; the triangles at the perpendicular are iimi* 
lar to the whole triangle aad to one another. 
. Let ABC be a right angled triangle, having the angle BAC a 
right angle ; and let AD be drawn from the point A perpendicular 
to BC : I fay that each of the triangles ABD, ADC is funilar to 
the whole ABC, and alfo to one another. 

For fince the angle BAC is equal to the 
Mg/e ADB, for each of them is a right 
angle : and the angle at B is common to the 
two triangles, both ABC and ABD ; there- 
fore (by 32. I.) the remaining angle ACB 
is equal to the remaining ang/e BAD; there- 
fore the triangle ABC is equiangular to the triangle ABD ; where* 
fore it is, (by 4. 6.) as BC fubtcnding the right angle of the tri- 
angle ABC is to BA fubtcnding the right angle of the triangle ABD, 
fo is the fame AB fubtending the angle at C of the triangle ABC 
to BD fubtending the angle equal to that at C, viz. the ang/e 
BAD of the triangle ABD : and moreover fo is AC to AD fub- 
tending the angle at B common to the two triangles : wherefore 
the triangle ABC is equiangular to the triangle ABD ; and has the 
fides about the equal angles proportionals : therefore (by i. def. 6.) 
the triangle ABC is fimilar to the triangle ABD. Certainly in the 
fame manner we fhall demonftrate, that the triangle ADC is alfo (i- 
milar to the triangle ABC $ therefore each of the triangles ABD, 
ADC is fimifar to the whole triangle ABC. 

I fay alfo that the triangles ABD, ADC are fiinilar to one another* 
' For becaufe the right angle 'BDA is equal to the right angle 
ADC : but the angle BAD has been demonftrated t$ be equal to 
the angle at C ; therefore alfo the remaining angle at B is equal ro 
the remaining angle DAC : wherefore the triangle ABD is equi* 
angular to the triangle ADC : therefore it is, as BD fubtending 
the angle BAD of the triangle ABD is to DA fubtending the angle 
at C, of the triangle ADC» equal to the angle BAD fo is the fame 
AD fubtending the an^le at B of the triangle ABD, to DC fub- 
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Book VI. tending the angle DAC of the tmngJe ADC, equal to the single 
at B : and befides fo is BA fubtending the right angle ADB to AC 
fubtcnding the right angle ADC : therefore (by i. dcf.^.) tlie tri- 
angle ABD i^ fimikr to the triangle ADC. 

Wherefore if in a right angled triangle, t perpendicular be 
drawn frona the right angle to the bafe ; the triangles at the per- 
pendicular are iimilar to the vfho!c trian^e and to one atiothen 
Which was to be demon drat ed. 

Cor. Certainly it is manifeft from this, that if a perpendicular 
be drawn from the right angle in a right aogted triangle to the 
bafe ; the perpendicular drawn is a mean proportional between the 
fegments of the bafe : and be6des the fide adjacent to the ieg- 
ment is a mean proportional between the bafe andanyo oe of the 
fegments* 



P R O P. IX. 

To cut off any part required from a given ftraight Kne. 

Let AB be the given ftraight line : it is requimi to cut off any 
part from AB. 

Let a third part be required ; and let any Araight line AC be 
dfawn from the point A, containing any angle, which may acci- 
dentally happen, with the line AB ; and let D be taken io AC any 
point which may accidentally happen j and (by 3. i.) let DE, EC 
be made equal to AD ; and let BC be joined ; and through the 
point D^ let DF be drawn (by 31. 1.) parallel to fiC. 

Wherefore bccaufe DP has been drawn pnraUel tg 
BC one of the fides of the triangle ABC j therefore 
(by 2. 6.) there is this proportion, as CD /V to DA 
fo ii BF to FA : but CD fe the double of DA ; there- 
fort BF is the doable of FA j thctefbre BA is the tri- 
ple of AF. " 

Therefore the requh-ed third part'AF hath been 
cut off from the given ftraight line AB. Which ^iras 
to be done« 
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To cut an undivided ftraight line, in like manner as a giVen ftraight 
line hath been cut. 

Let AB be the given undivided ftraight Itnc, and AC tfee one 
which hath been cut : it rs required to cut the undivided ibraight 
line AB in like manner as AC has been cut. 

Let AC be cut in the points D, £ : and let the lines be placed fo 
as to contain any angle which may accidentally happen ; and let 
BC be joined ; and let DF, GE be drawn (by 31. i.) through the 
paints D, E parallel to BC : and through the point D, let DHK be 
drawn parallel to AB. 

Therefore each of the figures FH, HB is a 
parallelogram : therefore (by 34. i.) DH is 
equal to FG ; and HK to OB : And becaufe 
HE hath been drawn parallel to KC one of 
the fides of the triangle DKC ; fby 2. 6.) there 
is this proportion > as CE is to ED fo is KH to 
HD ; but KH is equal to BG, and HD to 
GF I therefore it is (by 7. 5.) as CE is to ED 
fo is BG to GF : Again^ becaufe FD hath been 
drawn parallel to EG one of the fides of the triangle AGE ; there- 
fore (by 2. 6.) there is this proportion ^ as ED is to DA fo // GF to 
FA ; but it has been alio demonftfated that as CE is to ED fo is 
BG to GF : h is therefore as CE is to ED fo is BG to GF 5 and 
as ED is to DA fo is GF to FA. 

Wherefore the given undivided ftraight line AB hath been cut 
in like manner as the given Itraight line AC had been cut. Which 
was to be done. 

PROP. XL 

To find a third proportional tolwo given firaight lines. 

Let AB, AC be the two given ftraight lines ; and let them be 
placed containing any angle which may accidentally happen : it is 
required to fiind a third proportional to AB, AC. 

For let AB, AC be produced to the points D, E 3 and let BD be 
made equal to AC > and let BC be joined ; and through the point 

D> 
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Book VI. D, let DE be drawn parallel to it. 

Wherefore becaufe BC hath been drawn pa^ 
rallel to D£ one of the fides of the triangle 
ADE, there is this proportion (by 2. 6.), as AB 
is to BD fo is AC to CE : but BD is equal to 
AC (by conft.) ; therefore it is, as AB is to AC 
fo is AC to CE. 

Wherefore two ftraight lines AB, AC being 
given, CE a third propoitional to them hath been found, 
was to be done. 

PROP. XII. 

To find a fourth proportional to three given ftraight lines. 

Let A, 6, C be the three given firaight lines ; it is required to 
find a fourth proportional to the ftraight lines A, B, C. 

Let two ftraight lines DE, DF be D 

drawn containing any angle EDF which A 

may accidentally happen : and let (by 3. B 

I.) DG be made equal to A, GE equal C « 

to B ; and befides DH equal to C : and 
GH being joined, let EF be drawn 
through E parallel to it. 

Therefore becaufe GH hath been 
drawn parallel to EF one of the fides of 

the triangle DEF ; therefore it is, (by 2. 6.) as DG is to GE fo is 
DH to HF ; but (by the conft.) DG is equal to A, GE to B, and 
and DH to C ; therefore it is^ as A ^ to B fo is C to HF. 

Wherefore three ftraight lines A, B, C being given, HF a fourth 
proportional has been found. Which v^ as to be done. 




PROP. XIII. 

To find a mean proportional Wtween two given ftraight lines. 

Let AB, BC be the two given ftraight lines : it is required to 
find a mean proportional between AB, BC. 

Let them be placed in a ftraight line ; and let the femicircle 
ADC be deicribed upon AC ; and let BD be drawn from the point 

B at 
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B at right angles to the ftraight line AC $ and let AD, DC be Book VL 
joined. 

And becaufe the angle ADC is in a femicircle 
(by 31. 3.) it. is a right angle : and becaufe in 
a right angled triangle ADC, DB hath been 
drawn from the right angle perpendicular to 
the bafe therefore (by cor. to 8. 6.) DB is a 
mean proportional between AB, BC the fegments of the bafe. 

Wherefore two ftraight lines AB, BC being given, DB a mean 
proportional between them hath been found. Which was to be done. 

PROP. XIV. 

The (ides about the equal angles of equal parallelograms which 
have one angle equal to one angle are reciprocally proportional : and 
thofe parallelograms, having one angle equal to one angle, of which 
the iides about the equal angles are reciprocally proportional, are 
equal. 

Let AB, BC be equal parallelograms^ having the angles at B 

equal ; and let DB, BE be placed in a ftraight line; therefore (by 

14. I.) FB, BG are in a.ftraight line : I fay that the fides of the 

parallelograms AB, BC, which are about the equal angles, are red* 

procally proportional, that is, as DB is to BE fo is GB to BF. 

For let the parallelogram FE be compleated. 

And becaufe the parallelogram AB is \/^ p 

equal (by fupp.) to the parallelogram BC i 
and FE is fome other parallelogram ; there* 
fore (by 7. 5.) it is, as th» parallelogram ^ *'\ 

AB is to the parallelogram FE fo is the pa-- V-. 

rallelogram BC to the parallelogram FE : 

but as the parallelogram AB is to the parallelogram FE fo (by i. 
6.) is DB to BE : and as the parallelogram BC is to the parallelogram 
FE fo is GB to BF ; wherefore alfo (by 1 1. 5.) as DB is to BE fo 
is GB to BF ; wherefore the fides of the parallelograms AB, BC, 
which are about the equal angles, are reciprocally proportional. 

But let the fides about the equal angles be reciprocally prppor- 
portional, and let it be as DB is to BE fo is GB to BF : 1 fay that 
the parallelogram AB is equal to the parallelogram BC« 
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Book VL For becaofe it is, as DB is to B£ fo ii GB to BF ; but as DB ^ 
to BE fo (by I. 6.) is the parallelogram AB to the parallelogratsi 
FE ; and as GB is to BF lb is the parallelc^ratn BC to the paral-- 
/^fogram FE ; and therefore (by 1 1. 5.) as the paralleiogram AB is 
to the parallelogram F£ fo b the paralklogram BC to the paralMo* 
gr^m FE : therefore (by 9. 5.) the parallelogram AB is equal toi 
the parallelogram BC. 

Wherefore the fides about the equal angles of equal paral)ela«' 
gram^ v^bich have one angle equal to one angle, are recijMrocally 
proportional : and chofe. parallelograms^ having one angle equal to 
one angle, of v^hich the fides about the equal angles are recipro* 
cally proportional, are equal Which was. to be demonftrated. 

PROP. XV. 

The fid«6y about tbe equal angles of equal triangles, wfaicfa 
have one angle eqtfal to one angle, are reciprocally proportion^ : 
and thofe triangles having one angle equal to one angle, of whscb 
the fides about the equal angles are reciprocally proportional, are 
equal. 

Lm AB€» ADE be equal triangles., {lavkig one angle equal t<» 
ohe angle ^ vizw BJ[C eq|ual to DAE : I £iy that the fidn abooa the 
equal angled of the triangles ABC, ADE are rec^rocaUy ptopor-^ 
tional ; that is, as CA h to AD ib is BA to Aft. 

For let the triangles be ^kced in ifKck a manner, that C A, AD 
may be in a ftraight line : therefore aHb (by 14. u) £A, AB are 
ift a ilraight line : and let BD be joined. 

Then becaufe (by fupf^.) the triangle 
ABC is equal to the tmn^e ADE, and 
ABD 16 another triangle > fhetefere it is^ 
as the triangle CAB is ta dcie triangle BAD 
&» is the triantgk ADE to the tmangle 
SAD : but (by i. 6.) as the triable CAB 
is to BAD fo is CA to AD ; and as the 

triadgle EAD is to the triangk BAD fo is EA to AB ; therefore 
alio (by 1 1. 5.) as CA is to AD £> /j EA to AB : therefore thefides 

about 
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about the equal angles of the triangles ABC, ADE are reciprocally Book vi. 
proportional. 

But let the fides of the triangles ABC, ADE be reciprocally pro- 
portional ; and let it be as CA is to AD fo // EA to AB : I fay that 
the triangle ABC is equal to the triangle ADE. 

For again BD being joined : becaufe it is (by fupp.) as CA 16 
to AD fo is EA to AB ; but as CA is to AD (by 1.6.) fo is the 
triangle ABC to the triangle BAD i and as EA is to AB fo is the 
triangle EAD to the triangle BAD : wherefore (by 11*5.) as the 
triangle ABC is to xh^ triangle BAD fo is the triangle EAD to the 
triangle BAD : therefore each of the triangles ABC, ADE have the 
fame ratio to BAD ; therefore (by 9. 5.) the triangle ABC is equal 
to the triangle EAD. 

Wherefore the fides about the equal angles of equal triangles^ 
which have one angle equal to one angle, are reciprocally propor- 
tional : and thofe triangles having one angle equal to one angle, of 
which the fides about the equal angUs are reciprocally proportional, 
-are equal. Which was to be deQK)nftrated. 

PROP. XVL 

If four ftraight lines ' be proportionals, the reifbangle contained 
'by the extremes is equal to the osdangle contained by the means : 
and if the r^angle contained by the extremes be equal to the rt€i^ 
angle contained by the means, the four ftraight lines will be pro- 
portionals. 

Let the four flraight lines AB, CD, E, F be proportionals, viz* 
as AB is to CD fo UtR ietoFi I :&y that the re<f%angle contained 
by AB and F is equal to the redtangle contained by CD and E. 

For from the points A, C let AG, CH be drawn at right angles 
to the firaight lines AB, CD ; and let AG be made equal to F s 
and CH equal to E ; and let the parallelograms BG, DH be 
compleated. 

And becaufe it is, as AB is to CD fo f> E to F ; and CH is equal 
to E and AG to F : therefore it is (by 7. 5.) as AB is to CD fo/j CH 
to AG ; therefore the fides about the equal angles of the paralle^ 
lograms BG, DH are reciprocally porportional i but thofe equi- 

Vol. I. * F angular 
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Book vr, angular parallelograms are equal (by A b 

14, 6.) of which the fides about the ci — - — ^D 5 

equal angles are reciprocally propor- f ^ 

tional : therefore the parallelogram BG ^ 
is equal, to the parallelogram DH : and 



the parallelogram BG is the reSlangle ^ B C E' 

contained by AB and F ; for AG is 

equal to F : and the parallelogram DH is the redtangle contained 
by CD and E ; for CH is equal to E : wherefore the rectangle 
contained by AB and F is equal to the rectangle contained by CD 
and E. 

But let the redlangle contained by AB and F be equal to the 
redtangle contained by CD and E : I fay that the four (Iraight lines 
will be proportionals, viz. as AB is to CD fo will E be to F. 
For the fame things being conftrudled; becaufc (by the fupp.) the 
reSl angle contained by AB, F is equal to the re£l angle contained by 
CD, E I and the parallelogram BG is the reSlangle contained by AB, 
F ; for AG is equal to F : and the parallelogram \y^ is the refl- 
angle contained by CD, E ; for CH is equal to E : therefore the 
parallelogram BG is equal to the parallelogram DH ; and they are 
equiangular : but (by 14. 6.) the fides about the equal angles of 
equal and equiangular parallelograms are reciprocally proportional: 
wherefore it is, as AB is to CD i# is CH to AG: but CH is equal 
to E ; and AG to F : therefore it is as AB is to CD fo is E to F,^ 

Wherefore if four ftraight lines be proportionals, the rectangle 
contained by the extremes is equal to the redangle contained by 
the means ; and if the redtangle contained by the extremes be equal 
to the re<Stangle contained by the means> the four ftraight lines v^iU 
be proportionals. Which was to be demonftrated« 

PROP- XVII. 

If three flraight lines be proportionals % . the rectangle contained 
by the extremes is equal to the fquare of the mean proportionals 
and if the rectangle contained by the extremes be equal to the 
fquare of the mean term^ the three ftraight lines will be propoi> 
tionals. 

Let 
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Let the three ftraight lines A, B, C be proportionals ; viz. as A Book V 
ff to B fo let B ^tf to C : I fay that the reftangle contained by A 
4md C is equal to the fquare of the mean B. 

Let D be m^de equal to B. 

And becaufe it is, as A /V to B 
fo tr B to C j and B is equal to D i 
therefore it is, as A is to B fo is 
D to C : but if four ftraight lines 
be proportionals, the redtangle con- 
tained by the extremes is equal (by 
1 6. 6.) to the redtangle contained 

by the means ; therefore the redtangle contained by A and C \s 
equal to the redtangle contained by B and D : but the rectangle 
contained by B and D is equal to the fquare of B ; for B is equal 
to D : therefore the reftangle contained by A and C is equal to 
the fquare of B. 

But let the reStangle contained by A and C be equal to the fquare 
of B ; I fay that it is, as A /> to B fo is B to C. 

For the fame things being conftruftcd ; becaufe (by fupp,) the 
reAangle contained by A and C is equal to the fquare of 6 ; but 
the fquare of B is equal to the reSiangle contained by B and D ; for 
B is equal to D : therefore the reSangle contained by A and C is 
equal to the reSlangle contained by B and D ; but (by i6. 6.) if 
the reSlangle contained by the extremes be equal to the redtangle 
contained by the means i the four Araight lines are proportionals : 
therefore it is, as A ix to B fo iV D to C ; but B is equal to D ; 
therefore as A £r to B fo is B to C. 

Wherefore if three ftraight lines be proportionals ; the redtangle 
contained by the extremes is equal to the fquare of the mean pro^ 
portionali and if the rectangle contained by the extremes be equal 
to the fquare of the mean term ; the three ftraight lines will be pro- 
portionals. Which was to be demonftrated. 
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PROP. XVIIL 

Upon a given ftraight line to defcribe a reftilineal figure^ fimilar 
and fimilarly fituated to a given rectilineal figure. 

* F a Let 
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Book VI. Let AB be the given ftraight IJnc ; and CE the giyen reSi^Unfeal 
figure : it is required, upon the given firaight line AB to delcribo 
a redilineal figure iimilar and iimihrly fituated to the fe&ilineal 
figure CE. 

Let DF be joined \ and with 
the ftraight line AB and at the 
points A, B in it, let the angle 
GAB be made equal to the angle 
at C ; and the angle ABG equal 
to the angle CDF 5 therefore (by 
the 32. I.) the remaining angle 

CFD is equal to the remaining angle AGB 5 therefore the triangle 
FCD is equiangular to the triangle GAB : therefore there is tins 
proportion (by 4. 6.) as FD is to GB fo is FC to GA ; and fo is 
CD to AB : Again, with the ftraight line BG, and at the points 
B, G in it, let the angle BGH be made equal to the angle DF£ ; 
and the angle GBH equal to the angle FDE ; therefore the remain- 
ing angle at H is equal to the remaining angle at E : therefore the 
triangle FDE is equiangular to the triangk GBH ; therefore there 
is this proportion (by 4. 6.) as FD is to GB fo is FE to GH 1 and 
Jo is ED to HB : But it has been alfo dcmonftrated that a$ FD it 
to GB fo is FC to GA, and fo is CD to AB : therefore (by 11. 5.) 
as FC IS to GA fo is CD to AB and Jo is FE to GH, and befides Jo 
is ED to HB : And becaufe the angle CFD is eqoal to the angle 
AGB and DFE is equal to BGH % therefore the wbde angle CFE 
is equal to the whole AGH. Certainly for the fame reafon alfo 
the angle CDE is equal to ABH i but alfo the angle at C is equal 
to the angle at A 1 and the angle at E to the angle at H : therefore 
the figure AH is equiangular to the figure CE ; and has the ikies, 
about the equal angles in it proportionals ; therefore (by i, def.6«) 
the redilineal figure AH is fimilar to the redilineal figure CE. 

Wherefore upon a given flhraight line AB a redilineal figure AH 
hath been defcribed, fimilar and ftmilarly fituated to the given rec* 
tilineal figure CE. Which was to be done. 

PROP. XIX. 

Similar triangles are to one another in the duplicate ratio of the 
^'^% of like ratio. Let 
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Let ABC, DEF be finiilar triangles, haying the angle at B equal ^^^ yj 
to the angle at E : and as AB is to BC fo let DE 6e to EF j (o that 
(by 12- def. 5.) BC may be the fide of like ratio to EF : I fay 
that the triangle ABC has to the triangle DEF the duplicate ratio 
of that which BC has to EF. 

For (by 11. 6.) let BG be taken a third proportional to BC,EFi, 
fo that it may be, as BC is to EF fo is EF to BG : and let GA be 
joined. 

Wherefore becaufe it is, as AB is to 
BC fo is DE to EF ; therefore alter- 
nately (by 1 6. 5.) it is, as AB is to 
DE fo is BC to EF : but (by conft.) 
as BC is to EF fo is EF to BG ; there^ 
fore alfo (by 1 1. 5.) as AB is to DE 
fQ is EF BG ; therefore the fides 
about the equal angles of the triangles , 

AJ^G, DEF are reciprocally proportional : but thofc triangles having; 
one angle equal to pne angle, and of which the fides about the^ 
equfil anglea are reciprocally proportional, are equaK Therefore- 
thp triangle ABG is equal to the triangle DEF ; and becayfe it is». 
as BC is to EF fo is EF to BG 1 and if three firaight lines be prp-^ 
portionals (by 10. def. 5.) the firfi; is faid to h$^ve Cq the third a 
duplicate ratio of that which it has to the fecond : therefore BC' 
h;as to BG a duplicate ratio of that which BC bos to EF : but £^s 
BC is to BG fo (by i. 6.) is the triangle ABC to the triangle. ABG;. 
therefore alfo the triangle ABC has to the triangle ABp the dupli-; 
cate ratio of that which BC has to EF : but the tBiiipgle AB6 i& 
equal to the triangle DEF ^ therefore (by 7. 5*) the triangle ABC 
has to the triangle DEF the duplicate ratio* of that which BC baSi^ 
to EF. 

Wherefore fimilar triangles are to one another in the duplicate 
ratio of the fides of like ratio* Which was tQ be den[K>nflra(ed. 

Cor. Certainly from this it is manifeft, that if three ftraight. 

lines be proportionals, it is, as the firfi: is to the third fo is a triangle 

- defcribed upon the firfi, to a fimilar and fimilarly fituated triangle 

defcribed upon the fecond \ fince it has bee^t demonfi:rate4> as CB% 

is to BG fo is the triangle ABC to the triangle ABGj that is DEF.; 

PRO F;. 



46 THE ELEMENTS 

^^^\' PROP. XX. 

m 

Similar polygons are divided into iimilar triangles^ and inte the 
fame number^ and Save the fame ratio fo one another which the whole 
polygons have : and the one polygon has to the other polygon the 
duplicate ratio of that which one fide of the one has to the fide of 
like ratio of the other. 

Let ABCDE, FGHKL be fimilar polygons, and let AB be the 
fide of like ratio FG : I fay that the polygons ABCDE, FGHKL 
are divided into fimilar triangles ; and into the fame number; and 
have the fame ratio to one another which the whole polygons have ; 
and that the polygon ABCDE has to the polygon FGHKL the du- 
plicate ratio of that which AB has to FG. 

Let BE, EC ; GL, LH be joined. 

And becaufe the polygon ABCDE is fimilar to the polygon 
FGHKL, the angle BAE is equal to the angle GFL : and it is, as 
BA if to AE fo is GF to FL : wherefore becaufe there arc two tri- 
angles ABE, FGL having on& angle equal to one angle, and the 
fides about the equal angles proportionals ; therefore (by 6. 6.) the 
triangle ABE is equiangular to the triangle FGL 5 fo that (by 4. 
6.) it is alfo fimilar : therefore the angle ABE is equal to the angle 
FGL : and alfo on account of the fimilarity of the polygons, the 
whole angle ABC is equal to the whole angle FGH ; therefore the 
remaining angle EBC is equal to the remaining angle LGH ; and 
becaufe, on account of the fimilarity of the triangles ABE, FGL, 
it is, ats EB is to BA fo // LG to GF ; but alfo, on acc^ount of the 
fimilarity of the polygons, it is, as AB is to BC fo is FG to GH : 
therefore by equality it is, (by 22, 5.) as EB is to BC fo is LG to 
GH ; and the fides therefore about the equal angles EBC, LGH 
are proportionals ; therefore the triangle EBC is equiangular to 
the triangle LGH (by 6- 6.) ; fo that it is^ alfo fimilar (by 4. 6.) : 
Certainly for the fame reafon the triangle ECD is fimilar to the 
triangle LHK : therefore the fimilar polygons ABCDE, FGHKL 
are divided into fimilar triangles, and into an equal number. 

I fay alfo that they have the fame ratio to one another which 
the whole polygons have : that is, fo that the triangles are propor- 
tionals ; and that the antecedents are the triangles ABE, EBC, 
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ECD and the confequcnts of them* the triangles FGL, LGH, Book VI. 
LHK : alfo that the polygon ABCDE has to the polygon FGHKL 
the duplicate ratio of that which the fide of like ratio of the one 
has to the fide of like ratio of the otben that is, which AB has 
toFG. 

For let AC, FH be joined. 

And becaufe, on account 
of the fimilarity of the poly- 
gons, the angle ABC is equal 
to the angle FGH, and it is 
as AB is to BC fo is FG to 
GH ; the triangle ABC is 
equiangular (by 6. 6.) to the 

triangle FGH : therefore the angle BAC is equal to the angle 
GFH ; and BCA to GHF : and becaufe the angle BAM is equal 
to GFN ; and the angle ABM has been demonflrated to be equal 
to FGN; therefore the remaining angle AMB is equal (by 32. i.) 
to the remaining angle FNG ; therefore the triangle ABM is equi- 
angular to the triangle FGN : Certainly in the fame manner we 
(hall demonflrate that the triangle BMC is equiangular to the tri- 
angle GNH ; therefore there is this proportion, (by 4. 6.) as AM 
is to MB fo is FN to NG ; and as BM is to MC fo is GN to NH: 
fo that alfo by equality (by 22. 5.) as AM is to MC fo is FN to 
NH : but as AM is to MC fo (by i. 6.) is the triangle ABM to 
the triangle BMC ; zndfo is the triangle AEM to the triangle MEC^ 
for they are to one another as their bafes : And (by 12. 5.) as one 
of the antecedents is to one of the confequents fo are all the ante- 
cedents to all the confequents \ therefore as the triangle AMB. is 
to the triangle BMC fo is the triangle ABE to the triangle CBE : 
but as the triangle AMB is to the triangle BMC fo is AM to MC ^ 
therefore alfo (by i !• 5.) as AM is to MC fa is the triangle ABE 
to the triangle CBE. Certainly for the fame rcafon alfo as FN is 
to NH fo is the triangle FGL to the triangle GLH : and it is, as 
AM is to MC fo is FN to NH ; therefore (by 11. 5.) as the tri- 
angle ABE is to the triangle BEC fo is the triangle FGL to the 
triangle GHL ; and alternately (by i6. 5.) as the triangle ABE is. 
to the triang)ie FGL fo is the triangle BEC to the triangle OLH. 

Cer- 
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Book VL Certainly in the fame manner we (hall demonftrate, BD and GK 
being joined, that alfo, as the triangle BEC is to the triangle GLH 
fo is the triangle ECD to the triangle LHK : and bccaufe it is, as 
the triangle ABE is to the triangle FGL fo is the triangle EBC to 
the triangle LGH, and bcfides fo // the triangle ECD to the tri* 
angle LHK : wherefore alfo (by 12. 5.) as one of the antecedents 
is to one of the confequents, fo are all the antecedents to all the 
confequenrs ; therefore as the triangle ABE is to the triangle FGL 
fo is the polygon ABCDE to the polygon FGHKL : but th« tri- 
angle ABE has to the triangle FGL (by 19, 6.) the duplicate ratio 
of that which the fide of Hke ratio AB has to the fide of like ratio 
FG ; for fimilar triangles are in the duplicate ratio of the fides of 
like ratio i therefore alfo the polygon ABCDE has to the polygon 
FGHKL the duplicate ratio of that which the fide of like ratio 
AB bai to the fide of like ratio FG. 

Wherefore fimilar polygons are divided into fimilar triangles^ 
and into an equal number of them, and of like ratio with the 
whole polygons 5 and the one polygon has^ to the other polygon the 
duplicate ratio of that which one fide of like ratio has to another 
fide of like ratio. Which was to be demonftrated. 

Cor. I . Certainly in like manner it will be demonftrated in 
quadrilateral figures, that they are in the duplicate ratio of the 
fides of like ratio ; and it has been demonftrated alfo in triangles ; 
fo that univerfally fimilar redtilineal figures are to one another in 
the duplicate ratio of the iides of like ratio. 

Cor. 2. And if we take the line X (by 11.6.) a third propor- 
tional to AB, FG ; (by 10. def. 5.) AB has to X the duplicate ratio 
of that which AB has to FG : and alfo a polygon to a polygon, 
and a quadrilateral figure to a quadrilateral figure has the duplicate 
ratio of that which the fide of like ratio has to the fide of like 
ratio, that is, nvhicb AB has to FG : and this has been demons 
ftrated alfo in triangles; fo that it is alfo manifeft univerfally, that 
if three ftraight lines be proportionals, it will be, as the firft is to 
the third fo is a reSHUneal figure defcribed upon the firft to a fimilar 
arid fimilarly fituated one defi:ribed upon the fecond. 

Otherwise. Wc (hall demonftrate in a different manner and 
more expeditioufly, that the triangles are of like ratio. 

For 
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For again let the polygons ABCDE» FGHKL be fuppofed to Book vl 
be defcribed ; and let BE, EC ; GL, LH be joined : I fay that it 
is, as the triangle ABE is to the triangle FGL fo is the triangle 
EBC to the triangle LGH, and CDE to HKL. 

For becaufe the triangle ABE 
is fimilar to the triangle FGL ; 
iJierefore (by 19. 6.) the triangle 
ABE has to the triangle FGL 
the duplicate ratio of that which 
BE has to GL. Certainly for 
the fame reafon alfo the triangle 

BEC has to the triangle GLH the duplicate ratio of that which 
bE has to GL : therefore it is (by 11. 5.) as the triangle ABE is 
to the triangle FGL fo is the triangle EBC to the triangle LGH. 
Again, becaufe the triangle EBC is fimilar to the triangle LGH; 
therefore EBC has to LGH the duplicate ratio of that which the 
ftraight line CE has to ^t Jiraigbt line HL. Certainly for the 
iame reafon alfo> the triangle ECD has to the triangle LHK the 
duplicate ratio of that which CE bos to HL 1 therefore it is, (by 
11.5.) as the triangle EBC is to the triangle LGH fo is the triangle 
ECD to the triangle LHK : but it has been demonftrated that as 
the triangle EBC is to LGH fo is ABE to FGL ; therefore alfo as 
ABE is td FGL fo is BEC to LGH, and fo u ECD to LHK : 
wherefore alio (by I2. 5.) as one of the antecedents is to one of 
the confequents fo are all the antecedents to all the confequents ; 
and the remainder as in the former demonftration* Which was ta 
be demonilrated. 

PROP. XXI. 

« 

Figures which are fimilar to the fame reAilineal figure ; are 
alfo fimilar to one another. 

For let each of the rdfUlineal figures A^ B be fimilar to C : I 
fay that A is alfo fimilar to fi. 

For becaufe A is fimilar to C, it 
is alfo equiangular to it, and has the 
fides about the equal angles propor- 
tionals (by I* dcf. 6.)« Again be*- 

Vot* !• * G caufe 
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Book VL cau/e B is fimilar to C ;. it id alio equiangular to, it^ and has jthe 
fides about the equal angles proportionals : : therefore teach of the 
Jtgures A, B are equiangular to C and have the iides about tJbetr 
equal angles proportionals to thejidei abaut the equal tmgies oftbefi* 
gure C i wherefore iht Jigure A is equiangular to B (by com»not*i •) 
and has (by ii* 5.) th^^des about the equal aiiglea ipropotdonals ; 
wherefore (by 1. def. 6.) ^ the Jigure A is fimilar to the g/jg^^rr BL 
Which was to be demonflrated. 

PROP. XXII.i 

If fbur ftraight lines be proportionals i alfb the redilineal figures 
£milar and fimilarly defcribed upon them wilt be proportionals : 
and if the redtiHneal figures fimilar and fimilarly defcribed upon 
them be proportionals i alfo the (Iraight lines themielves will be 
proportionals. 

Let the four ftraight lines AB» CD, EF, GH be proportionals^ 
tIz. as AB is to CD fo let EF be to GH ; and let the redilineal fi- 
gures KAB^LCD be defcribed upon AB/CD fimilar and fimilarly 
fitttated i and the re£tilineal figures MF, NH upon EF> GH fimilal* 
and fimilarly fituated : I fay that it is, as KAB is to LCD fo is MF 
toNH. 

For let X be taken (by 11. 6.) a third proportional to AB, CD : 
and O a third proportional to £F, GH : and becaufe it is, as AB 
is to CD fo /jt EF to GH ; and as CD is to X to is GH to O ; 
therefore by equality it is, (by 22. 5.) as AB is to X fo is EF to 
G : But as AB is to X fo (by cor. 2. to 20. 6<,) is the Jigure KAB 
to LCD ; and as EF is to O fo is the Jigure MF to NH ; therefore 
(by II. 5*) as the^«r^ KAB is tq LCD fo is the^«r^ MF to NH* 

But let it be^ as the figure KAB 
is to LCD fo kt the figure MF be 
to NH : I fay that it is„ as AB is 
to CD fo is EF to GH. 

For as AB is to CD fo let EF be 
made (by 12. 6.) to PR ; and let 
the reflilineal figure SR be defer!-- 
bed (by 18. 6,) upon PR fimilar 
and fimilarly fituated to either o£ 
the figures MF,, NH* 
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Whecefore bocauie it is» as AB i^ to CD fb ^ EF to PR ; and Bookviv 
the ^figures' KAB^ LCD have been defcribed upon AB ami CD ii- 
milar and fimilarly fiituated $ and the figures MF and SR "fimilar. 
at)d/^mUtu:Iy fittf^t^d upOn EF arui PR ; therefore it is (by part. i. 
of thisO^s. the j%iyr^ KAB is to LCD fo u the fgure MF to SR i 
but it 11 alio n;q>pdreid as the J^ure KAB is to LCD fo ir the ^gure 
MF to NH 3 therefore (by ri*^.)t thc^^jwr^ MF has the fame 
ratio to each of the j^i^^j NH and Sk^ therefore (by 9. 5.) NH 
is equal to SR ; but it is iimilar to it an^. frmikrly iituated : there* 
fore (by -the following lemma) GH is equal to PR ; and becaufe 
it is^ as AB is to CD fo is EF to PR (by con(L) : and PR is equal 
to GH ; therefore it is, as AB // to CD ib.tr (by 7. 5.) EF to GH* 

Wherefore if four ilraight lines be proportionals ; aUb the iimilar 
rectilineal figures iimilarly defcribed upon them will be propor- 
tionals : and if the fimilar figures fimilarly ^firribed upon^hem b^r 
proportionals ; alfo the ilraight lines tfaemielves will be propbr^ 
tionals. Which was to be demonfttated. 

. Lemma. If re^i)ineal figures be equal and fimilar, wie {hall 
thus demonftrate, that the fides of theiQ^ which are of like ratio» 
Vt equal. r 

, L(t NH and SR' bq equal and finular te^ineal figures ; and let 
it be^ as HG is ta GN ib is RP to PS : I fay that PR is equal 
toHG. 

For if they are tinequaU one of them is • greater ; kt RP be 
greater .tba&;HG : ; and becaufe it is» as RP is to PS fo is HG ta 
GN, andaltcmatdyj as RP is to HG^ foils PS to GN ; but PR 
is greater timn GH ; 'therefore: alfo Pfi is greater than ON : ib 
that alio (by ap* 6«) the ^^ure RS is gtieater than the ^fyure HN $ 
but it is alfa eq^al^ which is impoSible $ ^cefoce PR is not une-» 
qual to GH 1 tbMefore»«quaL Which was to bo dfimdnibated^ 



P R O F. XXltl. 

Equiangular parallelograms- have to one another the ratio com- 
pounded of the ratios of their fides. 

Let AC, CF be equiangular parallelograms, having the angle 
BCD equal to the imgle ECG : I fay that the parallelogram AC 

* G 2 has 
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Book VI- h^ to the parallelogram CP the ratio cotnpoamied of the ratios of 
the fides ; of that which BC has to CG i and of that which DC 
has to CE. 

For let them be placed fo that BC may be in a ftraight line with 
CG; therefore (by 14. i.) DC is in a ftraight line with CE: and 
kt the parallelogram DG be compleated j and let K any ftraight 
line be drawn ; and^ as BC is to CG fo (by 12. 6.) let K be made 
to L ; and as DC is to C£ fo let L be made to M. 

Therefore (by conft.) the ratios 
of K to L and of L to M, are the ^ ^ ^ 

fame ratios with the ration of the '\ N^ 

fides ; viz- of BC to CG and of DC ^ --^r ^^ 

to CE : but the ratio of K to M i& k / ■ ■■ ' \ \ 

compounded both of the ratio of K {|^..... ' ^A \ ■ 

to L and of the ratio of L> to M f \ . \^ 

fo that^ib K has to M the ratio com- E^ F 

pounded of the ratios of the fides » 

And beeaufe it is (by i. 6.) as BC is to CG fo is the parallelo- 
gram AC to the parallelogram CH : but as BC is to CG fo {hy 
conft.) /r K to L ; therefore alfo (by i >• 5.) as K is to Lr fo is the 
parallelogram AC to the parallelogram CH : Again beeaufe it isj, 
(by f • 6.) as DC is to CE fb is the parallelogram CH to the pa^ 
rallehgram CF : but as DC is to CE fo (by conft.) is Lto M ^ 
therefore alfo (t^ 1 1. 5.) as L is to M fo is the parallelogram CH 
to the parallelogram CF : wherefore becattfe it has been demort- 
ftratedy that as K is to L fo is the parallelogram AC to the paral- 
Idograni CH ; and as L is to M/o Ar the parallelogram CH to the 
parallelogram CF \ thecefm-e by equality it is^ (by a2. 5.) as K is 
to M ib is the parallelogram AC to the parallelogram CF i and K 
has to M the ratio compounded of the rafios of the fides ^ therefore 
alfo, the parallehgram AC has to the parallelogram CF the ratia 
compounded of the ratios of the fides*. 

Wherefore equiangular parallelograms have ta one another the 
ratio compounded of the ratios of their fides. Which was to- be 

dcmonftratcd^ 
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PROP. XXIV. '?^3 

The parallelograms, which are about the diameter of every pa- 
rallelogram, are fimilar to the whole and to one another. 

Let ABCD be a parallelogram ; and AC its diameter; and let 
EG, HK be parallelograms about the diameter AC : I fay that each 
of the parallelograms EG, HK is fimilar to the whole paraUelo^ 
gram ABCD and to one another. 

For becaufe £F has been drawn parallel to EC 
one of the fides of the triangle ABC> there is 
this proportion (by 2. 6.), as BE is to EA fo is 
CF to FA : again becaufe FG hath been drawn 
parallel to CD one of the fides of the triangle 
ADC ; therefore there is this proportion, as CF 
is to FA fo is DG to GA : but as CF is to FA fa 

has BE been demonflrated to be to EA : therefore 

» 

alfo (by I !• 5-) as BE is to EA fo is DG to GA ; and by compo-- 
fition therefore (by 1 8. 5.) as BA is to AE fo is DA to AG ; and 
iilternately (by 16. 5.) as BA is to AD fo is EA to AG : therefore 
the fides about the common angle BAD of the parallelograma 
ABCD and EG are proportionals. And becaufe GF is parallel to 
DC \ the angle AGF (by 29. i.) is equal to ADC ; and the angle 
GFA to DC A ; and the angle DAC is common to^he two triangles 
ADC, AGF ; therefore the triangle ADC is equiangular to the tri- 
angle AGF. Certainly for the fame reafon alfo the triangle ABC 
is equiangular to the triangle AFE : therefore alfo the whole pa- 
rallelogram ABCD is equiangular to the parallelogram. EG : there- 
fore there is this proportion, (by 4. 6.) as AD is to DC fo /V AG 
to GF I and as DC is to CA fo is GF to FA ; and. as AC is to CB 
fo is AF to FE and befides as CB is to BA lb ^ FE to EA : and 
becaufe it has been demonftrated that as DC is to CA ib is GF ta 
FA \ and as AC is to CB fo is AF to FE \ therefore by equality it- 
is, (by 22. 5.) as DC is to CB fo is GF to FE : therefore thfc fidcs^ 
about the equal angles of the parallelograms ABCD and EG are 
proportionals : therefore (by i. def. 6.) the parallelogram ABCD 
is fimilar to the parallelogram EG. Certainly for the fame reafoa 
alib thie parallelogram. ABCD. is fimilar to the parallelogram HK ^ 

there<^ 
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Sook VL therefore each of the parallebgrams EG, HK is fimilar to the pa* 
rallelogram ABCD : but (by 21. 6.) Jigures which are fimilar to 
the fame vt&xWneaX Jigure are alio fimilar to one another: therefore 
alio the parallelogram EG is fimilar to the parallelogram HK« 

Wherefore the parallelograms which are about the diameter of 
every parallelogram are fimilar to the whole, and to out another* 
Which was to be demonftrated. 



PROP. XXV. 

To make the fame reSliUnend Jigurt fimilar to a given 
figure^ and equal to another given reSilmeal figure. 

Let ABC be the given re^lineal figure, to which it is required 
that the figure fhould be made fimilar ; and D the one to which it 
is to be equal : it is required that the fame figure be made fimilar 
CO ABC and equal to D. 

For let the pafallelogram BE be applied to the ftraight line BC 
(by 44. 1.) equal to the triangle ABC ; and (by 45. i.) let the pa- 
rallelogram CM be applied to the ftraight line CE, equal to the fi-^ 
gure D9 in the angle FCE which is equal to the angle CBL ; there- 
fore BC is (by 14. !•) in a ftraight line with CF 1 and LE with 
EM ; and let GH be taken (by 13. 6.) a mean proportianal be- 
tween BC, CF : and let the figure KGH be defcribcd (by 18. 6.) 
upon GH fimilar to ABC, and fimilarly fituated. 

And becaufe it is, as BC i> to GH 
fa is GH to CF (by conft.) ; and (by 
2. Cor. to 20. 6«) if three ftraight 
lines be proportionals, it is, as the 
firft is to the third fo is the reSlilineal 
figure upon the firft to a fimilar and 
fimilarly deicribed figure upon the 
fecond ; therefore it . is, as BC is to 
CF fa£r the triangle ABC to KGH; 
but alfo (by i. 6*) as BC is to CF fo 

h the parallelogram BE to the parallelogram EF ; .therefore alfo 
(by II. 5.) as the triangle ABC is to the triangle KGH fo is the 
parallelogram fi£ to the parallelogram £F : alternately (by 16. 5.) 

there- 
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therefore as the triangle ABC is to the parallelogram BE fo // the Book VT. 
triangle KGH to the parallelogram EF : but (by conft.) the tri- 
angle ABC is equal to the parallelogram BE % therefore alfo the 
triangle KGH is equal to the parallelogram EF : but the paralle^ 
logram EF is-equal to the reSlilineal figure D : therefore alfo KGH 
is equal to D i and KGH is alfo fimilar to ABC. 

Wherefore, the fame figure KGH has been made fimilar to the 
given redilineal ^^i/r^ ABC and equal to another given figure. 
Which was to bfr done. 

PROP. XXVI. 

If a parallelogram be taken away from a parallelogram fimilar 
to the whole and fimilarly fituated, having a common angle with: 
it ; It is about the fame diamelter with the whole farattehfgram. 

For let the parallelogram AEFG be taken away from the paral*^ 
lelogram ABCD» fimilar to ABCD» and fimilarly fituated, having, 
the angle DAB common with it : I fay that ABCD is about the 
fame diameter with AEFG. 

For if not, but if poffible, let AHC be the diameter (of themj 
ef the parallelogram BD } and let HK be drawn through the point 
H parallel to either of the lines AD, BC^ 

Wherefore becaufe ABCD is about the 
fame diameter with the parallelogram KG ; 
ABCD is (by 24. 6.) fimilar to the paral-^ 
lelogram KG ; therefore it is (by i ; def. 6.) 
as DA is to AB fo is GA to AK 5 but it is 
ialfo, on account of the fimilarity of the pa^ 
rallelograms ABCD, EG as DA is to AB fo 
is GA to AE ; therefore alfo (by 11. 5.) as 
GA is to AE fo is GA to AK : therefore GA has the fame ratio to> 
each of the lines AE, AK j therefore (by 9. 5.) AE is equal to 
AK; the lefs to the greater; which is tmpofiible : therefore ABCD' 
is not about the fame diameter with the parallelogram KC : there*^ 
fore the parallelogram ABCD is about the fame diameter with the 
parallelogram AEFG. 

Wherefore if a parallelogram be taken away from a parallelogram 
fimilar to the whole and fimilarly fituated, having a common angle 

witfau 
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look VI. with It ; it is about the fame diameter with the whole parallek^ 
gram^ Which was to be demonftrated. 

PROP. XXVII. 

Of all the parallelograms applied to the fame fhaight line^ and 
deficient by parallelogram figures fimilar and fimilarly fituated to 
the parallelogram applied to half the line : the parallelogram ap- 
plied to half the line, as being fimilar to the defeat, is the greateft. 

Let AB be a ftraight line ; and let it be cut 
in halves in the point C : and let the paral- ^ |-" ^ 

lelogram AD be applied to the ftraight line 
AB ; deficient by the parallelogram figure CB, 
fimilar and fimilarly fituated to that defcribed 
upon the half of the firaigbt line AB, that is 
upon 6C : I fay that AD is the greateft of all 
the parallelograms applied to the ilraight line AB, and deficient by 
parallelogram figures fimilar and fimilarly fituated to CE. For let 
the parallelogram AF be applied to the flraight line AB, deficient 
by the parallelogram figure KH, fimilar and fimilarly fituated to 
CE ; I fay that AD is greater than AF. 

For becaufe the parallelogram CE is fimilar to the parallelogram 
KH, they are (by 26. 6.) about the fame diameter : let their dia- 
meter DB be drawn : and let the figure be defcribed. 

Wherefore becaufe CF is equal (by 43. i.) to FE, let KH 
which is common be added, therefore the whole CH is equal to 
the whole KE : but CH is equal to CG, becaufe AC is equal to CB; 
therefore alfo CG is equal to EK : let CF which is common be 
added 1 therefore the whole AF is equal to the gnomon CHL : (b 
that the parallelogram CE, that is AD (by 36. 1,) is greater than 
the parallelogram AF. 

But again let the firaight line AB be cut in halves in the point 
C ; and AL being applied deficient by the figure CM i and again 
let the parallelogram AE be applied to AB deficient by DF fimilar 
and fimilarly fituated to CM the parallelogram applied to half the 
line AB : I fay that AL the parallelogram applied to half the line 
is greater than AE. 

For 
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For becanfeDF is iimilar to GM^ they are (by 26. 6.) about the Book vi. 
fame diameter j let their diameter be £B ; and let the figure be 
defaibed. 

And becaufe LF is equal to LH (by 36. i .) H E 6 F 
becaufe FG is equal to GH ; therefore LF is 
equal to DL 1 therefore DL is greater than £K; 
let DK wbieA is common be aJdeJ ; therefore 
the whole AL is greater than the whole AE. Allrc 

Wherefore of all the parallelograms applied 
to the fame ftraight line, and deficient by parallelogram figures fi- 
milar and fimilarly fituated to the faralleUgram applied to half the 
line : the parallelogram applied to half the linp» as being fimilar 
to the defeA^ is the greateft. Which was to be demon (Irated. 

PROP. XXVIIL 

. To apply to a given ilraight line a parallelogram equal to a given 
redfcilineal figure^ and deficient by a parallelogram figure^ which is 
fimilar to a given paralldogram : but it is required, that the given 
rectilineal figure to which it is required that the one to be applied 
is to be equal, fhould not be greater than the parallelogram applied 
to half the line ; thefe being fimilar, the deficient parallelogram^ 
the one applied to half the line and the parallelogram to which 
the deficient one is required to be fimilar. 

Let AB be the given ftraight line ; and C the given redilineal 
figure, to whidi it is required to apply to AB one equal ; not being 
greater than the parallelogram applied to half the line, the defers 
being fimilar i and let D be the parallelogram to which the defedt 
is required to be fimilar : it is required to apply to the given ftraight 
line AB a parallelogram equal to the given re&ilineal figure C ; 
deficient by a parallelogram figure which is fimilar to D. 

Let AB be cut in halves at the point E ; and let EBFG be de« 
fcribed upon EB fimilar to D, and fimilarly fituated : and let the 
parallelogram AG be compleated : certainly AG is either equal to 
C, or greater than it, on account of the limitation : if therefore 
AG be equal to C, what was required hath been done i for the 
parallelogram AG hath been applied to the given ftraight line AB^ 
equal to the given redilineal figure C, deficient by the paral* 

Vol. L * H lelogram 
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Fook iri. letbgfflfm figure EF, which fe fmiW to D : 
But tf hot } fife is greater than C : but ME 
is equal to EF ; therefore alfo EF is greater 
than C : let the paralkhgratn KLMN be mack 
(by 25. 6.) equal to th« eicefs by which EF 
is greater than C, and fimilar to D, «}d ^e 
fame fimilarly fituafed : but D is flrtfilal' (by 
conft.) to EF j therefore KM is alfo fitfiilaf to 
EF ; therefore let LK be the fide of like ratio 
with GE ; and LM xht Jde of like ratio with OF ; iftd becauie tho 
paralieh^fdni EP is equalto the figure Z and KM togefbtr ^ there* 
fore EF is greater than KM ; fherefore (by i. gotv to jto. 6*) GE 
is greater than KL and GF than LM : Let GX be m*de equal ta 
KL and GO equal to LM ; and let the parallelogram XGOF 
be compleated ; therefpro XO is equjil ond iimilar to KM : but 
KM is fimilar to EF ; therefore (by 21. 6.) XO is alfo fimilar 
to EF ; therefore XO and EF (by 26. 6.) aife about Che (ame dia- 
meter : let OPB be their diameter^ and let the figure be coibpleated# 
Wherefore becaufe the parallelogram E^ is equal to C and KM 
together ; the farts of which XO and KM are equal j therefore 
the remaining gnomon ERO is equal to the remaining; ^nr^ Ci 
and becaufe OR is equal to X8 ; let RS which is dommon be adHed 
to both ; therefore the whole OB is^qutll to tiM whole XB : but 
XB is equal to TE (by 36. I.) becaUfe the fide AB i€ equal to the 
fide EB ; therefore alfo TE iis equal to OB ; let XS which is com- 
mon be added ; therefore the whole TS is equal fd'the gnomon 
ERO: but the gnomon ERO has been demonftrMedto be equal 
to the figure C \ thfelt^fore alfo TS is equal to the figure C. 
. Wherefore the parallelogf'am TS hath been applied to the given 
ftraight line AB equal to the givten teftilineal figure C, deficient by 
the parallefogram figure RS which is fimilar to D ; fince (by 24* 
6.) RS is fimilar to OX. Which was to be dpne. 

PROP. XXIX. 

' To apply a parallelogram, to a given ftraight line, eqOal t^ % 
given redtilineal figure, exceedmg by a paraHek^ram figure, fimilar 
fo a given parallehgram. 

- 'Xet 
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Let AB be the given ftraight line ; and C the given redlilineal ,Book yi. 
figure to which the parallelogram applied to A B is required to be 
equal : and let D be the parallelogram to which it is required that 
j}ie exceeding pne.be fijEniUir : it is required to apply a parallelogram 
to the ftraight line AB equal t6 the rcditilineal figure C exceeding 
hy a^paraUeU^gram figure fioular to D. 

JLet.AB he<:ut in halves in the point 
£ : and let the parallelogram EL be 
defcrib^d upon EB i]milar:to D and fi- 
xpilarly fituated ; and let GH be'made 
equal to both, the parqllelogrfim EL 
4nd the Jigure C together, and alfo 
fimilar to D, and the faaie fimilarly 
fituated (by 25. 6r) : therefore QH is 
fimilar to 'EL t i)urlet KH be'thej^^^ 
of like ratio with TL ; .and JgLG the 

Juk of'Uke ratio vfith FE,: an4 becaufe the parallelogram GH is 
.greater than EL ; therefore the ^//<? KH is greater than FL; and 
tKOtbanFE; Lct,FIf,.FE Reproduced; and let FLM be equal 
to KH, and FEN equal. to GK!; .ahd.let the parallelogram MN be 
xompl^ated ; .therefore MN is equal ^(J fimilar to GH : but GH 
is^fo fimilar to EL ; therefore alfp (by 21. 6.) MN is fimilar to 
EL : therefore (by 26. 6.) EL is about the fame diameter with 
;MN : Jet their diameter FX be^rawn i ^nd let the figure be de*^ 
fcribed. 

'Wherefidre^becaiufe the paralle/o^ra^ ,CH is equal to EL and C 
together (by conft.) j b^t GH is equal, to MN, therefofie; alfo MN 
;is equal to EL- and C together : let EL wJ^ich is common be taken 
away J tjierefpre the remaining gno^non NOL is equal to the figure 
'C : a^ becaufe £A is equal* to EB} the parallelogram AN. is alio 
(by 36. I.) equal to,NB, that is (by 43. i.) to J^O ; let EX w6ic& 
is common be added ; therefore the whole AX is equal to the gno- 
mon NOL 5 but the gnomon NOL is equal to the Jigure C ; there- 
fore AX is alfo equal to the Jigure C; 

Wherefore the ..parallelogram AX has been applied to the given 
ftraight line AB, equal to the given reftilineal figure C ; exceeding 
by the parallelogram figure PO which is finvilar to D; becaufe (by 
24* 6.) EL is 'fimilarW OP. Which was to be donc^ 

♦^ H 2 P H O P^ 
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To cut a given finite ftraight line in extreme and mean ratio. 

Let AB be the given finite ftraight line : it is required to cut the 
flraight line AB in extreme and mean ratio. 

For let the fquare BC be defcribed upon AB ; and (by 29. 6.) 
let the parallelogram CD be applied to AC/ equal to liicjquare 
BCf exceeding by the figure AD fimilar to BC. 

But BC is a fquare, therefore AD is C A 

alfo a fquare : and becaufe BCf is equal to 
CDj let CE wAicA is common be taken 
away ; therefore the remainder BF is 
equal to the remainder AD ; and it is alfo 
equiangular to it ; therefore (by 14. 6.) 
the fides vtrhich are about the equal angles 
of the figures BF, AD arc reciprocally 

proportional \ therefore it is, as FE is to ED fo is AE to EB $ but 
(by 34* I.) FE is equal to AC, that is to AB» and ED to AE : 
therefore it is, as AB is to AE fo is AE to EB : But AB is greater 
than AE ; therefore AE is greater than EB. 

Wherefore (by 3. def. 6.) the ftraight line AB is cut in extreme 
and mean ratio at the point E ; and AE is the greater fegment of 
it. Which w^as to be done. 

Otherwise. Let AB be the given ftraight line j it required 
to cut the ftraight line AB in extreme and mean ratio.. 

For let AB be cut in C (by 1 1. 2.) lb that the reftangle contained 
by AB, BC may be equal to the fquare of AC. 

Wherefore becaufe the reftangle contained by AB^ BC is equal 
to the fquare of AC ;. therefore it is, (by 17. 6.) as AB is to AC 
fb is AC to CB i therefore A& hath been cut in extreme and mean 
ratio in the point C» Which was to be done. 



PROP. XXXI. 

In right angkd triangles, the figure defcribed upon the fide fub* 
tending the right angle is equal to the figures fimilar and fimilarly 
defcribed upon the fides containing the right angle. 

Let 
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Let ABC be a right angled triangle, having BAC a right angle : Book vh 
I fay that the figure defcribed upon BC is equal to the fimilar and 
iimilarly defcribed figures upon BA, AC. 

Let the perpendicular AD be drawn. 

Wherefore becaufe, in the right angled 
triangle ABC, AD hath been drawn from 
the right angle at A perpendicular to the 
bafe BC ; therefore (by 8.6.) the triangles 
ABD, ADC, at the perpendicular, are fi- 
milar to the whole ABC and to one another : 
.and becaufe ABC is fimilar to ABD ; therefore it is, as CB is to 
BA fo is AB to BD : and becaufe the three ftraight lines are pro- 
portionals i it is, (by 2. Cor. to 20. 6.) as the firft is to the third fb 
is the figure upon the firfl to a fimilar and fimilarly defcribed figure 
upon the fecond ; wherefore as CB is to BD fo is the 'figure upon 
CB to the fimilar and fimilarly defcribed ^2ir^ upon AB. Certainly 
for the fame reafon alfo as BC is to CD fo // the figure upon CB 
to the ^gure upon AC : fo that it is, (by 24. 5.) as BC is to BD> 
DC fo is the figure upon BC to the figures fimilar and fimilarly de- 
fcribed upon BA, AC : but BC is equal to BD, DC; therefore the 
figure upon BC is equal to the figures fimilar and fimilarly defcribed 
upon BA, AC* 

Wherefore in right angled triangles, the figure defcribed upon 
the. fide fubtending the right angle is equal to the figures fimilar 
and fimilarly defcribed upon the fides containing the right angle. 
Which wks to be demonftrated. 

Othbrwisb. Becaufe fimilar figures are (by 2o»6.) in the 
duplicate ratio of the fides of like ratio, therefore the figure upon 
BC has to the figure upon BA the duplicate ratio of that which 
BC ^^ to BA s but (by Cor. i. to 20. 6.) the fquare of BC alfo 
has to the fquare of BA the duplicate ratio of that which BC has 
to BA I therefore alfo (by 11. 5.) as the figure upon BC is to the 
figure upon BA fo is the fquare of BC to the fquare of Bx^. Cer- 
tainly for the fame reafon, alfo as the figure upon BC is to the figure 
upon CA fo is the fquare of BC to the fquare of CA : fo that alfo 
(by 24. 5.) as the figure upon BC is to the figures upoA BA, AC 
fo is the fquare of BC to the fquares of BA, AC : but the fquare 
cf BC is equal (by 47. i.) to the fquares of BA, AC; therefore 

alfo 
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^o k VI ^^ ^gy^Y^ Upon BC is equal to the figures fimilar and fimikrly clc« 
Vcribcd upon BA, AC. Which was to be demonftrated. 

" a 

PROP. XXXII. 

If two triangles, having two fides proportional to two 'fideftbb 
joined together at one angle, fo as that their fides of like ratio may 
be ^Ifo parallel ; the i'emaining fides of the triangles will be in u 
A^raight line. 

iJfet ABC, DCE be two triiitaglds having the two fides BA, AC 
'proportional to the two fidos CD, DE : fo that BA may he to AC 
as CD is to DE ; and AB parallel to CD and AC to DE : I fay 
that BC i^ in a-ftraight'line with CE. 

For becaufe AB is parallel to DC, and the 
'ftraight line AC hath fallen upon them, the 
alternate angles (by 29. i.) BAC, ACD are 
equal to one another : Certainly for the fame 
reafon x}^c angle CDS is equal to ACD : fo that 
alfo (by com. not. i.) the angle BAC is equal to 
CD£ : And becaufe there are two triangles ABC, DCE having 
one angle the angle at A equal to one angle the angie at D aml'tfafB 
fides (by fuppO about the equal angles proportional; as BA £r"tD 
AC fo /J CD to DE I therefore (by 6. 6.) the triangle ABC is equi- 
angular to the triangle DCE : therefore the angle ABC is equal to 
'DCE $ and alfo the angle ACD has been demondrated to be^ equal 
to BAC : therefore the whole angle ACE is equal to the two angles 
ABC, BAC ; let the common angle ACB be added 5 therefore the 
V«>(? angles ACE, ACB are equal to the three angles BAC, ACB, 
ABC ; but (by 32. i.) the three angles BAC, ACB, ABC areequal 
'to two right angles ; therefore alfo the angles ACE, ACB are equal 
to two right atigles : with a certain flraight line AC' and at the 
point C in it, two firaight lines BC, CE not being towards the 
fame parts, make the adjacent angles ACE, ACB equal to two right 
angles ;' therefore (by 14. i.) BC is in a flraight line with CE. 

'Wherefore if ttvo triangles, having two fides proportional to 
two fides be joined together at one angle ; fo as that their fides of 
Uke ratio may be parallel : the remaining fides of the triangles will 
i)e in a ftrai^ht Kne* -Which was to be demonftrated. 

PROP. 
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• PROP. XXXIII. ^}Ih 

* 

In equal circles^ the angles have the fame ratio to one amther z% 
the circmnfcrences on which they ftand^ whether they ftand at the 
center or at the circumference. And befides alfo the fedtors have 
the fame proportion bpcaufe they (land at the centers. 

Let ABC, DEF be equal circles ; and let the angles BGC, EHF 
be. at their centers G^ H : and the angles BAC, £DF at the cir^ 
Gumferences : I hy that it is» as the circumference BC is to U^e 
circumference EF fo h both the angle BGC to the angle EHF and 
tiM angle BAG to the angle EDF :. and bofidea fotsiht fedior GBC 
to the fe<ftor HEF- 

'. Take any number of contiguous circumferences (by j. 4*) CK^ 
KL equal to the circumference BC, and alfo any number of cir^^ 
cumferencet which m^ accidentally happen FM; MN equal to the cir* 
cumference EF ; and Jet OK, GL 1 HM, UN be joinfd 

Wherefore becaufe the circum- 
ferences BC, CK, KL are equal 
to one another; alfo (by 27. 3.) 
the angles BGC, CGK, KGL 
are equal to one another : what- 
foever multiple therefore the cir- 
cumference BL is of the circum- 
terence BC \ the fame multiple 

alfo is the angle BGL of the angle BGC. Certainly for the fame 
Kafon alfo, whatfoever multiple the circomferetice EN is of the 
circumference EF > the fame multiple alfo is the angle £HN of 
the angle EHF : and if the circumference BL be equid to the cir-* 
cumference EN ; alfo (by 27. 3.) the angle BGL is equal to the 
angle EHN : and if the circumference BL he greater than the cir- 
cumference EN ; alfo the angle BGL is greater than the anglo 
EHN ; and if lefs^ lefs : there being four magnitudes ^ the two cir-? 
cumferences BC,EF ; and the two angles BGC> EHF \ there have 
been taken the circumference BL and the angle BGL equimultir 
pies of the circumference BC and of the angle BGC > and the cir« 
cumference EN and the angle EHN any other e^mukipks which 
may accidentally happen of the circiimference EF and of the angle 
EHF i and it has been dempnflrated that if the circumfereMie BL 

exceed 
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Book VI. exceed the circumference EN alfo the angle BGL exceeds the angle 
EHN : and if ec{uaU equal : and if lefs^ lefs : it is therefore (by 
5. def. 5*) ^^ th^ circumference BC is to the circumference EF fo ts 
the angle BGC to the angle EHF : but as the angle BGC is to the 
angle EHF fo is (by 1 5, 5.) the angle BAG to the angle EDF j for 
they are (by 20. 3.) the doubles, each of. each : therefore as the 
circumference BC is to the circumference EF fo is both the angle 
BGC to the angle EHF ; and the angle BAC to the angle EDF. 

Wherefore in equal circles, the angles have the fame ratio to one 
another as the circumferences on which they ftand ; whether they 
ftaiid at the centers or at the circumferences. Which was to be 
demonftrated. 

I fay alfo, that as the circumference BC is to the circumference 
EF fo is the feftor GBC to the fedtor HEF. 

For let BC, CK be joined ; and the points X, O being taken in 
the circumferences BC, CK ; let BX, XC ; CO, OK be joined. 

And becaufe the two 
BG, GC are equal to the 
two CG, GK ; and they 
contain equal angles ; alfo 
(by 4* 1 the baie BC is 
equal to CK 1 therefore 
alio the triangle BGC is 
equal to the triangle CCK: 
and becaufe the circumfe- 
rence BC is equal to the circumference CK ; alfo the remaining 
circumference, which makes up the whole circle ABC, is equal to 
the remaining circumference which makes up the fame circle ; fo 
that alfo (by 27. ^f.) the angle BXC is equal to the angle COK ; 
wherefore (by 1 1. def. 3*) the fegment BXC is (imilar to the feg* 
ment COK ; and they are upon equal ftraight lines BC, CK : but 
iimilar fegments of circles upon equal ftraight lines (by 24. 3.) are 
equal to c&e another : therefore the fegment BXC is equs^ to the 
fegment COK : but the triangle BGC is alfo equal to the triangle 
CGK ; therefore the whole fedor GBC is equal to the whole fedtor 
GCK. Certainly for the fame reafoo alfo the feAor GKL is equal 
to either GKC or GCB : therefore the three fedors GBC, GCK, 
GKL are equal to one another. 

Certainly 
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Certainly for the fame reafon alfo, the fedors HEF» HFM» 
HMN are equal to one another ; whatfoever multiple therefore 
the circumference BL is of the circumference BC; the fedlor 
GBL is alfa the ^fame multiple of the fedor GBC. Certainly for 
the fame reafon alfo, whatfoever multiple the circumference EN is 
of the circumference EF ; the fedtor HEN is alfo the fame mul* 
tiple of the fedor HEF : And if the circumference BL be equal 
to the circumference EN ; alfo the iedor GBL m equal to the 
{cdior HEN : and if the circumference BL exceed the circumfe* 
rence EN $ the fedor GBL alio exceeds the Ic&ac HEN ; and if 
tie one is deficient, the other is deficient. There beiiig then four 
magnitudes, the two circumferences BC, EF ; and the two fedora 
G&C» HEF i and equimultiples have been taken of the circumfe- 
rence BC, and of the fedtor GBC, viz. die icircuipfcrence BL and 
the feAor GBL j and equixaiiltiples alfo oi the circumference £F« 
and of the fe£kor HEF, vi2. the cirmmfrreace EN and the ie£tor 
HEN : and it hath been denauonibrated^ that if the circumference 
BL recced the drciimference EN, the fe^or GBL al£> exceeds 
the fedlor HEN i and if equal, equal ; and if the ^w is deficient 
tie other is deficients Therefore it is (by 5. def. ^) as the circum^ 
ferepoe BC is to the circiimfercAce EF fe is the fed;or GBC to the 
fcaor HEF.- 

Cor. And it is manifeft (by ii- 5O alfe, that as the fe^toris 
to the fedtor fo is the angle to the angle. 
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The conclusion. 



AFTER the firft fix books of thcfc elements are read, it will 
be very proper for readers of all denominations, to make 
^ome kind of xftimate of their improvement in die knowledge of 
rmagnitude^ ^y taking^ a review of the whole. And this will be 
done with fome aftonifliment by the judicious reader, when he 
confiders to what a hight he has raifed himfelf above the vulgar in 
his conceptions- upon this fubjed ; or indeed even above himfelf, 
when he compares the common perception which he fet out with» 
that Magnitudes which exaSfy agree together are equal, with the 
power of making a redtilineal figure equal to ary^ given re^ilineal 
figure, and fimilar to of^ other which may be given. But as an 
tdmiration of the great abilities of the author, and of his judicious 
arrangen^ent will be the necefiary confequence of right notion* 
tipon this fubjed ; I (hall decline all encomiums upon theib, to 
turn my thoughts to the afliflance of thoie who may not have 
ireafon to be fo well fatisfied with their improvement i which is 
likely to be moft effectually given, by an enumeration of thofe cir- 
cumftances, to which their want of fuccefs is moft probably owing; 
an attention to which, upon fome future perufal, may remove 
jevery defed. And although I have mentioned them in the courfe 
of thefe difiertations yet it may be ufeful as a conclufion to the 
whole to leave fuch an impre/Tion upon the reader's mind, as a 
fummary of the whole is likely to make. The reader therefore is 
to confider firfl: of all whether he may not have had all this time, 
-even a wrong notion of the very fubjedt. The fubjcdl is magni- 
tude, and not number ; nor is it fufficient for him to be fatisfied 
that things equal to the fame are equal to one another ; but he 
muft convince himfelf, n^t give his ajfent^ that magaitudes which 
are equal to the fame, are equal to one another; and this is to be 
done by a particular examination, of as many different kinds of 

magnitudet' 
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magnltudee^ as he can eafily recoiled, efpecially of fuch; as are 
thus cortipared in theie firft fix books. Next let him examine whe- 
ther he has a proper notion of a definition, which he muft do his 
endeavour to coiled both from its nature and ufe ; ftill keeping in 
his mind that every thing here refers to magnitude. And the (hew- 
ing that any property is confiftent with the definition ia called a 
demonftration. But feveral demonftations ought to be carefully 
c;fcamined by a ftudent in the circumftances of the perfoii to whom 
I am now writing, entirely with a view to fee whether he under- 
ftands what it meant by a geometrical demonftration $ and as we 
fuppofe him to have his choice of the firft fix books $ he ought 
efpecially to pick out the indirect demonftrations, which are of all 
others the moft elegant and forcible, becaufe they convince you 
contrary to the reprefentation of the figure : the evidence of fuch 
propofitions therefore, if its force be perceived at all, comes to the 
mind purer, as it is not afi^e£i;ed by the prejudices which the rea« 
foning upon a particular figure, which feems to reprefent the con- 
iequences, is but to apt to introduce. For fuch reafonings are 
often difturbed even by turning the figure upfidedown ; and I my- 
ielf have often puzzled a ftudent fufirciently acute, by fuch trials as 
joining AD in the twenty firft propofition of the firft book, and 
requiring him to prove that AD and DC together are lefs.than AB 
and BC together &c. The indired demonftration s therefore are 
of all others the propereft for a ftudent to exercife himfelf in s 
as this will be the means of removing that very great difficulty 
which learners find in making a ready and proper ufe of the fup- 
pofition ^ as his chief dependence for convidtion in the indired 
demonftrations, muft be upon the fuppofition. It is true this may 
be got as I have remarked before, by an examination of the fup^ 
pofition in every propofition, efpecidly fuch as corifift of feveral 
^rcumftances ; and varying them, one by one, obferving the cScQt 
which every variation has upon demonftration ; for by fuch a pro- 
ceeding the force and ufe of the different parts of the fuppofition 
muft be difcovered, and indeed hardly by any other means. And 
in this progrefs lie will be very much affifted by defcribing his fi- 
gures will all the variety of pofitions, which his inftruments and 
the fuppofition will admit of, until he is certain that he has con- 
quered 
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quered ^^ety prejudice which can ariie from dreafcmiDg vpim m p«r«> 
tkular figure. 

The reader is iUo carefully to obferve the different methodt dF 
comparifofk made i)£e of in ihc fir ft fijL books. In the firft hook, 
the magoitudes are coinpared either ; aa exadly peeing tc^^ether f 
or as ieing equal to the £une magnitude ; or as being ndins's o£ 
the fame circle ; which are aJQ common and ianuliar nodcnfi. But 
in the fecond book; the method of compariTon is by the re&angli^ 
which is by no means a oommoa aotion, either as to its oamc or 
nature i and.therefore (hoiild be made famikr; as w^ as perfe^ly 
widerftood. In fbrae^rt of thr thiid^ bookp the mctfaol of com- 
parifon is by fimilar fegments» which H alio an acai^al idea^ .and 
ought for the fame reafon fo be made familkr. But tkm mod. ani-r 
ficial and therefore the moft difficult of all; is that msiftidUof com- 
parifbn founded upon a confideration of quantities as parts mnil' 
multiptes. It will be particularly vfeful for the iludeqt^ who bais 
iailed in his firft attempt to uoderftand this fifth book» after reading 
carefully what I have faid in explanation of the two firft defini* 
tkoos* to take care to have the fuppofitions given him by another p 
smd then carefully to perform eatery conftruAion himfblf. And iii«- 
deed the reader who would take the eafieft way of making himself 
mafter of this iubje^fc, ^onld have the ruler #iid coMpaffes in hia 
hand* tbcough the firft fix booka^ only taking care mt to ibrget, 
ibat he is handling a ruler and cqmpafles. 
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